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Abstract

The oscillatory behavior of solutions of an even-order neutral differential equation with distributed deviating arguments
is considered using Riccati, generalized Riccati transformations, integral averaging technique of Philos type and the theory of
comparison. New sufficient conditions are established in both canonical and noncanonical cases. Two examples are given to
support our results.
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1. Introduction

In this article, we discuss the oscillation property of solutions of the even-order neutral differential

equation
b

(a(’r) (v(“*“ (T))y>, +J q(t,s)f(x(g(t,s))ds=0, T3> (1.1)

a

where v(T) = x (1) + fg p(t, 1) x (o (T, 1)) dy, v is a quotient of odd positive integers and n > 4 is an even
integer under the condition

6(TO):J 11 dt=00, or 6(10):J 11 dt < oo.
T av (1) T av (T)

Throughout the paper, we assume that
(Hi) a(t) € C' ([to,00),(0,00)), ' (1) = 0;

(Hz) p (T, 1) € C (1, 00) x [c,d],[0,00)), 0< [p(t,w)du<p<1;
T

(Hs) o (t,1) € C ([0, 00) x [e,d],R), 25+ >0, o(r, 1) < 7, and liminfo (1, b) = oo;
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(Hy) q(t1,8) € C([t9,00) x [a,b],[0,00)), f € C(R,R), with f(z)/zP > K, for all z # 0, and for some
positive constant K and {3 is a quotient of odd positive integers;
(Hs) g(t,5) € C([to,00) x [a,b],R), 29%) > 0, g(1,5) < 7,9, (1) > 0, where g. (1) = g(t,a), and
lirr_1>infg (t,8) = 0.
T—00

By a solution of (1.1), we mean a nontrivialfunction x (1) € C (=1 ([1y,0)),Tx > To, which has the

property a (T) (v(nflj (T))Y € C!([r1,00)) and satisfies (1.1). We consider only those solutions x () of
(1.1), which satisfy sup{|x (t)|: T > "} > 0 for " > 1. A solution x () of (1.1) is termed oscillatory if it
has arbitrarily large zeros on [Ty, 00); otherwise, it is said to be nonoscillatory. Equation (1.1) is termed
oscillatory if all its solutions oscillate.

In dynamical models, delay and oscillation effects are often formulated by means of external sources
and/or nonlinear diffusion, perturbing the natural evolution of related systems; see, e.g., [10, 11, 18]. It
is notable that in the last few decades, there has been considerable interest in studying the oscillation
property of solutions of differential equations and applications; see [1, 2, 4, 8, 9, 12, 15-17] and the
references therein. Moreover, in the modeling of various problems arising in engineering and natural
sciences, the authors often use differential equations with distributed deviating arguments. Therefore,
the analysis of qualitative properties of solutions of such equations is crucial for applications, see [23, 24].
Meanwhile, we mention here the works of Zhang et al. [25, 26] and Li and Rogovchenko [14], where they
studied the higher-order half-linear delay differential equation

(r0 (" 0) ") + a0 <P (g () =0,

«, (3 are the ratios of odd positive integers, 3 < o«. More recently Li and Rogovchenko [13] were concerned
with the oscillation of solutions of equation

v (1) £ h(t)x (o (1)) =0,

with v (1) =x (1) +p (T) x (g (7)) . It is notable that the asymptotic behavior of higher-order neutral differ-
ential equations with distributed deviating arguments has received few interest in the literature. Recently,
Moaaz et al. [19] studied the oscillation of the differential equation

(a (1) (v“““ (T)))l + Jb hit,w)f(x(g(t,w))du=0 3>,

a
with v (t) =x% (1) +p (t) x (0 (7)) in the canonical case.
In this article, we are concerning with the oscillatory behavior of solutions of Eq. (1.1) by applying the
Riccati, generalized Riccati transformations, integral averaging technique of Philos type and the theory of
comparison. In this work we shall consider both canonical and noncanonical cases.

2. Auxiliary lemmas
In this section, we outline some lemmas needed for our results.

Lemma 2.1 ([20]). Let y (T) be a positive and m-times differentiable function on an interval [1o, 00), with non-
positive mth derivative y(m) (T), which is not identically zero on any interval [11,00), T1 > To, and such that
y M= (1) y(™) (1) < 0. Then there exist constants 0 < & < 1 and P > 0 such that y' (&1) > Pt™2y(m=1) (1)
for all sufficient large .

Lemma 2.2 ([2]). Let y(m) (T) be of fixed sign and y(mfl) (t)y™ (1) 0, for all T > 7o. If limc 0y (1) #0,

(
Y
then for every & € (0,1) there may exist Tz > T such that y (t) > (mil)lﬂrm_l ‘y(m_l) (T)}for T> Tg.




A. A. El-Gaber, J. Nonlinear Sci. Appl., 17 (2024), 82-92 84

Lemma 2.3 (Philos, [21]). Let y € C! ([tg, 00), R™). Ify'V () is eventually of one sign for all large T, then there
exist a 11 > 7o and an integer i,0 < i < 1 with I+ 1 even for ym (1) > 0,0orIT+1 oddforym (t) < 0 such that

i>0yieldsy(j) (1) >0fort>71,j=0,1,...,i—1, and
i< I—1yields (<1)'"Py0) () >0fort>1,j=1i+1,...,1—1

Lemma 2.4. Suppose that x () is a solution of (1.1), which is eventually positive. Assume that v' (t) > 0. Then
YN/
(a®) (V™ ®)") < —ar ()P (g (1)), 2.1)

where q1 (1) =K (1 —p)P fz q(t,s) ds.

Proof. The proof is very similar to the proof of Lemma 2.4 of [6]. 0

3. Oscillation results
In this section, we begin with the canonical case & (Tp) = oo.

Theorem 3.1. If there exist 9 (1) € C! ([t9,00), (0,00)),b (1) € C! ([19.00), [0,00)),k € (0,1), and e,C >0, >
v > 1 such that
! 1 1
® (5 4 (v + 1) kegl (8) g2 (8) by (8)]
[“ew-a@or

d&, = oo, 31
0 (v + 1) [kegl (8) g2 (8)]" = G-1

where Q (1) =9 (1) (CP~Yqy(v)—la(t)b (1)) + keg, (1) g7 2 (1) a(T)d (7) bt Y (1), then Eq. (1.1) is
oscillatory.

Proof. For the sake of contradiction, suppose that x () is an eventually positive solution of (1.1) on [tg, o).
Then there exists T1 > T¢ such that x (o (T, 1)) > 0 and x (g (T,s)) > 0 for T>7;. Hence we deduce that
v (1) > 0 for T>71, and

Using Lemma 2.3, we obtain
v(t) >0,V (1) >0,v(" (1) > 0and v™) (1) 0, (3.2)

for T > 71, and by using Lemma 2.4, we obtain (2.1). Define

(n—1) Y
wiy =8 () | DO ) 63)
V' (kg« (1))
It is clear by (3.3) that w (t) > 0 for T > 11, and
n—1 Y /
() s @D ("))
w (1) = (1) w(t)+9 (1) [a(t)b (1) +9 (1) W (<9. (7))
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ie.,

(v)v# (9. (1))
VY (kg (1))
va(®) gl (1) (v (1) "V (kg (1)

vY+l (kg, (1))

w () +9 (D a(0)b (1) —o (1) &

— 9 (1)

. (n—1) . . .
By Lemma 2.1, and since v (T) is nonincreasing, we have

(n—1) (n—1)

V (kg (1) Z gl 2 (v (g« (D) = egl 2 (D)v (1), (3.4)

Since v (1) is positive and increasing, we have
v (g« (1)) > v (kg (1))

Moreover, since there may exist a positive constant C such that v (g« (1)) > C, then

v+1

Y , B ; (n—1) 1}:.72
W) < S i+ latm by - Yo gy (r) -0 () T O OS] 0L
and from the definition of w, we have
(n—1) 1
(t) 1 w (1) - ¥
e [ n [a(T)b(T)]]
then
/ b4 (1) / _
w' (1) < 8(T)W(T)+8(T) [a(t)b (1)) — CP7YD (1) q1 (7) (3.5)
TN 1) (wm_ )
vkeg, (t) gy~ (1) o 3 [a (T) b (T)]
Now we define ()
wI\T
500 d Y=a(1)b(1)
And by using the inequality (see [22])
Oy — (@ —w)ty <y [<1+1> q)—l\y} L, OY=0, y>1,
Y Y
we have
wit) V@)t 1 1+;_< 1> la ()b (x)]¥
<em (a ()b (r)]) > [sm] +2 a0 b (o) 1 )R . e
Using (3.5) and (3.6), for T > 11, we have
W (1) < ‘?;((:))w (1) +9 (1) [a (1) b (1)) — CBY9 (1) gy (1)
s YD) 1\ [a(1)b ()] 1 1w (1)
BRI <1 ! ) A T
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Then
¥ (1)
d (1)

1

W (1) <9 (1) ([a(n)b (1) —CPVqy (1) + +(y+ 1) kegl (1) g1 2 (1) b7 (1) | w(T)

kg (DI vt () egl (1) g2 (1) a ()9 (1) b1 ()

av (1) 9 (1)

Now letting

¥ (1) (v 1) ked, (1) g7 2 (1) bY (1), R= YKe%; (1) 911}*2 (1)
av (t)dv (1)

,and Y =w (1),

and using the inequality (see [3])

Kt K< T+
TY—RY « < 7 ,R>0and T are constants, (3.7)
(K + 1) K+ Rk
then we have
(T 1 v+1
(1) € —Q (1) + a () (1) [%((T)) +(y+1) keg,, (1) g2 (1) b (T)} 8
w () <—-Q(t)+a(t)d(t .
(v+ 1) [kegl (1) g7 2 ()]
Integrating (3.8) from T; to T, we obtain
’ 1 v+1
JT 006 ale)o e S+ (v + 1) kel (£) g2 (8) b (&) () (o
_a <wi(t)—wi(T),
o (v + 1) [keg, (&) g2 2 (8)]” 1
which contradicts (3.1) and so the proof is completed. O
Theorem 3.2. If there exist & (T) € C! ([tg, ), (0,00)) and a positive constant L such that 3 <. If
© (€ (W] a(u
J [E, (u) q1 (u) — () (n(—l))ﬁ—l ] du = oo, (3.9)
o 4LE (u) gl (u) g« (u)

then equation (1.1) oscillates.

Proof. For the sake of contradiction, suppose that x (1) is an eventually positive solution of (1.1) on [1g, 00).
Then there exists T; > 1o such that x (o (T, t)) > 0and x (g (7,s)) > 0 for T>7;. As in the proof of Theorem
3.1, we obtain (3.2), and also (2.1) is satisfied. Now letting

E@a ™ (o)

(1) = ,
0 v (kg (1)1
then ¢ (1) > 0, and
(n—1) Y7/
e £ (1) [a (1) [v (T)] ]
= O T e o)
Bra () gl (1) (v (1) VBT (kg. (1) V (k. (1)) (310)
—& (1) )
V2B (kg. (1))
g (v) £(7) q1 (1) v (g« (1)P Bra (1) g% (1) (v (1)) VP (kg (1)) (k. (1)
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Now from Lemma 2.2, for every A € (0,1), we have

v (kg (T)) > , T=T) =T (3.11)

Now since v is increasing and as in Theorem 3.1, we have (3.4). Now using (3.4), (3.10), and (3.11), we
obtain

¢ (1) —&(T) q1 (T)

Pex [%} o a(t)&(t) gl (t) g2 (7) [g?‘l (T)] p—1 (V(n—l) (T))ZV
28 (g, (1)) (v (1)) P '

Moreover, since y(n—=1) (T) is a positive non-increasing function then there exists a positive integer L* such
that v(n=1) (1) < L*. Then

, QPN L (Mg P (),
¢ (1) < T ()~ Elx) @ (1) - PO (1),
n—1 B—1
where L = (L*)P7Y ¢px [7:1'11! } , by completing square, we obtain
/ 2
¢ (1)< £ g (1) + — el

41 (1) g, (1) gt

By integrating from T, to T, we get

N [/ () as)
0<dp(®)<db(r)—| |&ls)ails)— e | 48

™ 4LE (s) gL (s) g» (s)
This is a contradiction with (3.9), and so the proof is completed. O
Theorem 3.3. If the differential equation

€9« (T) P B
Z' (1) + q1 (1) [ sk 1] z¥ (g« (1)) =0 (3.12)
n—1{a(g«(T)))¥

is oscillatory for some constant € € (0,1), then equation (1.1) is oscillatory.

Proof. For the sake of contradiction, suppose that x (1) is an eventually positive solution of (1.1) on [1g, ).
Then there exists such that x (o (T, 1)) > 0 and x (g (7,s)) > 0 for 7>11 > 710. As in the proof of Theorem
3.1, we obtain (3.2). By using Lemma 2.2, we find

et ly(n=1) (1)

v(t) >
n—1!
Thus, from (2.1), we have
n=1) ()" e(g. ()" 17 1 (o) B
(e (V™)) +ar(x) - (fa(g. (1Y v D (g, (1)) <0,
[a (g« (T)]y n—1!

we see that z (1) = a (7) (v(“_l) (T))y is a positive solution of the differential inequality

e (g« (1)
(9* (T))]Y n—1!

Using [20, Corollary 1], we see that (3.12) has a positive solution, this is a contradiction and so the proof
is completed. O

<[>

<0.

)Tlfl
1

B
Z' (1) + q1 (1) [ ] (z (g« (1))
la
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4. The noncanonical case 8 (Tg) < 00

Definition 4.1. Let D = {(1,s) e R?:t>s > 1}, ®,@* € C(D,R), 0 (1) € C! (19, 00), (0, 00)) such that
@(t,1) =0, > 1 ®(1,5) >0,T >s > 1 and @ has nonpositive continuous partial derivative o)

ds
satisfying for all sufficient large 71 > 7o,

DS 14 (r, s 75

0@ (T,5) N 0’ (1)

0s B(T)Q(T's):_

Theorem 4.2. Suppose that (3.9) holds. If there exist positive constants M, A € (0,1), 3 <y such that

T B 1)
limsupj [Co (1, h) MP=Y@ (h) q; (h) [ A n—2 (h)] _a (&) [@” (r,h)] i dh >0, (4.1)

=00 JTg (n—2)! I (v + 1)Y+1 0Y (h)
and either
J 5(s)ds = o0, or 4.2)
To
J J d(s)dsdu = oo, (4.3)
Tp Ju

then Eq. (1.1) is oscillatory.

Proof. For the sake of contradiction, suppose that x is an eventually positive solution of (1.1). Now from
the definition of v (t) we deduce that v (1) > 0 for T > 11 and

(a0 (" (0)") = —Jb q(1,8) f (x(g (1,5))) ds <.

a

Using Lemma 2.3 there exist three possible cases for T > T; large enough.

S) V(1) >0, (1) > 0, (1) > 0, v (1) <0, (a () (v (T))y)/ <

2

(n—1) YN\’
(82) V(1) >0,/ (1) > 0,92 (1) > 0, vV (1) <0, (afr) (V' (1)) <O;
(S3) v(t) > 0, vV (1) < 0, vii+D (1) > 0, for every odd integer i € {1,2,...,n—3} and v("~1 (1) < 0,

(alo) (v (T))y)' <0.

Letting (S1) hold, then it follows by Theorem 3.2 that every solution of (1.1) oscillates when the condition
(3.9) holds. Assume that (S;) holds. Define the function

Y

a(r) v (7]

e

O (1) =0(1)

T2 Tp. (4.4)

Then @ (T) < 0, and

(n—1) Y1/ (n—1) v+1
) B o’ (T) |:Cl (T) |:V (T):| } B Ye (T) a (T) |:V (T)]
Q' (1) = 0 (1) @ (1) + 6 (7) [v(n 2) (T)]V [v[n 2 (T)]V+1
This with (2.1) and (4.4) leads to
/ 0 (1) a1 (DR (gu (1) y@*S (1)
() < ) —0 T 1 ’
(T) e (T) (T) ( ) [v(nfzj (T)]Y a? (T) e? (T)
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ie.,

o (0P (g (7)) V=2 (g, ()]
[v=2) (g, (1))] P [v(n=2) (1)]”

]B—V ocd)yT+1 (1)
av ()67 (1)

V2 (g, (1))

Since v("~2) (1) is positive and decreasing, then v("=2) (g, (1)) > v("=2) (

constant M such that v("=2) (g, (1)) < M,

T), and there may exist a positive

B B (g. (1)) Yo'V (1)
O (1) — MP~Y9 v - SAEE

Using Lemma 2.2, we have v (g, (1)) > an! g2 (t)v(n=2) (g, (7). Then

A n—2 (T):| P - ’Yq)YTH (T)

@ —MPF—vg [ * 1 1 :
" e =y ot (087 (1

Multiplying by @ (7, s) and integrating from T; to T, we obtain

T B
Jav(T,a)Mﬁ—Ye(a)ql(a)[ A “—z(a)} ac

. (n—2)19
T [o@ (T, &) | O (&) [ 5 (E)
<@(T,n)q>(m+jﬁ[ s +e(aw(na)]cb(a)da lew(T,a) Tl
o (rg) ’ o (&)
— _ , +1 O d&é — p T I dé.
® (t,71) @ (11) J S @ (el o) de lew(r e rmreaatl
Set "
Re YRME g @0 e and Y = o (g)
av (£)67 (&) 0(&)
Then by using the inequality (3.7), we have
©* (1,5) o ey YR(TE) (0 (£)T L o e g0 (8
Gy T e - e T Sy T e G
Hence
t B— A n—2 B_# X (y+1) a(&)
jﬁ FD(T,E)Nd Y0(€) q1 (&) CEe (&) (y—+1)Y+1[a)(T,£H Y & (5] dg

<@(t,1) (1) <O,

)\ Y\’
which contradicts (4.1). For case (S3) assume that v (T) satisfies (S3). Since (a (v( D) > < 0, we have for
SZ2T2T,
(n—1)

<

" (s)v D (s) < a” (Dv

().

2=

Multiplying by a ¥ (s) and integrating the resulting inequality from T to X we get

X

(T)vmfl) (T)J a v (s) ds.

T

=2=

v 2 () < v (1) +a
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Letting x — oo, we get
which yields

Hence there may exist a constant m > 0 such that

(n—2)

v (t) =2 md (7). (4.5)
Integrating (4.5) from T to T, we get

(n—3)

(n-3)
v (’r)—vn3

This yields
T
) zm | s,
T1
which contradicts (4.2). Now we consider the case when (4.2) is not satisfied. Then integrating (4.5) from

T to 0o, we obtain
(n—3)

—v (1) > mroé(s)ds.

Integrating again from T to T, we have

T e}
Y (1) Y (1) > mJ J 5 (s) dsdu.
T Ju
This implies that
(n—4) T oo
v (T1) > m 5 (s) dsdu,
T Ju
which contradicts (4.3), and this completes the proof . O

Remark 4.3. Theorem 4.2 remains true if we used the condition (3.12) of Theorem 3.3 instead of (3.9).

5. Examples and conclusion

Example 5.1. Consider the differential equation

1 "
T <x () +L %x (T—g H> du)

wheren:4,q0>0,y:1,[3:3,c:%,dzl,a:O,bzl,Kzl,a(T):T,nggp('r,u)dp.:ﬁ Edp =

/
N Jl 8192qou 5 (T+u
o 12513 2

> du=0, t>1, (5.1)

& <2 < 1. Choosingp=2,9(1)=1%b(1) = %, then q (1) = (g)Sfé 8192dqu 4,

8490
12573 %’

QM) =9(1) (~la(v)b (1) +CP~Yqy (1)) + keg, (7) g" 2 (1) a(t)d (1) bty (1),
ke

Q (1) 3

1
[2 . +8qu2] -,
T
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and
’ 1 (vy+1)
- [S8 + (v 1) eg! (w) 922 (W) bY ()]
J Qu)—a(u)d(u oy % du
T Y+ [kegl, (u) gr—? (uw)]
[ ex 11 (B+ex)?1 B
_LO ([2—1— 8 —|—8q0C]u 8ek u du = co.
If C%qo > é, k € (0,1), ¢,C > 0. From Theorem 3.1, it follows that Eq. (5.1) oscillates.
Example 5.2. Consider the differential equation
> " T+u ! 1 qot T4u
0
[T(X(T)+lex< 3 >du> +J0 T§x< 7] )duzO, T>1, (5.2)

wheren =4,q0 >0,y =1, =1L,c=1d=2a=0b=1K=1a(t) =10 < fgp(’t,p)d},t =

2

1

13mdu =352 < % < 1. Choosing p = %,E(T) = T%, then

>0 &/ (W) a(u) o0 [QO 16 }
LO la(u)ql(u) 4La(u)g;(u)ggn1)ﬁl(u)] u J L oo

From Theorem 3.2, we deduce that every solution of (5.2) oscillates.

Conclusion 5.3. In this paper, we consider a class of even-order neutral differential equations with dis-
tributed deviating arguments of the type (1.1) in both cases of canonical case 0 (Tp) = oo and noncanonical
case d (Tp) < co. We discuss new oscillation criteria using Riccati, generalized Riccati transformations, in-
tegral averaging technique of Philos type, and the method of comparison. For interested researchers, we
suggest studying (1.1) in the case [ [V 8 (s) dsdu < oo.

Acknowledgements

The author of the paper is grateful to the editorial board and reviewers for the careful reading and
helpful suggestions which led to an improvement of our original manuscript.

References

(1]

(5]

R. P. Agarwal, M. Bohner, T. Li, C. Zhang, Oscillation of second-order differential equations with a sublinear neutral
term, Carpathian J. Math., 30 (2014), 1-6. 1

R. P. Agarwal, S. R. Grace, D. O'Regan, Oscillation theory for difference and functional differential equations, Kluwer
Academic Publishers, Dordrecht, (2000). 1, 2.2

R. P. Agarwal, C. Zhang, T. Li, Some remarks on oscillation of second order neutral differential equations, Appl. Math.
Comput., 274 (2016), 178-181. 3

M. Bohner, T. Li, Oscillation of second-order p-Laplace dynamic equations with a nonpositive neutral coefficient, Appl.
Math. Lett., 37 (2014), 72-76. 1

J. Dzurina, S. R. Grace, I. Jadlovska, T. Li, Oscillation criteria for second-order Emden-Fowler delay differential equations
with a sublinear neutral term, Math. Nachr., 293 (2020), 910-922.

A. A. El-Gaber, M. M. A. El-Sheikh, Oscillation of fourth-order neutral differential equations with distributed deviating
arguments, J. Math. Comput. Sci., 28 (2023), 60-71. 2

A. A. El-Gaber, M. M. A. El-Sheikh, E. I. El-Saedy, Oscillation of super-linear fourth-order differential equations with
several sub-linear neutral terms, Bound. Value Probl., 2022 (2022), 14 pages.

S. R. Grace, S. Abbas, J. R. Graef, Oscillation of even order nonlinear dynamic equations on time-scales, Math. Morav.,
26 (2022), 47-55. 1


https://www.jstor.org/stable/43999551
https://www.jstor.org/stable/43999551
https://doi.org/10.1007/978-94-015-9401-1
https://doi.org/10.1007/978-94-015-9401-1
https://doi.org/10.1016/j.amc.2015.10.089
https://doi.org/10.1016/j.amc.2015.10.089
https://doi.org/10.1016/j.aml.2014.05.012
https://doi.org/10.1016/j.aml.2014.05.012
https://doi.org/10.1002/mana.201800196
https://doi.org/10.1002/mana.201800196
http://dx.doi.org/10.22436/jmcs.028.01.06
http://dx.doi.org/10.22436/jmcs.028.01.06
https://doi.org/10.1186/s13661-022-01620-2
https://doi.org/10.1186/s13661-022-01620-2
https://scindeks-clanci.ceon.rs/data/pdf/1450-5932/2022/1450-59322201047G.pdf
https://scindeks-clanci.ceon.rs/data/pdf/1450-5932/2022/1450-59322201047G.pdf

A. A. El-Gaber, J. Nonlinear Sci. Appl., 17 (2024), 82-92 92

[9]
[10]
(11]
(12]
(13]
(14]
(15]
(16]
(17]
(18]
(19]
[20]
(21]
(22]
(23]
[24]
[25]

[26]

T. Li, B. Baculikov4, J. Dzurina, C. Zhang, Oscillation of fourth-order neutral differential equations with p-Laplacian like
operators, Bound. Value Probl., 2014 (2014), 9 pages. 1

T. Li, S. Frassu, G. Viglialora, Combining effects ensuring boundedness in an attraction-repulsion chemotaxis model with
production and consumption, Z. Angew. Math. Phys., 74 (2023), 21 pages. 1

T. Li, N. Pintus, G. Viglialoro, Properties of solutions to porous medium problems with different sources and boundary
conditions, Z. Angew. Math. Phys., 70 (2019), 18 pages. 1

T. Li, Y. V. Rogovchenko, Oscillation of second-order neutral differential equations, Math. Nachr., 288 (2015), 1150-1162.
1

T. Li, Y. V. Rogovchenko, Oscillation criteria for even-order neutral differential equations, Appl. Math. Lett., 61 (2016),
35-41. 1

T. Li, Y. V. Rogovchenko, On asymptotic behavior of solutions to higher-order sublinear Emden-Fowler delay differential
equations, Appl. Math. Lett., 67 (2017), 53-59. 1

T. Li, Y. V. Rogovchenko, Oscillation criteria for second-order superlinear Emden-Fowler neutral differential equations,
Monatsh. Math., 184 (2017), 489-500. 1

T. Li, Y. V. Rogovchenko, On the asymptotic behavior of solutions to a class of third-order nonlinear neutral differential
equations, Appl. Math. Lett., 105 (2020), 7 pages.

T. Li, Y. V. Rogovchenko, C. Zhang, Oscillation of second-order neutral differential equations, Funkcial. Ekvac., 56
(2013), 111-120. 1

T. Li, G. Viglialoro, Boundedness for a nonlocal reaction chemotaxis model even in the attraction-dominated regime, Dif-
ferential Integral Equations, 34 (2021), 315-336. 1

O. Moaaz, E. M. Elabbasy, A. Muhib, Oscillation criteria for even-order neutral differential equations with distributed
deviating arguments, Adv. Difference Equ., 2019 (2019), 10 pages. 1

Ch. G. Philos, On the existence of nonoscillatory solutions tending to zero at oo for differential equations with positive
delays, Arch. Math. (Basel), 36 (1981), 168-178. 2.1, 3

C. Philos, A new criterion for the oscillatory and asymptotic behavior of delay differential equations, Bull. Acad. Polon.
Sci. Sér. Sci. Math., 29 (1981), 367-370. 2.3

Y. Tian, Y. Cail, Y. Fu, T. Li, Oscillation and asymptotic behavior of third-order neutral differential equations with dis-
tributed deviating arguments, Adv. Difference Equ., 2015 (2015), 14 pages. 3

P. Wang, Oscillation criteria for second-order neutral equations with distributed deviating arguments, Comput. Math.
Appl., 47 (2004), 1935-1946. 1

H. Wang. G. Chen, Y. Jiang, C. Jiang, T. Li, Asymptotic behavior of third-order neutral differential equations with
distributed deviating arquments, J. Math. Computer Sci., 17 (2017), 194-199. 1

C. Zhang, R. P. Agarwal, M. Bohner, T. Li, New results for oscillatory behavior of even-order half-linear delay differential
equations, Appl. Math. Lett., 26 (2013), 179-183. 1

C. Zhang, T. Li, B. Sun, E. Thandapani, On oscillation of higher-order half-linear delay differential equations, Appl.
Math. Lett., 24 (2011), 1618-1621. 1


https://doi.org/10.1186/1687-2770-2014-56
https://doi.org/10.1186/1687-2770-2014-56
https://doi.org/10.1007/s00033-023-01976-0
https://doi.org/10.1007/s00033-023-01976-0
https://doi.org/10.1007/s00033-019-1130-2
https://doi.org/10.1007/s00033-019-1130-2
https://doi.org/10.1002/mana.201300029
https://doi.org/10.1016/j.aml.2016.04.012
https://doi.org/10.1016/j.aml.2016.04.012
https://doi.org/10.1016/j.aml.2016.11.007
https://doi.org/10.1016/j.aml.2016.11.007
https://doi.org/10.1007/s00605-017-1039-9
https://doi.org/10.1007/s00605-017-1039-9
https://doi.org/10.1016/j.aml.2020.106293
https://doi.org/10.1016/j.aml.2020.106293
https://doi.org/10.1619/fesi.56.111
https://doi.org/10.1619/fesi.56.111
https://projecteuclid.org/journalArticle/Download?urlid=die%2Fdie034-0506-315
https://projecteuclid.org/journalArticle/Download?urlid=die%2Fdie034-0506-315
https://doi.org/10.1186/s13662-019-2240-z
https://doi.org/10.1186/s13662-019-2240-z
https://doi.org/10.1007/BF01223686
https://doi.org/10.1007/BF01223686
http://pascal-francis.inist.fr/vibad/index.php?action=getRecordDetail&idt=PASCAL8130526097
http://pascal-francis.inist.fr/vibad/index.php?action=getRecordDetail&idt=PASCAL8130526097
https://doi.org/10.1186/s13662-015-0604-6
https://doi.org/10.1186/s13662-015-0604-6
https://doi.org/10.1016/j.camwa.2002.10.016
https://doi.org/10.1016/j.camwa.2002.10.016
https://www.researchgate.net/profile/Tongxing-Li/publication/313660876_Asymptotic_behavior_of_third-order_neutral_differential_equations_with_distributed_deviating_arguments/links/58a3087daca272046ab50ec7/Asymptotic-behavior-of-third-order-neutral-differential-equations-with-distributed-deviating-arguments.pdf
https://www.researchgate.net/profile/Tongxing-Li/publication/313660876_Asymptotic_behavior_of_third-order_neutral_differential_equations_with_distributed_deviating_arguments/links/58a3087daca272046ab50ec7/Asymptotic-behavior-of-third-order-neutral-differential-equations-with-distributed-deviating-arguments.pdf
https://doi.org/10.1016/j.aml.2012.08.004
https://doi.org/10.1016/j.aml.2012.08.004
https://doi.org/10.1016/j.aml.2011.04.015
https://doi.org/10.1016/j.aml.2011.04.015

	Introduction
	Auxiliary lemmas
	Oscillation results
	The noncanonical case ( 0) <
	Examples and conclusion

