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SOME REMARK ON THE NONEXISTENCE OF POSITIVE
SOLUTIONS FOR SOME a, P-LAPLACIAN SYSTEMS

M. ALIMOHAMMADY!* AND M. KOOZEGAR?

ABSTRACT. This paper deals with nonexistence result for positive solution in
C1(Q) to the following reaction-diffusion system

—Ngpu = avP Tt — T — ¢, r €,
—Dapv = auP™t —b’ Tt~z e, (0.1)
u=0=wv , x € 01,

where A\, , denotes the a,p-Laplacian operator defined by A, ,z = div(a |
Vz P72 Vz); p > 1, 7(> p); a1, by and c are positive constant, 2 is a smooth
bounded domain in RY(N > 1) with smooth boundary and a(z) € L>(Q),
a(x) > ag > 0 for all z € Q.

1. INTRODUCTION AND PRELIMINARIES

In this note, we first consider a nonexistence result for positive solution in C*(Q)
to the following reaction-diffusion system

—Ngpu = a Pt — b — ¢ x € Q,
_Aa,PU = alup_l - blu’y_l e S Qa (11)
u=0=v , x € 01,

where A, , denotes the p, a-Laplacian operator defined by A, ,z = div(a | Vz [P72
Vz); p > 1, v(> p); a1,b; and ¢ are positive constant, (2 is a smooth bounded
domain in RY(N > 1) with smooth boundary and a(z) € L>=(Q), a(z) > ag > 0
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for all x € 2.

We first show that if a; < Ay, where \; is the first eigenvalue of —A,, with
Dirichlet boundary condition, then (1.1) has no positive solutions. next we con-
sider the system

—Ngpu= Af(v), x € €,
—DNapv = pg(u), r €, (1.2)
u= 0=, x € 0N

where 2 is a smooth bounded domain in RV (N > 1), 99 is its smooth boundary
and A, u are positive parameters. Let f, g : [0,00) — R be continuous and assume
that there exist positive numbers K; and M;, i = 1,2 such that

f(v) > Ko™t + My (v >0), (1.3)
and
g(u) > KoyuP™' 4+ My (u > 0), (1.4)

and a : 2 — RT satisfy certain conditions.
We discus a non existence result when Ay is large.

Definition 1.1. A pair of nonnegative functions (u,v) in Wy (Q) x WyP(Q) are
called a weak solution of (1.2) if they satisfies

/a | Vu [P7? VuVwdz = /[)\f(v)]wdx,
Q 0

and

/a | Vo [P~ VoVwdz = /[ug(u)]wdm,
Q Q

for all test function w € WP (€).

In the case @ = 1 when p = 2, system (1.2) studied by Dalmaso [5]. For
existence results of positive solutions for (1.2) see [3, 4, 6]. For corresponding
result in the single equations case see [2, 8] for (1.1) and [7] for (1.2), (for the
case a = 1) and in [I] Afrouzi and Rasouli studied the system (1.1), (1.2) for the
case a = 1.

2. NON-EXISTENCE RESULTS

In this section we state our main results. To prove the non-existence results
we use some estimates on the first eigenvalue of —A, , with Dirichlet boundary
conditions.

Theorem 2.1. let q be such that ]lg —i—é = 1. Then for a; < X\, (1.1) has no
positive solution.
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Proof. On the contrary, there exists a positive solution (u,v) of (1.1). Since
for any w € C3°(Q2) we have

/ a | Vu [P VuVwdzr = /[alvp_l — b’ — Jud,
Q Q

SO
/a | Vu [P dx = /[alvpl — b — cJudz,
Q0 Q

and since by > 0, then

/ a|Vu [P dx < /[alvp_l — cJudz, (2.1)
Q

Q

/a|Vu|pdx2)\1/|u|pdw:)\1/upd:1: (2.2)
0 0 0

since A\ = infzew(l),p(g) % is the first eigenvalue of —A,, with Dirichlet
Q

boundary condition. Combining (2.1), (2.2), we obtain

)\l/updxSal/uvp_ldx—c/uda:. (2.3)
Q Q Q

Similarly, we obtain

)\1/vpdxSal/vup_ldx—c/vdx. (2.4)
Q Q Q

But recall that ab < % - % if i —1—5 = 1. Taking a = u,b = vP~! and
a = v,b=uP"!, we see respectively that woP~! < % + % and vuP~! < % + %.
Thus adding (2.3) and (2.4),

Al/updx+)\1/vpdx

Q Q

Sal/uvp_ldx+a1/vup_ldx—c/(u+v)da:
Q 0 0

<a1/uv”_1d$+a1/vu”_1dm
Q Q

uP P vP P
gal/[—+—]dm+a1/[—+—]da¢
QP q QP q

1 1 1 1
:al(—+—)/updx—|—a1(——l——)/vpdx
Q p q

Q
= al/[up+vp]dx.
Q

But

This implies that
()\1 — al)/[up + Up]dl' < 0,
Q
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which is contradiction if a; < A;. Thus (1.1) has no positive solutions for a; < A;.

Now we consider the system (1.2) and we would establish the following.

Theorem 2.2. Let (1.8)-(1.4) hold. Then the system (1.2) has no positive solu-

tion if Ap > K/l\}(z‘

Proof. Suppose u > 0 and v > 0 be C}(Q) functions such that (u,v) is a so-
lution of (1.2). We proceed our proof by arriving to a contradiction. Multiplying
the first equation in (1.2) by a positive eigenfunction say ¢; corresponding to A;,
we obtain

~ [ Buguonds = [ Ao,
Q Q
and hence using (1.3),

—/Aaﬂ,uqﬁldxz/)\(Klv”_1+M1)¢1dx.
Q Q

That is

/up_l)\lgzﬁldx > / MK P~ + My) ¢ da. (2.5)
Similarly using theﬂsecond equation ?n (1.2) and (1.4),

/va_l)\lgbldx > /QM(KQUp_l + Ms)¢prdex. (2.6)

Combining (2.5) and (2.6),

KK MK
/[)\1 — () ; 2P pyda > / [ KopuP ™+ My + A ; 2 — Kou? Vpyda
Q 1 Q 1

Q

1

M
KKz

This clearly require Ap < This completes the proof.
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