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MINIMAX INEQUALITY FOR A SPECIAL CLASS OF
FUNCTIONALS AND ITS APPLICATION TO EXISTENCE OF
THREE SOLUTIONS FOR A DIRICHLET PROBLEM IN
ONE-DIMENSIONAL CASE

G.A. AFROUZI*, S. HEIDARKHANI, H. HOSSIENZADEH, AND A. YAZDANI

ABSTRACT. In this paper, we establish an equivalent statement of minimax
inequality for a special class of functionals. As an application, a result for the
existence of three solutions to the Dirichlet problem

—(Ju/[P72u") = A f (2, u),
u(a) = u(b) =0,

where f : [a,b] x R — R is a continuous function, p > 1 and A\ > 0, is

emphasized.

1. INTRODUCTION AND PRELIMINARIES

Given two Gateaux differentiable functionals ® and T" on a real Banach space
X, the minimax inequality
sup inf (®(u) + A(p — T'(u))) < inf sup(®(u) + XN(p — T (u))), p€ R, (1.1)
A>0 ueX ueX A>0
plays a fundamental role for establishing the existence of at least three critical
points for the functional ®(u) — AT'(u).
In this paper some conditions that imply the minimax inequality (1) are point
out and equivalent formulations are proved.
The main result of this paper (Theorem 2.1) establishes an equivalent statement
of minimax inequality (1) for a special class of functionals, while its consequences
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(Theorem 2.4 and Theorem 2.6) guarantee some conditions so that minimax
inequality holds.

Finally, we apply Theorem A to elliptic equations, by using an immediate
consequence of Theorem 2.1, and we consider the boundary value problem

—(|W'|P~2) = Nf(x,u),

where f : [a,b] Xx R — R is a continuous function, p > 1 and A\ > 0, and we
establish some conditions on f so that problem (2) admits at least three weak
solutions. We say that u is a weak solution to (2) if u € W, ([a,b]) and

b b
/ [/ () [P0/ (2)0 () da — )\/ f(x,u(z))v(z)de =0

for every v € Wy™*([a, b]).
Also by a similar arguments as in the problem (2), we will have the existence
of at least three weak solutions for the problem

— (| [P2u") = Ahq(2)he(u),
a7 )

where hy € C([a,b]) is a function and hy € C(R) is a positive function, and for
the problem

—([u'[P2u) = M (w),
{mmzumza (1.4)

where f : R — R is a continuous function.

In recent years, many authors have studied multiple solutions from several
points of view and with different approaches and we refer to [1-3] and the ref-
erences therein for more details, for instance, in their interesting paper [1], the
authors studied problem

u" + Af(u) =0,
{mm:un:a (1.5)

(independent of A, in the case) by using a multiple fixed-point theorem to obtain
three symmetric positive solutions under growth conditions on f.

In particular, in [2], the author proves multiplicity results for the problem (5)
which for each A € [0, 400, admits at least three solutions in W, ([0, 1]) when
f is a continuous function.

2. MAIN RESULTS

First, we recall the three critical points theorem of B. Ricceri [4] by choos-

ing h(\) = Ap:

Theorem A. Let X be a separable and reflexive real Banach space;  : X — R
a continuously Gateaux differentiable and sequentially weakly lower semicontin-
uous functional whose Gateaux derivative admits a continuous inverse on X*;
¥ : X — R a continuously Gateaux differentiable functional whose Gateaux
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derivative is compact.
Assume that
lim (®(u) + A¥(u)) = 400

[ful|—+oo

for all A € [0,400], and that there exists p € R such that
sup inf (®(u) + AV (u) + Ap) < in)f( sup(®(u) + A¥(u) + Ap).
ue A>0

A>0 ueX

Then, there exists an open interval A C [0, +oc0[ and a positive real number ¢
such that, for each A € A, the equation

O (u) + AV (u) = 0

has at least three solutions in X whose norms are less that than q.

Here and in the sequel, X will denote the Sobolev space W,”([a,b]) with the

norm
b 1/p
lull= ([ wepar)

p>1, f:]a,b] x R — Ris a continuous function and ¢ : [a,b] x R — R is the
function defined as follows

gmwzéU@a%

for each (x,t) € [a,b] x R.
We now introduce two positive special functionals on the Sobolev space X as

follows
i

D(u) : p

for every u € X, and

for every u € X.
Let p,r € R, w € X be such that 0 < p < ¥(w) and 0 < r < ¢(w). We put

d
Bi(p,w) = p%, (2.1)
T
Ba(r, w) = TQEZ; (2.2)
and )
Bs(p,w) := 5 (b= a) 7 (p Bip,w))'", (2:3)
Clearly, £1(p,w), Ba(r,w) and Fs(p,w) are positive. Now, we put
5y i inf{%(b — )% | ulle R T(u) > p),
0y = inf{%(b—oz)p;1 | ul|le RY; (b—a) max g(x,t) > p}

p—1 p=1
(zt)€la,b]x[-5(b—a) P [lull, 3(b—a) P |[ull]
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and
5p = (51 — (52. (24)
Clearly, (51 Z 52.

Taking into account that for every u € X, one has
1 p=1
u(@)] < 5 (b —a) 7 [[ull

for all u € X and for all = € [a, ], so that
b
70) = [ o u@)ds < (b~ @) max g(z.)

where (z,1) € [a,0] x [=3(b— )7 [Jul| , $(b—a)"F [[ul]).

Namely
T(u) < (b —a) maxg(z, 1),

p—1 p—1

where (z,t) € [a,0] x [=3(b—a) 7 [[ul], 5(0—a) 7 [Ju]l];

therefore, the set {3 (b — a)%||u|\ € R™;T(u) > p} is a subset of the set

1 _
{50-a)F [lulle B*:(b-a) max Cogwmy=ph
p—1 p—1
(zt)elablx [~ (b-a) 7 |ull . F0-a) 7 [|ul| ]
So, we have

inf{1(b—a)7 || ull€ R*;T(u) > p} >
1 p—1
inf{3(0-a)% || ulle R*;(b-a) max g(w,t) > p ).

p—1 p—1
(z,t)€lab]x[~3 (b—a) P [[ul| , 5(b=a) P [[u]| ]

Hence 6, > 0.
The main result of this paper is the following theorem:
Theorem 2.1. Assume that there exist p € R, w € X such that

(i) 0 < p < T(w),
(#) (b — a) MaX(zt)efab)x |~ Bs(pw)+5, » Bs(pw)—6,] 9(T, 1) < p;

where (5(p, w) is given by (8) and §, by (9).
Then, there exists p € R such that

Sup inf (®(u) +A(p — T'(u))) < inf igg@(ﬂ) + Ap = T(w))).

Proof: From (i), we obtain

Bs(p,w) =0, ¢ {l€ R"; (b—a) max g(z,t) > p}.

(z,t)Ela,b] x [—1,1]
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Moreover

i (b — t) > p} > — 0,
inf{l € R™; (b — a) (r,t)er[{zl,zl:j)i[—l,l]g(x7 ) > p} > Bs(p, w) — 0p;

in fact, arguing by contradiction, we assume that there is I; € R™ such that

b—a max x,t) >
( )(x,t)e[a,b}x[fll,ll}g( ) =f

and
ll < ﬁ?)(pa w) - 5p>
SO
(b—a g(@,t) =2 (b—a)  max  g(z,t)=p

max
(x,t)€la,b]x[—B3(pw)+b, , B3(p,w)—b,] (z,t)Ela,b] x [—11,l1]
and this is a contradiction. So

inf (b — t) > -4,
inf{l € R"; (b—a) (o Rax [_mg(aﬁ, ) > p} > Bs(p,w) =9,

Therefore,

1 —
inf{5(b-a)"% || ulle R*; (b-a) max gty = p)
p—2 p—2
(z,t)€lab]x [~ 5 (b—a) P |ul| , 5(b=a) P ||ul]

> B3(p, w) — 03
namely [3(p,w) < ;. So, we have

mf{w € R T(w) > p} > fu(psw),

namely
nf(B(0; we T ([ +oc} > .
and, taking in to account that (i) holds, one has
inf{®(u); ue T Y[p, +oo])} - O (w) — inf{P(u); ue T[p, +oo)}
p T(w)—p '
Now, let A € R. Taking into account the previous inequality, one has either

®(w) — inf{®(u); ue T ([p,+o0])}

A T(w)—p
Or | nE(); u e T (. oo}
1Y
Namely
inf{®(u); u € T ([p, +oo])} > B(w) + A(p — T(w))

Ap < inf{@(u); ue T~ ([p, +00[)}.
Therefore, thanks to the 0 < p < T'(w), we obtain
inf (2(u) + AMp = T(w))) < inf{@(u); u e T ([p,+o0])},
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and then, one has

Sup inf (@(u) + Mp = T(w)) < nf{®(u); ue T ([p, +o0])}.

Therefore, thanks to the

inf iglg@(ﬂ) +Mp = T(u))) = inf{®(u); u € T~([p, +oo])},

we have the
sup inf (®(u) + AMp — T'(u))) < inf sup(®(u) + A(p — T(u))). O

A>0 ueX ueX A>0

Remark 2.2. supy.infuex(®(u) + A(p — T'(u))) is well define, because A —
inf,ex (®(u) +A(p—T(u))) is upper semicontinuous in [0, +oo[ and tends to —oo
as A — +00.

Remark 2.3. If in Theorem 2.1, f5(p, w) — J, < 0; the Theorem holds again.
Because, f3(p,w) < §; — 02 < 0;. Arguing as before, proof Theorem 2.1, result
holds.

If instead of condition (77) in Theorem 2.1, we put

b—a max x,t) < p,
( ) (x,t)e[a,b]x[fﬂg(p,w) ’ /83(pvw)] g( ) p

then the result holds, because

b—a max x,t) < (b—a max x,t) < p.
( ) (x7t)e[a7b]><[_:63(pvw)+5p ’ /83(p7w)_5p] g( ) ( ) (x,t)e[a,b]x[—ﬁg(p,w) ’ ,85(p,w)] g< ) IO

So, we have the following result:
Theorem 2.4. Assume that there exist p € R, w € X such that

(1) 0 < p <T(w),
(#) (b — a) maX(z.p)efab)x[~Bs(pw) , Bs(pw) 9(T, 1) < p.

where (3(p, w) is given by (8).
Then, there exists p € R such that

sup inf (®(u) + Mp — T'(u))) < inf sup(®(u) + A(p — T'(u))).
A>0 ueX ueX A>0
Now, we point out the following result:
Proposition 2.5. The following assertions are equivalent:

(a) there are p € R, w € X such that

(1) 0 < p<T(w),
(#) (b — a) maX(z.p)efab)x|~Bs(pw) , Ba(pw) 9(T, 1) < p;

where [(3(p, w) is given by (8).
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(b) there are r € R, w € X such that

(7)) 0 <r < P(w),
(77) (b — a) max p—1 p—1 g(x,t) < Ba(r,w);

(z,t)€fab]x[~5(b—a) P~ g/pr , 5(b—a) P {/pr]
where (2(r, w) is given by (7).
Proof:
(a) = (b). First we note that 0 < ®(w), because if 0 > ®(w), from (i) one has

p?(—gg > ®(w), namely B3(p,w) > 3(b— a)pr%l||w|| Hence, taking into account

(
(1), one has
T(w) < (b—a) max B g(x,t)
(z,0)€lablx[~5(b—a) 7 |[wl| , 3(b=a) P [[w]| ]

< (b—a max Tt
o ( ) (x,t)e[a,b}x[fﬂg(p,w) ) ﬂS(pvw)] g< )

< p

and that is in contradiction to (i). We now put fi(p,w) = r. We obtain p =
Ba(r,w) and B3(p, w) = 3(b— a)p% ¢/pr. Therefore, from (i) and (ii), one has

0<r<d(w)
and
(b o CL) g{llax o1 g(x, t) < 62(T7 UJ)
(:r,t)e[a,b]x[fé(bfa)T opr , %(bfa)T o/pr]
(b) = (a). First we note that 0 < T'(w), because if 0 > T'(w), from (j) one has
T% < 0; namely, f5(r,w) < 0. Hence, from (jj) one has
0=T(0)<(b—a) max B g(z,t) <0,

(x,t)E[a,b}X[—%(b—a) P ppr, %(b—a) P p/pr]

and this is a contradiction. We now put f(r, w) = p. We obtain r = (31(p, w) and

T(b— a)% ¢/pr = B3(p, w). Therefore, from (j) and (jj), we have the conclusion.
U

The following Theorem is another consequence of Theorem 2.1.
Theorem 2.6. Assume that there exist r € R, w € X such that

(7)) 0 <r < P(w),

(77) (b — a) max =

z,t) < T, W
(a:,t)e[a,b]x[—%(b—a) P ppr, %(b—a) : g< ) 62( )

Ypr]

S
S|

where (O2(r, w) is given by (7).
Then, there exists p € R such that
sup inf (®(u) + Mp — T'(u))) < inf sup(P(u) + A(p — T'(u))).

A>0 ueX ueX A>0
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Proof: It follows from Theorem 2.4 and Proposition 2.5. [J

Finally, we interested in ensuring the existence of at least three weak solutions
for the Dirichlet problem (2) where f : [a,b] x R — R is a continuous function.
Now, we have the following result:

Theorem 2.7. Assume that there exist p € R, a; € L'([a,b]), w € X and
a positive constant v with v < p such that

(i) 0 < p < [} g(z,w(z))dz,
(i4) (b = @) max(e nefabix[~ps(pw) , Bs(paw) 9(T,T) < p.
(i13) g(x,t) < ay(z)(1 + [¢|7) almost everywhere in [a, ] and for each t € R.

where [(3(p, w) is given by (8).

Then, there exists an open interval A C [0,4+o00[ and a positive real number ¢
such that, for each A € A, problem (2) admits at least three solutions in X whose
norms are less than q.

Proof: For each u €X, we put

and
J(u) = ¢(u) + AV (u).

In particular, for each u,v € X one has

& (u)(0) = / (@) P2 (@ ()
and
() () = — / f (@ u(@))o(z)de.

It is well known that the critical points of J are the weak solutions of (2), our
goal is to prove that ® and W satisfy the assumptions of Theorem A. Clearly,
® is a continuously Gateaur differentiable and sequentially weakly lower semi
continuous functional whose Gateaux derivative admits a continuous inverse on
X* and V¥ is a continuously Gateauxr differentiable functional whose Gateaux
derivative is compact.

Thanks to (7ii), for each A > 0 one has that

lim (®(u) + A¥(u)) = +o0

[lul|—+oo
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for all A € [0, +o0].
Furthermore, thanks to Theorem 2.4, from (i) and (i7) we have

sup mf( (u) + AU (u) + Ap) < inf sup(P(u) + AV (u) + Ap).
A>0 U ueX A>0

Therefore, we can apply Theorem A. It follows that there exists an open interval
A C [0, +o0[ and a positive real number ¢ such that, for each A € A, problem (2)
admits at least three solutions in X whose norms are less than ¢. [

We also have the following existence result:

Theorem 2.8. Assume that there exist r € R, ay € L'([a,b]), w € X and
a positive constant v with v < p such that

IIpr

(j))o<r<
b — a) max p— - r,t) < Pa(r, w);

U7) bmajmax Loy, 205 g I E) < o)

(777) g(x,t) < ag( )(1+ \tP) almost everywhere in [a,b] and for each t € R.

I3

where (5(r, w) is given by (7).

Then, there exists an open interval A C [0, +o00[ and a positive real number ¢
such that, for each A € A, problem (2) admits at least three solutions in X whose
norms are less than q.

Proof: It follows from Theorem 2.6 and Theorem 2.7. [

Let hy € C(a,b]) be a function and hy € C(R) be a positive function. Put
f@,t) = ha(x)ha(t)
for each (x,t) € [a,b] X R,
¢
a(t) = [ halé)ie
0

for all t € R, and
a1 (z)

asz(x) = (@)

for almost every x € [a,b]. Then, with use the Theorem 2.7, we have the following
result:

Theorem 2.9. Assume that there exist p € R, a3 € L'([a,b]), w € X and
a positive constant v with 7 < p such that

(1) 0 < p < [} (hn(w)a(w()))dr,
(i) (b— a) maXeeap) h(2) < S0y
(i73") a(t) < az(x)(1 + |t|”) almost everywhere in [a, b] and for each ¢t € R.

where [(3(p, w) is given by (8).



10 AFROUZI, HEIDARKHANI, HOSSIENZADEH, AND YAZDANI

Then, there exists an open interval A C [0,+oc0o[ and a positive real number ¢
such that, for each A € A, problem (3) admits at least three solutions in X whose
norms are less than q.

Put
a2(1‘)

" hi(z)

as(x)

for almost every = € [a, b]. Then, with use the Theorem 2.8, we have the following
existence result:

Theorem 2.10. Assume that there exist r € R, ay € L'([a,b]), w € X and
a positive constant v with v < p such that

() 0 <r< L,

(77) (b — @) masyequ s b () < 20,

(777") a(t) < ayg(z)(1 4+ |t|7) almost everywhere in [a, b] and for each ¢ € R.

p—1

where 6 = 2(b—a) > ¢/pr and Ba(r,w) is given by (7).

Then, there exists an open interval A C [0,+oc0[ and a positive real number ¢
such that, for each A € A, problem (3) admits at least three solutions in X whose
norms are less than q.

We now want to point out two simple consequences of Theorem 2.7 and The-
orem 2.8, respectively. Let f : R — R be a continuous function. Put ¢(t) =
fg f(&)d¢ for each t € R.

So we have the following results:

Theorem 2.11. Assume that there exist p € R, w € X and two positive
constants v and n with v < p such that

(") 0 < p < J? glw(w)dz,
(i2") (b = a) maXiergy(pw) , sa(pw)) 9(1) < p-
(137") g(t) < n(1+ |t]") for each t € R.

where (3(p,w) is given by (8).

Then, there exists an open interval A C [0,+o00[ and a positive real number ¢
such that, for each A € A, problem (4) admits at least three solutions in X whose
norms are less than q.

Theorem 2.12. Assume that there exist r € R, w € X and two positive
constants v and p with v < p such that

-1 [|Jw]|P
() 0<r< B

<1 o B N .
(75") (b—a) VAN g 9(t) < Ba(r, w);
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(777") g(t) < p(1 + |t]7) for each t € R.

where (O2(r, w) is given by (7).

Then, there exists an open interval A C [0, 4+o00[ and a positive real number ¢
such that, for each A € A, problem (4) admits at least three solutions in X whose
norms are less than q.
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