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A COUNTEREXAMPLE TO “COMMON FIXED POINT
THEOREM IN PROBABILISTIC QUASI-METRIC SPACE”

DOREL MIHEŢ

Abstract. We give a counterexample to the paper “Common fixed point
theorem in probabilistic quasi-metric space” published in the first issue of this
journal.

For details on the concepts used in the paper, the reader is referred to the book
[1].

A probabilistic quasi-metric space is a triple (X,F , τ) where X is a nonempty
set, τ is a continuous triangular function and F is a mapping from X ×X to D+

satisfying the following properties:
(PQM1) Fp,q = Fq,p = ε0 if and only if p = q;
(PQM2) Fp,r ≥ τ(Fp,q, Fq,r) for all p, q, r ∈ X.
Let (X,F , τ) be a probabilistic quasi-metric space. Two self mappings f, g of

X are said to be R-weakly commuting if there exists R > 0 such that

Ffgx,gfx(t) ≥ Ffx,gx(t/R)

for all x ∈ X and t > 0.
The following version of the well known common fixed point theorem of Jungck

[2] appears in [3], Theorem 2.3:
Let (X,F , τ) be a left complete PQM space with τ ≥ τW and let f, g be two

R-weakly commuting self mappings of X satisfying the following conditions:
i)f(X) ⊂ g(X)
ii) f or g is continuous
iii)Ffx,fy ≥ C(Fgx,gy) for all x, y ∈ X, where C : D+ → D+ is a continuous

function such that C(F ) > F for each f ∈ D+ with F 6= ε0.
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Then f and g have a unique common fixed point in X.
Here we give an example to show that the above result is not correct.

1. Main results

Example 1.1. Let X = R and d(x, y) = |x− y| .
Then the space (X,F , τM) where

Fx,y(t) =

{
0, if t ≤ d(x, y)
1, if t > d(x, y)

for all t > 0 and τM(F,G)(x) := sups+t=x Min{F (s), G(t)} is a complete proba-
bilistic metric space, for Fp,q(t) > 1− t iff |x− y| ≤ t.

Let C(F ) =
√

F and f, g : X → X, fx = x, gx = x + 1.
Then, the mappings f, g are continuous and f(X) = g(X) = X.
Also, since f ◦ g = g ◦ f = g, f and g are R-weakly commuting.
Next, the mapping C is continuous and C(F ) > F ∀F 6= ε0 (recall that F > G

means F ≥ G and F 6= G).
On the other hand, as Ffx,fy = Fgx,gy for all x, y ∈ X and Fx,y takes only the

values 0 and 1, it is easy to verify the equality:

Ffx,fy = C(Fgx,gy) ∀x, y ∈ X.

Therefore, all the conditions of Theorem 2.3 in [3] are satisfied.
However, f and g have not any common fixed point in X.

The result can be corrected if the competeness of X is replaced by the stronger
condition of G-completeness (see [4]).
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