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GENERALIZATION SOME FUZZY SEPARATION AXIOMS TO
DITOPOLOGICAL TEXTURE SPACES
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ABSTRACT. The authors characterize the notion of quasi coincident in texture
spaces and study the generalization of fuzzy quasi separation axioms defined
by [12] to the ditopological texture spaces.

1. INTRODUCTION

Ditopological Texture Spaces: The notion of texture space was firstly intro-
duced by L.M. Brown in [1, 2] under the name of fuzzy structure, and then it was
called as texture space by L. M. Brown and R. Ertiirk in [5, 6]. Ditopological
texture spaces were introduced by L. M. Brown as a natural extension of the work
of first author on the representation of lattice-valued topologies by bitopologies in
[4]. It is well known that the concept of ditopology is more general than general
topology, fuzzy topology and bitopology. So, it will be more advantage to gen-
eralize some various general (fuzzy, bi)-topological concepts to the ditopological
texture spaces. An adequate introduction to the theory of texture spaces and
ditopological texture spaces, and the motivation for its study may be obtained
from [7, 8, 9, 10, 11, 16].

Let S be a set, a texturing 8 of S is a subset of P(.S) which is a point-separating,
complete, completely distributive lattice containing S and (), and for which meet
coincides with intersection and finite joins with union. The pair (5, 8) is then
called a texture, or a texture space.
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In a texture, arbitrary joins need not be coincide with unions, and clearly this
will be so if and only if 8 is closed under arbitrary unions. In this case (S, 8) is
said to be plain texture. It is known that, in a plain texture the cases of

(1) s¢ Qs forall s € S,

(2) Ps Z Qs for all s € S,

(3) A= \/ZAZ = UAZ for all Az € S,’L el
are equivalent.

A texture space is called coseparated if Qs C )y = P, C P, for all s,t € S
In general, a texturing of S need not be closed under set complementation, it
will be that if there exists a mapping o : § — § satisfying A = o(0(A)) for all
Ae8§ and AC B — o(B) Co(A) for all A, B € 8. In this case o is called a
complementation on (S, 8), and (5,8, 0) is said to be a complemented texture.

We will call a complementation o on (S, 8) grounded [16] if there is an involution
s — s on S so that o(P;) = Qg and 0(Qs) = Py where s’ = o(s’) for all s € S,
and in this case the complemented texture space (5,8, o) is called complemented
grounded texture space. It is noted that a complemented plain texture is grounded
[17].

For a texture (S,8), most properties are conveniently defined in terms of the
p-sets

P,=(){Ae8|se A}
and the g-sets,
Q.=\iAes|s¢ ).
Theorem 1.1. [7] In any texture space (S,8), we have the following statements:

(1) s¢ A= ACQ,— s¢ A forallsc S,AcS.

2) A ={sc S| AZQ,} forall AcS.

) (VA = A foralls€ S, A€S.

iel i€l

) A is the smallest element of § containing A°

) For A,B €8, if A Z B then there exists s € S with A Z Qs and P; £ B
) A=({Qs | Ps £ A} for all A € 8.

(7) A=V{Ps | AZ Qs} for all A€ 8.
The followings are some basic examples of textures.

Examples 1.2. (1) If X is a set and P(X) the powerset of X, then (X, P(X))
is the discrete texture on X. For x € X, P, = {z} and Q, = X \ {z}.

(2) Setting I = [0,1], I = {[0,7),[0,7] | r € I} gives the unit interval texture (I,7).
For r €I, P, = [0,r] and @, = [0, 7).

(3) The texture (L,L) is defined by L = (0,1], L = {(0,r] | » € I}. For r € L,
P.=(0,r] =Q,.

Since a texturing 8§ need not be closed under the operation of taking the set
complement, the notion of topology is replaced by that of dichotomous topology
or ditopology, namely a pair (7, k) of subsets of 8§, where the set of open sets T
satisfies

(

(3
(4
(5
6
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1) S,0er,
(2) Gl, GoeT = GiNGyeTand
3) Gier,iel = \/,G e,
the set of closed sets k satisfies
(1) S, 0 € &,
(2) K1, Ko e k = Kj UK, € k and
(3) K, err1el = mKiGH.
Hence a ditopology is essentially a “topology” for which there is no a priori
relation between the open and closed sets. For A € § we define the closure [A]
and the interior JA[ of A under (7, k) by the equalities

Al =({Ker|ACK}and JA[=\/{GeT|GC A}

and

On the other hand if the texture space (5, 8) is complemented, then we say that
(1, k) is a complemented ditopology on (5,8, o) if 7 and « are related by k = o|7].
In this case we have o([A]) = Jo(A)[ and o(JA]) = [0(A)].

It is well known that; in classic theory, ANB =0 <= A C X\ B for

A, B C X, and in fuzzy set theory, ANB=() — AC X\ Bfor A,BCX.

So it could be defined an alternative binary implication in fuzzy set theory such
as: Let IX be the family of fuzzy sets and A, B € IX, then we say that;

Definition 1.3. [15] (1) A is quasi-coincident with B (denoted by AgB) <=
there exists an « € X such that A(z) + B(z) > 1,

(2) A is not quasi-coincident with B (denoted by A ¢B) <= A(z)+ B(x) <1
for all z € X.

2. Q-SEPARATION AXIOMS

In [9], L. M. Brown, R. Ertiirk and §. Dost have generalized the fuzzy sep-
aration axioms in the sense of B. Hutton and I. Reilly [14] to the ditopological
texture spaces and they have obtained important results in separation axioms
theory. But in applications, it was seen that T, axiom which is the one of gener-
alized separation axioms is not so useful and it was given that many equivalent
conditions that 7j axiom. Some of them are followings:

Theorem 2.1. [9] Let (S, 8,7, k) be a ditopological texture space, then the follow-
ing statements are characteristic properties of Ty axiom in a ditopological texture
space:

(1) P, P, = 3C;eTUr;j€ J with P, C \/C; CQ, forall s,t €S

jeJ

2) Qs € Qy = 3C; eTUR;j e J with P,C (C; CQs, forall s,t €S

JjeJ

)
)
3) For A € 8 there exists C; € TUr,j € Jyi € I; with A=\ [ C/
)
)

jeJiel;

Qs L Qy = AC e TUk with P, C Z Q4

(
(
(4
(5) [P] € [P] and |Qs[C]Q:[ implies Qs S Qs
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(6) For all s € S we have Qs = \/ C; for C; e TUK
jed
(7) If (S, 8)is coseparated, then the following condition also characterizes the
Ty property: For all s € S we have Py, = ﬂjej C; for Cj € TU .

In this study, the new generalization separation axioms will be defined. These
generalization axioms obtained that the fuzzy quasi separation axioms, in the
sense of M. H. Ghanim, O. A. Tantawy [12]. In applications, the new generalized
Ty is more useful than generalized Tj axiom in the sense of [9]. To do this we
will give some basic results obtained by authors in a complemented grounded
ditopological texture space.

Definition 2.2. Let (5,8, 0) be a complemented grounded texture space. Then
we have the following statements:
(1) AgB <= A Z o(B) < 3dse€ Swith A Z Q, and P; Z o(B) by
Theorem 1.1(5),
(2) Ago(B) <— A ¢ B,
(3) AC B < A ¢o(B).

As a result of the above definition we obtain the followings:
(1) AgB and if A C C, B C D then CqD,
(2) A ¢Bandif C C A, D C B then C ¢D.
(3) If U,V € 7 and if UqV = [U]qV and so = [Ulq[V].
Now we want to give new definitions of quasi (Q-) separation axioms in a

complemented grounded ditopological texture space (5,8, 7, K, ) which are gen-
eralized fuzzy quasi separation axioms in the sense of [12].

Definition 2.3. The ditopological space (7, k) is called

(1) Quasi-Ty (QTy) space if for each Py, € P, (s,t € S) there exists a U € T
such that PyqU, U C Qu) or there exists a K € s such that B, 4K,
P, Z o(K).

(2) Strong quasi-Ty (SQTy) space if Py is a closed set for all s € S.

(3) Quasi-Ty (QT1) space if for each Py € P, (s,t € S) there exist U € 7, K €
r such that P,qU, U C Q. and P, K, Py Z o(K).

(4) Quasi-Ty (QT3) space if for each Py € P, (s,t € S) there exist U € 7, K €
r such that P,qU, U C Q. and P, K, P, £ o(K) and U C K.

(5) Quasi-Ty1y2) (QToa2))space if for each Py € P, (s,t € S) there exist
U € 7,K € k such that P,qU, U C Qou), Pr K, Ps € o(K) and
[U] € o([o(K)]).

(6) Quasi-regular(Q-regular) if Vs € S F € s with Py;qo(F'), there exist
U € 1,K € k such that P,qU, F (K and [0(K)] C o([U]).

A Q-regular space which is strong QTj is called quasi-Ts (QT3) space.

(7) Quasi-normal(Q-normal) space if V Fy, Fy € k with Fyqo(Fy) there exits
U € 1,K € k such that FiqU, Fy ¢K and [0(K)] C o([U]).

A Q-normal space which is strong QTj is called quasi-Ty (QTy) space.
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Now, we will give some implications between these separation axioms as follows:

Corollary 2.4. Let (S,8,7,k,0) be a complemented grounded tezture space, then
(1) QT2(1/2) - QTQ — QTl — SQTO - QTO
(2) QTy = QT3 — Q15172

Proof. The first and the second implications of (1) are clear.

To show that the third implications of (1), (QTy = SQT}), we must show
P, = [Py] for all s € S. To do this, assume that there exists an s € S such that
[Py] € P;. Then there exists t € S such that [Ps] € Q¢ and P, € P,. Since (7, k) is
(QT1), we have U € 7, K € k such that P,qU, U C Q) and P, (K, P, Z 0(K).
Hence (U C Qusy = Ps Co(U)=F €k, [P CF) and since [P] Z Q;, we
have F' Z @, that is P, C F. On the other hand since P,qU — P, L o(U) = F.
These two case give a contradiction. That is [Ps] C P, and so [P] = Ps.

To show that the last implication of (1), (SQTy, = Q1y), take s,t € S with
P, & P,. Then there exists r € S with Py € @, and P, € P,. Since (7,k) is
(SQTy), we have P, € k for all t € S; thatis P, € P, = (\{K € k| P, C K}.
Hence there exists K € k such that P, Z K and P, C K; that is (3K € k; P, €
Kand P,C K = 0(K) Co(F) = Q.u and 0(K) € 0(P;) = Qu(s)). Now if
we take U = o(K) € 7, then we obtain that U C Q,¢) and P, € K <= P,qo(K).
So we have PyqU and U C Qu), that is (5,8, 7, ,0) is a QT space.

Now we will show the implications in (2). Firstly to show that the second
implication of (2), QTs = QT5x1/2), take s,t € S with P, € P, = 0(Q,q),
that is P,qQo) = o(P;). By SQTy of ditopological space (7, k), it is known that
F = P, € k and so we have Pyqo(F). Now since (7,k) is quasi-regular, there
exist U € 7, K € & such that PyqU, F = P, 4K and [0(K)] C o([U]). Then
we have [U] C o([o(K)]. On the other hand since [o¢(K)] C o([U]), we have
PqU = P, € o(U) = P Zo(U]) = P, < o(K)and P, jJK =
P, C (i) C [o(K)) Co([U]) = P.C o([U]) = U C o(P,) = Qo That is
(S,8,7,K,0) is a QT5(1/2) space.

The first implication of (2), QTy = QT3 is clear. OJ

Corollary 2.5. If (S,8,7,k,0) is QTj then it is Ty in the sense of L. M. Brown,
R. Ertirk and §. Dost [9].

Proof. To show that this implication, we will use the ”"Theorem 2.1.(1). Let
s,t € S be with P, € P,. Then there exists U € 7 such that PyqU, U C Q)
or there exists a K € k such that P, gK and P; € o(K) by QT} of (1,k). So
we have Py Z o(U) and P, C o(U). If it taken o(U) = F € k, we obtain that
P, Fand PbLCF — P, C F CQ, Thatis (S,8,7,k,0) is Tp.

If K € k, such that P, yK and Py Z o(K) = P, C 0(K) and o(K) C Q.
If it taken U = o(K) € 7, the we have P, C U C Q. Hence (S,8,7,k,0) is
OTp. 0

The following example shows that the converse implication of above corollary
is not true in generally.
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Example 2.6. Let S={a,b}, § = P(S), 7 = {0,{a}, S}, k = {0,{b},S}. Then
(5,8, 0) is a grounded complemented texture space since it is plain and each plain
texture is grounded. Hence (5,8, 7, K, o) is a complemented ditopological texture
space for the complemented o({a})={b}, o({b})={a}. This ditoplogical texture
space (S,8,7,k,0) is Ty in the sense of L. M. Brown, R. Ertiirk, §. Dost but it
is not QTj.

Examples 2.7. (1) For I = [0, 1] define J = {[0,¢] | t € [0,1]}U{[0,¢) | t € [0,1]},
o([0,¢])) = [0,1 —t) and o([0,¢)) = [0,1 —¢t], t € [0,1] and 7 = {[0,¢) | t €
[0,1]}U{T}, k= {[0,¢] | t € [0,1]}U{0}. Then (I,J, 7, k,0) is a grounded texture
, which we will refer to as the wunit interval texture. This time (I,J) is a plain
texture. Then the ditopological texture space (I,J, 7, k,0) is a QT and T space.

Definition 2.8. [5],[8] Let (S;,8;,0;) be textures i € I, set S = [[,.,;5; and
A C 8, for some k € I. We write

E(k, A) = [ [ Y; where Y; =

icl

{A,if@’:k

S;, otherwise.

Then the product texturing 8 = @),.;8; on S consists of arbitrary intersections
of elements of the set

8—{UE], )| JCIA; ESforJEJ}

jeJ

and 0 :8 — 8, 0(A) = Nyea Uics E(i,04(Ps;)) is a complementation on 8.

We have noted that by [8]; If (5,8,0) is a complemented product texture of
(Si, 8i,04), then for i € I and A; € §;, s = (s;) it can be obtained the following

equalities:
=N EGP) =[P Q. =JEGQ.).

() o(E(i, A) = E(i,0i(Ay)), (d)o(Ps) = UE(ivdz‘(Psi))

Corollary 2.9. (S;,8;,0;) are complemented grounded textures for each i € I iff
the product texture (S,8,0) of (S;, 8i,0;) is complemented grounded.

Definition 2.10. [5],[8] Let (S;,8;) i € I be textures with S; N S; = 0 for i # j.
Let S = Uje;Siand 8 = {A ] AC S, ANS; € §,Vi € I}. Then (5,8) is a
texture which is called sum of disjoint textures (S;,8;) i € I and if (S;, 8;, 0;) are
the complemented textures for all ¢ € I then the complementation

0:8—8,0(A)NS;=0,(ANS;),iel
makes (5,8, 0) is a complemented texture.

We have noted that by [8]; If (S5,8,0) is a complemented sum texture of
(S;,8;,0;), then for j € I it can be obtained the following equalities:

(a)Py = Py, x {j}, (0)Qs=(Qs, x GHU( |J Skx{k})

kel\{j}
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Corollary 2.11. (S;,8;,0;) @ € I is complemented grounded texture for each
i € I iff the sum texture (S,8,0) of (S;,8;,0;) is complemented grounded.

Theorem 2.12. Let (S;,8;,0,7;,K;), j € J, be non-empty complemented di-
topological grounded texture spaces and (S, S, o, T, k) their product. Then (S, 8,0, T, k)
is QTy if and only if (S;,8;,04,7;,K;) is QTy for all j € J.

Proof. (<) Suppose that (S5;,8;,0,,7j,k;) is QTp for all j € J an take s =
(s;),t = (t;) € S with P, € P,. Since Py ¢ P, = ﬂjej E(j, P,,), there exists
j € J with P, ¢ E(j,F,;) and so we have E(j, P,) € E(j, P, ), and hence it
will be P,, ¢ P,,. By the QT of (SJ,SJ,UJ,T],KJ> there exists U; € 7; such
that P qU and U; C Qo) or there exists F; € kj; such that P, 4F; and
P, € oj(F};). Now if we choose U = E(5,U;), then U e 7. Since Py,  o;(U.

it can be obtamed P, ¢ o(U) = E(j,04(U;)) and this gives PqU On the
other hand since U; C Qo (1), we have E(j,U;) C U;c; E(J, Qo;(t,)), and that is
U C Qo).

For the other case of "or”, if we choose F' = E(j, Fj) € k, it can be obtained the
required properties similarly above case. So (5,8, 0,7, k) is QTp.

(=) Let the complemented grounded product ditopological texture space (S, 8, o, T, k)
be QTy. Take any j € J and s;,t; € S; with P,, € P, . For k € J\ {j}, choose
uy € S, which is possible since Sy, # (). Now let s = (s;),t = (¢;) € S defined by

s, ifi=j g, ifi=j
e {u ity {u if i # j

It is verify that P, ¢ P,, since P,, € P,,. By the QT; of (S,8,0,7,k), there
exists B € 7 such that PygB and B C (Qu) or there exists I’ € x such that
P, fF and P, ¢ o(F'). Firstly, suppose the case B € 7 with PygB and B C Q, ),
that is o(B) € k and P; € o(B), P, C o(B). By the definition of product
cotopology [8], we have ji, jo,...,jn € J and 0j,(B),) € ki, 1 < k < n, so
that U(B> - UZ:l E(jk7ajk(Bjk>> and P 7'@ UZ:I E(jkaajk(Bjk))' Thus we have
Py & E(ji,0j,(Bj,) for all k. On the other hand, P, C {J,_, E(jk,0,(Bj,)), for
some k, and hence it can be obtained P,, € 0 (B;,) and P, C 0;,(B;,). By
the definition of s and ¢, j, = j, we have B; € 7; satisfying P, ¢ oj(B;) and

C Qoj(ty)-

The other case of "or”, for the closed set case, can be shown similarly above.
Thus, the complemented grounded ditopological texture space (S;,8;, 05, 7;, K;)
is QT for all 5 € J.

O

Theorem 2.13. Let (S;,8;,0;,7j,k;), j € J, be non-empty complemented di-
topolojical grounded texture spaces and (S, 8, o, 7, k) their sum. Then (S,8,0,T, k)

is QTo if and only if (S;,8;,0;, 7, k;) is QT for all j € J.

Proof. (<=) Suppose that (S5;,8;,0;,7;, k;) is QTp for all j € J and take s,t € S
with Py & P,. Let j,k € J be the unique indices satisfying s € Sj, t € Si. If
J # k then P, ¢ P,,. Hence P, ¢ S;. S; € 7; has the required properties.
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Indeed, Py € 0(S;) =0 and S; C Qy, = o(F,). If j = k then P, ¢ P,,. By the
QTy of (S;,8;,0;,7;j, k), there exists By, € 7, such that P, ¢Bj and By C Qo (1))
or there exists Fj, € ry, such that P, #Fy and Ps, € ox(F)). Now, if we choose
B = By, then B € 7 and P = P,,qBy, B = By, C Qo,(,)- In the case of Fj, € ky,
we have dual proof. So (5,8, 0,7, k) is QTp.
(=) Let the complemented grounded sum ditopological texture space (S, 8, o, 7, k)
be QTp. Take any k € J and sy, t), € Sy with Ps, € Py, Then for s = (sy, k), t =
(ty, k) € S we have P, ¢ P,. By the QTy of (S,8,0,7, k), there exists B € 7
such that P,gB and B C @,y or there exists C' € s such that P, 4C and
P, ¢ o(C). Firstly, suppose the case of B € 7 with P;gB and B C Qu),
that is o(B) € x and Py € o(B), P, C o(B). By the definiton of sum di-
topological texture space there exists B; € 75,5 € J such that 0;(B;) € k; where,
o(B) C 0j(Bj) x{j}Ujen 5y (Six{i}) and Py & 05(B;) x {7}0U;e gy (Si < {i}).
If j = k then Py, x {k} € o4x(By) x {k} and P, x {k} € o4(By) x {k} and so we
have Py, ¢By, and By, x {k} C 0%(Bi) = Qo). If j # k then Py, x {k} € S; x{j}.
It has the required properties.

The other case of "or”, for the closed set case, can be shown similarly above.

Thus, the complemented grounded ditopological texture spaces (S;,8;,0;, 7, K;)
are QT; for all j € J.

]
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