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FUZZY NONLINEAR OPTIMIZATION

S.H. NASSERI ∗

Abstract. In this paper, we define a fuzzy version of the quadratic optimiza-
tion problem and then give a method to solve these problems by using linear
ranking functions. The method will be discussed in details.

1. Introduction

Fuzzy set theory has been applied to many disciplines such as control theory and
management sciences, mathematical modeling, operations research and many in-
dustrial applications. The concept of fuzzy mathematical programming on gen-
eral level was first proposed by Tanaka et al. [11] in the framework of the fuzzy
decision of Bellman and Zadeh [2]. Afterwards, many authors considered vari-
ous types of the fuzzy linear programming (FLP) problems and proposed several
approaches for solving these problems [4], [7, 8, 9, 10]. Some authors used the
concept of comparison of fuzzy numbers for solving fuzzy linear programming
problems. In effect, most convenient methods are based on the concept of com-
parison of fuzzy numbers by use of ranking functions [4], [7, 8, 9, 10]. Usually in
such methods authors define a crisp model which is equivalent to the FLP prob-
lem and then use the optimal solution of the model as the optimal solution of the
FLP problem. A review of some common methods for ranking fuzzy subsets of the
unit interval can be seen in [3]. Moreover, a review of the literature concerning
fuzzy mathematical programming as well as comparison of fuzzy numbers can be
seen in Klir and Yuan [6] and also Lai and Hwang [7]. In this paper, we consider a
fuzzy version of the quadratic programming problems and then present a method
to solve these problems by using linear ranking functions as a convenient tools
for ordering fuzzy numbers.
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The paper is organized in 5 Sections. In Section 2, we give some necessary
notations and definitions of fuzzy set theory and fuzzy arithmetic. Section 3
provides a discussion of fuzzy numbers and linear ranking functions for ordering
them. In particular, Yager’s linear ranking function for ordering trapezoidal
fuzzy numbers is emphasized. We define a fuzzy quadratic programming (FQP)
problems in Section 4, and focus on solving theses problems. Moreover, we give
a key theorem to state some conditions of the existence of a unique solution.
Finally, we conclude in Section 5.

2. Definitions and Notations

We review the fundamental notions of fuzzy set theory, initiated by Bellman
and Zadeh [2].

Definition 2.1. Let X be the universal set. Ã is called a fuzzy set in X if Ã is
a set of ordered pairs

Ã = {(x, µÃ(x)) | x ∈ X}
where µÃ(x) is the membership function of Ã.

Definition 2.2. The λ-level set of Ã is the set

Ãλ = {x ∈ X | µÃ(x) ≥ λ}
where λ ∈ (0, 1]. The lower and upper bounds of any λ-level set Ãλ are represented
by finite numbers infx∈Ãλ

and supx∈Ãλ
.

Definition 2.3. A convex fuzzy set Ã on R is a fuzzy number if the following
conditions hold:

(a) Its membership function is piecewise continuous.
(b) There exist three intervals [a, b], [b, c] and [c, d] such that µÃ is increasing

on [a, b], equal to 1 on [b, c], decreasing on [c, d] and equal to 0 elsewhere.

Definition 2.4. Let Ã = (aL, aU , α, β) denote the trapezoidal fuzzy number,
where (aL − α, aU + β) is the support of Ã and [aL, aU ] its core.

Remark 2.5. We denote the set of all trapezoidal fuzzy numbers by F (R).

We next define arithmetic on trapezoidal fuzzy numbers. Let ã = (aL, aU , α, β)

and b̃ = (bL, bU , γ, θ) be two trapezoidal fuzzy numbers. Define,

x > 0, x ∈ R; x ã = (xaL, xaU , xα, xβ)

x < 0, x ∈ R; x ã = (xaU , xaL,−xβ,−xα)

ã + b̃ = (aL + bL, aU + bU , α + γ, β + θ)

ã− b̃ = (aL − bU , aU − bL, α + θ, β + γ)

We point out that the arithmetic on trapezoidal fuzzy numbers follow the Exten-
sion Principle (see [7]).
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3. Ranking Functions

An effective approach for ordering the elements of F (R) is to define a ranking
function R : F (R) → R which maps each fuzzy number into the real line, where
a natural order exists.

We define orders on F (R) by:

ã º b̃ if and only if R(ã) > R(b̃) (3.1)

ã Â b̃ if and only if R(ã) > R(b̃) (3.2)

ã ' b̃ if and only if R(ã) = R(b̃) (3.3)

where ã and b̃ are in F (R). Also we write ã ¹ b̃ if and only if b̃ º ã.

We restrict our attention to linear ranking functions, that is, a ranking function
R such that

R(kã + b̃) = kRr(ã) + R(b̃) (3.4)

for any ã and b̃ belonging to F (R) and any k ∈ R (see in [8]).

Remark 3.1. For any trapezoidal fuzzy number ã, the relation ã º 0̃ holds, if there
exist ε > 0 and α > 0 such that ã º (−ε, ε, α, α). We realize that R(−ε, ε, α, α) =
0 (we also consider ã ' 0̃ if and only if R(ã) = 0). Thus, without loss of generality,
throughout the paper we let 0̃ = (0, 0, 0, 0) as the zero trapezoidal fuzzy number.

The following lemma is now immediately in hand.

Lemma 3.2. Let R be any linear ranking function. Then,

(i) ã º b̃ if and only if ã− b̃ º 0̃ if and only if −b̃ º −ã.

(ii) If ã º b̃ and c̃ º d̃, then ã + c̃ º b̃ + d̃.

We consider the linear ranking functions on F (R) as:

R(ã) = cLaL + cUaU + cαα + cββ, (3.5)

where ã = (aL, aU , α, β), and cL, cU , cα, cβ are constants, at least one of which is
nonzero. A special version of the above linear ranking function was first proposed
by Yager [12] (see also [5]) as follows:

R(ã) =
1

2

∫ 1

0

(inf ãλ + sup ãλ) dλ (3.6)

which reduces to

R(ã) =
aL + aU

2
+

1

4
(β − α). (3.7)

Then, for trapezoidal fuzzy numbers ã = (aL, aU , α, β) and b̃ = (bL, bU , γ, θ), we
have

ã º b̃ if and only if aL + aU +
1

2
(β − α) > bL + bU +

1

2
(θ − γ). (3.8)
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4. Fuzzy Quadratic Programming

A fuzzy quadratic programming (FQP) problem is defined as:

minimize 1
2
xT Qx + xT c

subject to Ãx ' b̃
(4.1)

where b̃ ∈ (F (R)m , Ã = [ãij] ∈ (F (R)))m×n , cT ∈ Rn, Q ∈ Rm×n are given and
x ∈ (Rn is to be determined.

The following theorem, which is an extension of the concepts concerning to the
fuzzy arithmetic and linear ranking functions on nonlinear programming with
fuzzy numbers, will be useful for solving the FQP problems.

Theorem 4.1. The following quadratic programming problem and FQP problem
are equivalent.

minimize 1
2
xT Qx + xT c

subject to Ax = b,
(4.2)

where aij and bi, i = 1, ..., m, j = 1, ..., n are real numbers corresponding to the

fuzzy numbers ãij and b̃i, i = 1, ..., m, j = 1, ..., n with respect to a given linear
ranking function, respectively.

Proof. Let Q1 and Q2 be sets of all feasible solutions of (4.1) and (4.2), respec-
tively. So it is enough to show that Q1 = Q2. Now we know that x ∈ Q1 if and
only if Ãx ' b̃, if and only if

R(
n∑

j=1

ãijxj) = R(b̃i), i = 1, ..., m,

if and only if
n∑

j=1

R(ãijxj) = R(b̃i), i = 1, ..., m,

if and only if
n∑

j=1

aijxj = bi, i = 1, ..., m,

or
Ax = b,

where aij = R(ãij), bi = Rr(b̃i), for all j = 1, ..., n, and i = 1, ..., m, if and only
if x ∈ Q2. Hence Q1 = Q2. And this shows that the two mentioned quadratic
problems are equivalent. The proof complete now. ¤

The mentioned theorem represent that for solving an FQP problem it is enough
to solve an equivalent quadratic programming in crisp environment. So here we
deal with on these problems.

It is simple to show the FQP problem has a unique solution if the matrix A is of
full rank and the matrix Q is positive definite on the subspace M = {x |Ax = 0}.
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Now consider the Lagrange necessary conditions for this problem as follows:

Qx + AT λ + c = 0
Ax − b = 0.

(4.3)

These correspond to the general condition Lagrange (see in [1]), and in this case
they comprise an (n + m)−dimensional linear system of equations. A natural
question is whether the system is nonsingular. The following Theorem shows
that the system is indeed nonsingular under the conditions stated above.

Theorem 4.2. Let Q and A be n× n and m× n matrices, respectively. Suppose
that A has rank m and that Q is positive definite on the subspace M = {x |Ax =
0}. Then the matrix (

Q AT

A 0

)
.

is nonsingular.

Proof. Suppose (x, y) ∈ Rn+m is such that

Qx + AT y = 0
Ax = 0.

(4.4)

Multiplication of the first equation by xT yields

xT Qx + xT AT y = 0,

and substitution of Ax = 0 yields xT Qx = 0. However, clearly x ∈ M , and thus
the hypothesis on Q together with xT Qx = 0 implies that x = 0. It then follows
that the first equation that AT y = 0. The full rank condition on A then implies
that y = 0. Thus the only solution to (4.4) is x = 0, y = 0. ¤

Under the assumptions of Theorem 4.2, there are several methods for solving
the system (4.3). As a general rules it is most efficient to use factorization meth-
ods (such as LU decomposition) that exploit the structure of the solving linear
equations can be used.

Remark 4.3. Note that if, as is often the case, the matrix Q is actually positive
definite (over the whole space), then an explicit formula for the solution of the
system can be easily derived as follows:
From the first equation in (4.3) we have

x = −Q−1AT λ−Q−1c.

Substitution of this into the second equation then yields

−AQ−1AT λ− AQ−1c− b = 0,

from which we immediately obtain

λ = −(AQ−1AT )−1[AQ−1c + b]

and

x = Q−1AT (AQ−1AT )−1[AQ−1c + b]−Q−1c
= −Q−1[I − AT (AQ−1AT )−1AQ−1]c + Q−1AT (AQ−1AT )−1b.

(4.5)
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This representation is useful in theoretical developments, although in practice the
solution may be calculated by some other method as discussed above.

5. Conclusions

Using the linear ranking functions is a convenient method for solving fuzzy
linear programming problems. In this paper, we defined the fuzzy quadratic
programming problems and discussed how can solve FQP problems by using
linear ranking functions.
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