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Abstract

In this paper, we establish upper bounds that both extend and enhance known inequalities for the Berezin number of
bounded linear operators and product of operators. In particular, this paper aims to establish new upper bounds on the Berezin
number for operators on functional Hilbert spaces by introducing important improvements to the Buzano inequality. Lastly, a
few associated upper bounds are also given.
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1. Introduction

In the literature pertaining to operator theory, the Berezin norm and Berezin number of an operator
have been studied for their numerous applications in numerical analysis, quantum physics, engineering,
and other fields. To describe the Berezin number and norm, we start by discussing certain concepts and
characteristics of bounded linear operators on a Hilbert space.

Let IL (3() denote the C*-algebra of all bounded linear operators defined on a complex Hilbert space
H with the an inner product (.,.) and corresponding norm ||.||. Recall that the functional Hilbert space
(shortly FHS) 3 = F((A) is a Hilbert space of complex-valued functions on a (nonempty) set A such that
the evaluation functionals ¢@~(f) = f(1), T € A, are continuous on H and for every T € A there exists a
function f € H such that f(T) # 0 or, equivalently, there is no Ty € A such that f(19) = 0 for all f € .
The Riesz representation theorem ensures that for each T € A there is a unique element k. € J{ such that
f(t) = (f, k) for all f € IH{. The collection {k : T € A} is called the reproducing kernel of 3. For T € A, let

~

ke = “tﬁ be the normalized reproducing kernel of H. The absolute value of positive operator is denoted
by |Z| = (2*Z)"/2.
For a bounded linear operator Z on J, the function Z defined on A by Z(t) := (Zk«(z), k<(z)) is the

Berezin symbol of Z, which firstly have been introduced by Berezin [7]. In other words, Berezin symbol Z
is the function on A defined by restriction of the quadratic form (Zxq,x;) with x; € 3 to the subset of all
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normalized reproducing kernels of the unit sphere in J. It is clear from the Cauchy-Schwarz inequality
that Z is the bounded function on A whose values lie in the numerical range of the operator Z. The
Berezin set (or range) and the Berezin number (or radius) of the operator Z are defined by

Ber(Z) := {Z(T) :t € A} and ber(Z) = sup ’Z
TEA

respectively (see [23]). It is obvious that ber(Z) < w(Z) < [|Z]| and Ber(Z) C W(Z), where w(Z) denotes
the numerical radius and W(Z) is the numerical range of operator Z. It is well known that

— < <
5 S Z) < ||Z]|
and
ber (Z) <w(Z) < ||Z]], (1.1)

for any Z € IL (). In 2022, Huban et al. [21, 22] proved the following results:

1 . 1 1
ber (2) < 5 121+ 12" lper < 5 <|rZ|rber+ HZsz,er> (1.2)

and

, where r > 1.
er

1
er’' (Z) >

In [21], Huban et al. significantly improved the upper bound in (1.1) by demonstrating that if Z € IL (3(),
then

|Z|21‘ + |Z*‘21‘ .

1
ber (Z) < E |||Z| + ‘Z*H’ber .

Another improvement for the inequality (1.1) was provided by Huban et al. [20] as

7
er

1
ber? (Z) < > H|Z|2 yalh

which was further improved in [4] by Basaran and Giirdal as

1 1
ber? (2) < ¢ |12 +1Z°F |, + 3ber (Z) 121412 e
6 ber 3

It was shown in [20, 22], respectively, that if Z € IL (} (A)), then

<ber? (Z) < = |12 +12*P

27 +1Z7F| 5

, (1.3)

il
4 ber

and

7
er

1
ber” (2) < 5 H|Z|Zr |z

where r > 1. Furthermore, Huban et al. [21] established refinements of (1.2) and (1.3), respectively that
can be presented as

) 1 : o
ber' (Z) < 5 H|Z|2]‘E—I—IZ*\ZJ(1 &)

and ber?(Z) < HazFi T (1—¢g)zP

4

ber er

where Z € L(H), 0 < & < 1, and j > 1. Recently, Basaran and Giirdal [4] obtained some inequalities,
showing the following for Z;,Z, € IL(H),

ber® (Z;) < I 11Z1] +1Z; 1fer + gbef (Z1) 1Z1] H+ 1ZT ey < 3 1Z1] + 12 [fer + gber (Z1) [[1Z1] + 121 | per
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and
1 * *
ber*(Z3Z;) < H|zl|4 H1Z5 e + Sber(Z32) 11Z1P +1Z5 P, -
Basaran and Giirdal [4] also obtamed that
. 1 . . 1 j 1/2
j <z H 2jy %12j (1—y) S 1— b H 2jy %2j (1—y)
ber’ (Z) N |Z|7Y + 127 et \@( n) ber VARRS VAY ber
<L H|Z|2w' Lz il
2 ber

forallj > 1 and 0 <y,n < 1. Another important fact about the Berezin number upper bounds that are of
our interest are due to Huban et al. in [20]: if Z;,Z; € IL(H) and j > 1, then

ber' (2321) < 3 12 +1Z0P (1.4)

For an in-depth exploration of the intricacies surrounding the Berezin symbol, interested readers are
strongly encouraged to refer to [1, 3, 5, 6, 8-10, 12, 13, 15-19, 24-27, 30, 31, 36-38], and the comprehensive
references provided therein.

In this paper, motivated by previously reported results, this work aims to develop new Berezin number
upper bounds for reproducing kernel Hilbert space operators by introducing new improvements to the
well-known Cauchy-Schwarz inequality.

2. Auxiliaries theorems

To prove our generalized Berezin number inequalities, we need several well-known lemmas. The
classical Schwarz inequality for positive operators reads that if Z € IL (J{) is a positive operators, then

(Zx1,%2) P < (Zx1,x1) (Zx2,%2) 2.1)

for any xq,x2 € . A companion of Schwarz inequality (2.1) known as the Kato’s inequality or the so
called mixed Cauchy Schwarz inequality was first proposed by Kato [28] in 1952. It can be expressed as

(Zx1,x2) P < (1ZPY %1, x)(1Z* PP )xa, %2), v € [0,1],

for any operator Z € IL(H) and any xq,x, € J{. In order to generalize this result, in 1994 Furuta [14]
obtained the following result:

KZIZY T g, %) P < (1ZPY %, %1 ) (127 P, x2),

for any x1,x2 € H and y,n € [0,1] with vy +n > 1. The first lemma follows from the spectral theorem for
positive operators and Jensens inequality (see [29]).

Lemma 2.1. Let Z € L (K), Z > 0, and x1 € H be any unit vector. Then, we have
(Zx1, %) < (2)(Px,x), j>1 (G €01). (22)
The next result is the Buzano’s generalization of the Cauchy-Schwarz inequality (see [11]).
Lemma 2.2. Let x1,x2,x3 € IL () with ||x3|| = 1. Then we have
et xs) (xa, )l < 5 (bl el + e, o).

Recently, Sababheh et al. [32] proved a new improvement of the Cauchy-Schwarz inequality as follows.
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Lemma 2.3. If x1,x2 € H and every w > 0, then

|(x1,%2)? < el Ixeal [ 1(x1, x2)1 + el Ixal® < a2l

w
w+1 w+1
The next result concerns with non-negative convex functions and can be found in [2].

Lemma 2.4. Let f be a non-negative convex function on [0, +o0) and Zy,Z, € IL(3{) be positive operators. Then

[l

2
Zi+ 72\
2

Let us assume throughout the paper that p : ] — R is a mapping such that p(Z) + p(1 —Z=) =1 and
(0,1) € J C R, unless otherwise stated.

In particular if j > 1, then we have
21+ Z)
2

X

Lemma 2.5 ([33]). Let 01,02 € H and j > 1. Then the following inequality holds
(01, 02)9 < 9(Z) 10417 [182]17 + (1 — Z)1(81, 02)F |04 102 < (137 |02 . (2.3)

Recently, Giirdal and Stojiljkovi¢ obtained the following refinement with respect to the mapping g,
which is as follows.

Lemma 2.6 ([34]). Let 01,02,03 € 3 such that ||03]] =1 and let j > 1. Then the following inequality holds

(01, 03) (63,0) |

< min {K)(E;H 1611 16211 + @KGLGZW} w 1611 621" + p(zz)|<91,92>|j} : ¢4
Lemma 2.7 ([34]). Let 01,0, € 3 and let j > 1. Then the following inequality holds
(01,02 P < EELEL ou g -+ 21y, 0 < [l 2 @)
Lemma 2.8 ([35]). If Z1,Z;,Z3,Z4 € IL(3H), then we have
(2425ZoZikr, o) < AZ1ZoP Zike, K24l Z5 P Z Ko, o). (26)

3. Main results

In this part, we now present the first outcome. The following theorem is a refinement of the inequality
(2.6).

Theorem 3.1. If Z,,7;5,73,Z4 € IL(H) and p such that (2.5), then for j > 1 we have

o~ p(E) 41 — —
(Zzs222:%e Kol < EE N znzp 21k R Y iz PR o)

1-Z= ~ o~
+ &3(2)|<Z4Z3ZZZlkT/ kc>|] (31)

< A (@LPZ K k) (2425 25K, Ko,
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Proof. Let T, 0 € A be an arbitrary. An elementary calculus shows that

~ 12 ~ ~ ~ ~ ~ ~
(2221 = (2221%r, Z221K1) = (212322210 Ke) = (2712221 Ke)

2 PR ~ ~
and ‘ L33 Ks|| = (Z4IZ§\ZZZkg, ko). If we take 01 = ZyZ1ky, 02 = Z5Z}Ks in the inequality (2.5), we

obtain

(=)

p(lf:)‘
2

(2)+1 4/, —; P
S= S @zarzike k) Y24z Zi e o) +

| B -
< Y(Z1zPzike Re) 32425 25K, Ko)

(Z4Z3Z2Z1K+, ko) < (Z4Z375Z1K<, ko)

which is as desired. O

Note that we get the inequality given by Stojiljkovi¢ and Giirdal [34, Lemma 4] by putting j = 2 in
(3.1).
The following corollaries are consequences of (3.1).

Corollary 3.2. If Z € IL(H), then for y,m > 0 with y +n > 1 we have

P (S U 1-= PP
(ZIZP Ry, ko) < zp(;<|Z|?~YkT,kT>J/2<|z |2“kg,ka>l/2+"’(2)|<Z|Z|V+*l %e, Ko)P

< (1ZPY %, ko) 224 P, Ko )72,

Proof. Let Z = U|Z| be the polar decomposition of the operator Z, where U is partial isometry and the
kernel N(U) = N(|Z|). If we take Z4 = U,Z3 = |Z|",Z;, = I, and Z; = [Z]Y, simplifying we obtain the
result. O

The following corollary can be obtained in a similar way to the one previously given.

Corollary 3.3. If Z € IL(H() and 'y,n > 1, then we have

U =11 P U
(21222 R Rl < EELT 2PV R /212 PR, )2

A _ (3.2)
1-= i1 = ] e o e D
+ P 2121 212 Re, R | < (2P R, R 22 PR, R 2

By taking v =m =1 and j = 1 in (3.2), the outcome is as follows:

p(=)+1
2
<2, k)22 PR, ko) V2.

p(1—-%)

5 (2% ko)

(Z%K, ko)l < (1ZP%e, k) V212 Pio, ko) V2 +

Now we can give some numerical radius inequalities.

Theorem 3.4. If Z1,75,73,Z4 € IL(H) and j > 1, then we have

=) +1
p(;—i— 12312212 24 |
< ||zi1z221 |2

iz p(1—-2) )
lJ)er + %ber (Z4ZSZZZl)i>er

j/2
ber

ber (242325Z) < 1Z41z5 P25
j/2

HZ4|Z§‘ZZZHber :
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Proof. Let T, 0 € A be an arbitrary. Taking the supremum of the inequality (3.1), we get

sup [(Z4Z3ZyZ1Ke, ko))
T,0EA

2+1,., IPOAN7: chows =~ /2 p(1-Z SO
< sup (p() (<zl|zz|zzlkT,kT>) (<z4|zg|zz4ka,ka>) +&’()<z4zgzzzlkmkc>|)>
T,0€A 2 2

~ ~ \J/2 ~ ~ \J/2
< sup ((Zi1ZaPZike ko)) ((ZdZ5PZiKe Ko))
T,0€EA
which simplified yields the left hand side, in order to obtain the right hand side, start from the right hand
side of the just obtained inequality and apply Lemma 5 given in [34], then using the properties of the
mapping g and of the supremum, we deduce that

- =) +1 j 1-2 -
ber (24Z52,21) < % |1Z512:22: |12 | zalzZ5 Pz |12 + K’(Z)ber (24252,21)
<\ ZH12o 2 gy (12125725 e -
Thus, we obtain the desired inequality. O

We get the following result by putting j = 2 in the above inequality.
Corollary 3.5. If 71,25, 73,724 € IL(H), then we have

ber (Z4Z3Z,Z1)? <||Z3122P 24 ||y, |1 24125 P Z5 o, -

Theorem 3.6. If Z; € IL(H) and j > 2, then we have

(1R, o) (R, 23R < EEE2 (12,9 4123 ) R e
PO 2Pk iz )|+ B (R gk
In particular, we obtain
ber? (Z1) < "’(Eg“ 11217 +1Z5P ||, + "ﬂ“beri/z (|z;*|2 |zl|2) + 83(12_E)berj (23)
<z, iz, + 0 e 22)

Proof. Let T € A be an arbitrary. Without the loss of generality, let us assume that one of the inequalities
hold in (2.4). Setting 01 = Z1k, 02 = Z5k+, 03 = k. in (2.4), we obtain

~

[{Z1k+ E><kT/Zz >

=) + i p(1=3) o o
<& ) Ziks ] kT( +p(2)|<zlkT,zsz>P
E+ ) /2 o 1-2), o~ e
< B (i 2P o] P 2R ) + FE ik 2
o(2) +1 e 1] O RSO 1-2), o~ e
< PO (i + izsPRe] ) + EE i izsRn 2+ PO ik 2
o(Z) +1 e ) IRUURR 1-2) = e
= S (248 R 2 4 (1230, R 2) + B L2, 123002 4 22Dz, )
o(2) +1 . 0@ 11 o oo 2 p(1—F) |~ .~ ]
<® ; (122 + 125 P Ve, Tee) + (31\<|zl|2kT,|zz|2kT> P2z, 2k
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and, so

p(Z)+1

(Z1ke, o) (e, Z3ke)) < (1217 + 125k, ko)

2) +1 o 2
B 7 ek iz [ +

1-2 ~ o~
4 % <Z1kT/Z;k’T>

The second inequality is obtained by taking supremum over all T € f, setting Z; = Z], and using Lemma
2.1 and the inequality (1.4) provided by Huban et al. [20]. O

Theorem 3.7. If 71,7, € IL(H), then for any j > 1 the following inequality holds

p(1

ber? (2321) < E2 124 1120 g+ B 124 1120 ) e (232

+ 2 per (12,12,)

(3.3)

Proof. Let T € A be an arbitrary. We begin with setting 0; = ZliT, 0, = ZZET in (2.3),
—~ =\ ~ 112j j
(Zike, Zok)P < 9(0) |20k |” |

1-2 - e R ke, Zoke))
< 7212005 4+ 12y R, ) (Zi R, ZoRor)

2;—\
e

1-= - R R(Z1 R ZoR
< M((lzllzl +1ZoP ke, k) (Z1 ke, Zoke)

2
p(Z) p(Z)

+ 5 (0201 1221 ke, Tex) + 11222120 e, Ke)

2j ~ ~ ~ |
+ (1 - 0)(Zake, Zoka)l ||Z1ke||

‘ ZZET

‘ ZZET

H |ZZ|2jET

+ 1021k, |zz|2iET>|>

2
Taking the supremum over T € A in the above inequality, we get

p(Z)

sup |(Zyke, Zoke) P < == sup((1Z4Y + 122/ ke, )
TEA TEA
p(1—2) 2] %5\ T = =, 9E) %17 2T T
g sup((1Z1 +1ZoP Y, o) [(Zike, Zake) ) + 7 sup (120712 P ke, ),
TEA TEA

which is equivalent to

p(Z)

1217 +1Z2/7 ||, ber’ (Z5Z1) + Tberj (1Z2P1Z117) .

: = . . 1-%=
ber? (2320) < U2 129 + 122, + P

This completes the proof. O

Utilizing (1.4) on the third term in the previously obtained inequality, we obtain the following inequal-
ity.
Corollary 3.8. Let Z1,Z; € IL(H) and g be such that the conditions from (3.1) hold, then

12 + 124y e (2320) + O ber(( 2,12, )

p(1—3=)
2

p(1-2) ’
2

ber? (2321) < Z) 1249 11201 +
< 22 iz 12+ ) 2 412 e 2320

1 . .
< 21z + 1221,
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We get the following result by putting 9(Z) = = and

0
|
-
E
o
oy
=]
@
N

Corollary 3.9. If Z1,Z, € IL(H), then we have

ber? (2371) < f 12117 +1Z2/ ||, ber’ (23 Z4)

2(1

|||zl|4’ +1ZoY ||, + ber’ (1Z5/712,%).

T (1+ 2(1+w)

Proof. Let T € A be an arbitrary. Utilizing the convexity of the function f (t) = t and Lemmas 2.3 and 2.2,
we can write

(Z5Z1ke, k)P = [(Z1Ke, Zoko )

(Z1ke, ZoK w S
< ——
<1+w’ 1Kt, £2 T>|+(,U—+—1) )
2j ~ 1|2
1+w) <Zlk~rzzzk >|J + ’ ‘
w 2 XD T . w U i
T 2(1+w) <(|Zz| 1z )kT’kT>|<ZzzlkT’kT>| +w+1<|zz| kT,kT> <kr,|21| k1>
w , R P
< m <(|Zz|21 +1Z19)k, kT> (Z5Z1ke, ko)
o (e P e o)
< (2P +12: P Ve, Re Y25 2o, R
S2(1+w) VP + 12117 )k, ke ) (25 Z1 K, Kr)
w . PPN W ~ A
Tog V(2 + 1z X 7‘ Z15\Z, % .
w2+ 1z Ke) + 52 (1212 K e

We deduce that

o T . w . o~ o~ ko DT
sup [(Z3Zike, k) P < sup 5ot (1229 41212V, Ke ) [(Z3ZiKer, )

TEF TEF 2(1 (U)
w . s~ o~ w . LN~
Y 1z 41248k, K 7‘ Z.912.) ko, K
+sup e %oy (1229 41239 e Re) + sup 5 s [((122P12:7) Ko ),
which is equivalent to
ber” (Z321) < 2(1— 12117 + 1229 |, ber’ (Z3Z1)

123t 1228, + ber' (1Z,P1Z1),

N w
4(1—|— 2(1+ w)

and this completes the proof of the theorem. O

We get the following result by putting p(Z) = Z and = = 7, w > 0, in Corollary 3.8.
Corollary 3.10. If Zy,Z, € IL(H), then we have

w
4(w+1) 2(w+1)

w i i 1 4 4
+ mber(lzzl Z2,17) < 5 H|Zl| ) +1Zo] )Hber'

ber (2574) < 1Z29 +1Z219 |, + 1229 + 1237 [, ber' (2521)
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Proof. Let T € A be an arbitrary. Using the inequality (1.4) and Lemma 2.4, we get

ber” (23Z;) < 122 + 1217, ber’ (2321)

1
2(w+1)

Yz 4 _w 251712
+4((U+1) H|ZZ| +|Zl| Hber+2(w+l)ber(|22| |Zl| )
1 . L2 w . . w . .
< ftorn 12 128 e + gy 1227 +1200 loer + g5y 1227 + 1207 focr
1 . . © , . " . .
< Tt 127 #1800 e+ gy 12287 120 e+ g 5y 12207 + 24 e

1 . .
- E H|Z2|4J + |Zl‘4] Hber :

O
We get the following result by putting 9(Z) ==, Z = %5, w > 0, and j = 1 in Corollary 3.8.
Corollary 3.11. If Zy,Z, € IL(H), then we have
4 4 2 2 *
ber*(Z571) < 10 +4 1Z11* +1Za* | oo, + 2 T 1Z2* 4121, ber(Z5Z4) o)
+ Zw Sber(1ZaP1Z4%) < 5 H|zl|4+\zz|4uber,
which was given by Giirdal and Tapdigoglu [19, Theorem 3.1 and Corollary 3.1].
By taking w = 1 in (3.4), the outcome is as follows.
Corollary 3.12. If 21,2, € IL(H), then we have
1 1 1
ber’(Z37,) < H|zl|4 1221 |, + 6ber(|zz|2|21\2) + zber(2321) 1Z212 +1Z2P [[per < 5 111" + 122 e,

which was given by Basaran and Giirdal [4].
Theorem 3.13. Let Z1,Z, € IL(H), then for any j > 1 the following inequality holds

@(1 Z)

. = 1 . :
ber(2320) < P52 4122+ ber (Z321) < 1217 +12:7

Proof. Let T € A be an arbitrary. Setting Z, =1, Z3 =1, Z} = Z,, ET = EG in (3.1), we obtain the following:

p(Z)+1 p(1—2)
2 2

(Z5Z1ke, ko) < (1Z1 Pk, ke )2 (|2, ke )% + (Z5Z1Ke, Ko)P.

Using AG inequality, we obtain

<

Z)+1 ~ o~ ~ o~
P (122 P, ) + (1227 R +

Now using (2.2), we have

<

=)+1 i~ o~ i~
PEEL (2P, ) + (22 Re)) +

and

e o P+ . oo p(1-E RIS
sup (2321 kel < X5 L sup((122 +12P) R, Re) + 20 sup (25218 R,

TEA TEA 2 TEA
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which is equivalent to

o =) +1 . . 1-2), & _.
ber (Z5Z1) < % 1Z1% +1Z17 || + %berl(zzzl).

To obtain the right hand side, notice the following

' =41 . . 1-3).

ber’(Z521) < p(z)f 11217 + 1257 |y, + %berluzzl*lzll)
< S iz iz + P s 4 22,
= 21 125 gt E 2 124 122

1 . )
= V21 122

and where the second inequality follows from the inequality (1.4). O
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