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Abstract

A time-harmonic electromagnetic wave is scattered by a buried object. We assume that the scattering object has an
impedance boundary surface and it is embedded in a piecewise homogeneous isotropic background chiral medium. Using
a chiral reciprocity gap operator and appropriate density properties of chiral Herglotz wave functions we solve an inverse scat-
tering problem for reconstruction of the shape of the scatterer from the knowledge of the tangential components of electric and
magnetic fields, without requiring any a priori information of the physical properties. Furthermore, a characterization of the
surface impedance of the scattering object is proved.
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1. Introduction

The chiral media are characterized by two constitutive relations in which the electric and magnetic
fields are coupled via a material parameter, the chirality. In this work, Drude-Born-Fedorov constitutive
relations are used, because they are symmetric under time reversality and duality transformation [16].
Chiral materials are those which exhibit optical activity in the sense that the plane of vibration of linearly
polarized light is rotated on passage through an optically active medium. For details on the properties of
chiral media we refer to the books [16-18].

In recent years various papers have been written on direct and inverse electromagnetic scattering prob-
lems in chiral media. Indicatively we refer to the papers [1, 4, 6, 7]. In an isotropic homogeneous chiral
medium the electric and magnetic fields are composed of left-circularly polarized and right-circularly
polarized components which can both propagate with different phase speeds. So, in the applications we
can use the Bohren decomposition [16, 17] of electric and magnetic fields into suitable Beltrami fields,
which satisfy simple differential equations of first order.

In [6] the direct electromagnetic scattering problem by a mixed impedance screen in chiral media is
studied. Beltrami fields have been used for the uniqueness and a variational method has been employed
for the existence of solution. An inverse scattering problem for the same scattering model has been studied
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in [7] where a modified linear sampling method based on a factorization of the chiral far-field operator has
been used. In [1], Ammari and Nédélec have proved that the Silver-Miiller radiation condition remains
valid for chiral media. In [2], the chirality is defined as a property of the far-field operator.

In this paper we consider the inverse scattering problem of determining both the shape and the sur-
face impedance of a buried object from the knowledge of the electric and magnetic fields measured on the
surface of the earth. We use a qualitative method [8], which is a modified version of the classical linear
sampling method. This method is based on the chiral reciprocity gap operator and was introduced by
Colton and Haddar in [15] for acoustic waves and by Cakoni, Fares and Haddar in [12] for electromag-
netic waves. Applications of this method we may find in medical imaging, ground imagery and target
identification (see [11]). In linear elasticity a reciprocity gap functional has been used for solving an in-
verse mixed impedance scattering problem [5]. In [3] a reciprocity gap functional for chiral media has
been defined in order an inverse scattering problem for a perfect conductor to be solved. In [9] the shape
and the surface impedance of a buried coated scattering object have been determined, while in [13] the
same method has been applied to solve an electromagnetic inverse scattering problem for an anisotropic
dielectric that is partially coated by a thin layer of highly conducting material. Using this method, an
inverse electromagnetic scattering problem for a perfectly conducting cavity with interior measurements
has been solved in [20]. In [22] an interior inverse scattering problem for a cavity with an inhomogeneous
medium inside has been studied. Also in [14], the boundary and the permittivity of the scattering ob-
ject in radar imaging have been calculated. For more details on the linear sampling and reciprocity gap
functional method we refer to the book [11].

In Section 2 we consider the basic equations of electromagnetic fields in chiral media and introduce
the function spaces which will be used to formulate the impedance scattering problem. In Section 3 we
define the reciprocity gap operator and prove that it is injective and has a dense range. Finally, in the
Section 4 we prove the main theorem that characterizes the shape of the scattering object as well as giving
an estimate of the surface impedance.

2. The scattering problem in chiral media

We consider the Drude-Born-Fedorov constitutive relations [16]:
D=c(E+Pcurl(€)), B=u(H+Pcurl(H)), (2.1)

where &, J{ are the electric and magnetic fields, D, B are the electric and magnetic densities, respectively,
(3 is the chirality measure, ¢ the electric permittivity and p the magnetic permeability. In a source-free
region we have that

curl(&) —iwB =0, curl(H)+1iwD =0, (2.2)

where we have suppressed a time dependance of e twt

and (2.2) we get the following equations:

, w > 0 being the angular frequency. From (2.1)

curl(&) = By*E +iwp (%)2 K, curl(H) = By>H — iwe (%)2 g, (2.3)

where k? = w?ep and y? = k*(1 — B%k?) 1. We note that & and 7 are divergence-free fields and k is not a
wave number but it is a shorthand notation without any particular physical significance. Moreover, it is
valid that [kp| < 1 ([17, p.87]). From (2.3) we take

curl(curl(&)) — 2py?curl(&) —y?& = 0. (2.4)

We note that the magnetic field satisfies the same equation. In a homogeneous isotropic chiral medium the
electric and magnetic fields are composed of left-circularly polarized (LCP) and right-circularly polarized
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(RCP) components with different wave numbers. To see this, we make use of the Bohren decomposition
of € and K into suitable Beltrami fields Q1 and Qg [17],

€ =0Qr +Qg, J‘C:—i\/j(QL_QR)/

Qu = 58 +i\/EfH), Qe = 5(€ —i\/EfH).

The Beltrami fields satisfy the equations

and hence

curl(Qr) = v Qr, curl(Qr) =—vrQr, (2.5)

as well as the equations

curl(curl(Qr)) =v§Qr, curl(curl(Qg)) =v&Qr, (2.6)

with
yL=k(1-kp)", vr=k(1+kB),

being the wave numbers for the LCP and RCP Beltrami fields, respectively, and satisfying the following

relations:
2

YLHYR =2k yL—vR =28V, vivR =72
The equations (2.5) show that the homogeneous isotropic chiral media are circularly birefringent. For
details on the physical background for chiral media again we refer to the books [16-18].

We assume that a scatterer D with C?-boundary 9D is embedded in a piecewise homogeneous
isotropic chiral medium with R®\ D to be connected. The boundary dD of D is a surface impedance
which is described by the positive constant A.

We consider a bounded domain Q, which contains D, with C2- boundary 0Q. We denote by v = v(x)
the outward unit normal vector at the point x of the corresponding surface. The medium Q \ D which will
be referred to as the background medium is characterized by the chirality By, the electric permittivity ey,
and the magnetic permeability py,. Also, let 3¢, €9, and g be the corresponding parameters in the exterior
R3\ Q of Q. All the physical parameters are assumed to be positive constants.

We consider that the incident field is an electric dipole located at xy with polarization p € R® in a
chiral medium. The point x¢ lies on an auxiliary close surface A contained in R*\ Q. In particular, the
incident electric field is given by the formula [16, 17]

. ko z 1 o elvoLlx—xql ~ 1 2\ elYorlx—xol
/P, =——p- — 1) ———— [+ —VWV-VXI| —m>,
xo (%, P, Y0) ZY%P {(YOL + oL + > P m— + (YOR + Vor X > FP— }

where T is the identity dyadic in R and yo; and yor are the LCP and RCP wave numbers, respectively in
R3\ Q with
Yor = ko(L—koBo) ™, Yor = ko(1+koBo) ",
and v§ = YoLYor, kj = k* = w?eopp.
The electric wave E' which is incident on the scatterer D is given by

Ei (X) = E;O (X/ P) = EXO (X/ P, ‘YO) + E)S(’Ob (X/ P);
where Eibb (x,p) is the scattered field due to the background medium. Also, the wave E! in Q\ D is given

by B
E'(x) = E5, (x,p) = p-B(x,x0), 27)



E. S. Athanasiadou, J. Nonlinear Sci. Appl., 16 (2023), 79-89 82

where B(x, xo) is the dyadic Green’s function of the chiral background medium. We define n(x) = ny =
(epp)(eopg) ! for x € Q\D and n(x) = 1 for x € R3\ Q as well as B(x) = Bp for x € Q\ D and
B(x) = Po for x € R®\ Q, then B(x, xq) satisfies the equation

(k2 —n(x)p*(x)) curl(curl(B(x,x0))) — 2B (x)n(x)curl(B(x, x0)) —n(x)B(x,x0) = 18(x — xo), (2.8)

with respect to x. In order to formulate the general impedance boundary value problem in chiral media
we need the following function spaces:

H(eurl, D) = {u e (1*(D))’: curl(u) € (1(D))’},
13(eD) = {ue (12(@D))’: v-u=0onaD},
X(D,9D) = {u € H(curl,D): v x ulpp € L{(dD)},
with the norm

||UH§<(D,aD) = HuHZH(curl,D) + v x u||2L2(aD)-

Also, we define the space of solutions
H(Q) = {u € H(curl, Q) : ut € L%(aD), curl(ur) € L%(@D), curl(curl u—ZBby%,curl u—y%u = O} ,

where ut = (v x u) x v. For the traces v x ulagp and v x (u x v)|agp of u € H(curl, D) we have
-3 -1 3 . _1
Hgiy (0D) = qu e (H z(aD)) :v-u=0, divopu e H 2(dD) ¢,

H_%

g (0D) = {u € (H*%(Z)D))3 :v-u=0, curlagpu € H%(aD)} ,
where with divgp and curlygp we denote the surface div and the surface curl, respectively. Finally, for
the exterior domain R\ D we define the spaces Hy,.(curl, R\ D), Hjo.(R*\ D, dD) and Xjo.(R*\ D, dD)
considering the domain (R3\ D) Bg, where By is a ball of arbitrary radius R.

The exterior impedance boundary value problem in chiral media is formulated as follows: given
f € 12(3D) find E® € Xjoc(R*\ D, dD) such that:

(k™2 —n(x)p?(x)) curleurl ES — 2 (x)n(x)curl E¥ —n(x)E* =0in R*\ D, (2.9)
v x curl E® —ikgly%A(v x ES) xv— Bby%v x E® =fon 0D, (2.10)

1
% x curl ES — Boygk x E* +iky 'V3ES =0 (lxl) , x| = o0 (2.11)

X
uniformly in all directions X = — € S2.

x|

If f = —v x curl E' +1iky Y2 A(v x EY) x v+ Bp Y2 v x E! on 3D then the problem (2.9)-(2.11) describes the
direct impedance scattering problem in chiral media and E® is the corresponding scattered field which is
connected to the total field E and the incident field E! with the relation

E=F'4E°. (2.12)

The direct scattering problem can be studied as in [6]. The uniqueness of solution has been proved via
the Beltrami fields, while for the existence of solution the variational method has been employed using
a Calderon type operator [19] for chiral media. The corresponding inverse scattering problem is the
determination of the unknown boundary of D from the knowledge of the tangential components v x E
and v x H on the boundary 9Q for all points xg € A as well as the evaluation of the surface impedance A.



E. S. Athanasiadou, J. Nonlinear Sci. Appl., 16 (2023), 79-89 83

Let z € D and E* € H(curl, D). We consider the following chiral interior impedance boundary value
problem corresponding to (2.9)-(2.12); given f € L2(dD) find E € H(curl, D) such that:

curl curl E* — ZBby%curl E* —y% E*=0 in D, (2.13)
v x curl E* —ikgly%ﬂ\(v x E#) x v+ Bpysv x E =f on dD. (2.14)

The values of k for which the corresponding homogeneous boundary value interior problem admits a
nontrivial solution will be referred to as chiral Maxwell eigenvalues for D.

In chiral media, a Stratton-Chu type exterior integral representation for a radiating solution of equation
(2.4) is the following

ES(r) = —ZBYZJ B(r, 1) [v x ES(r")] ds(r”)
S (2.15)
—|—J {ﬁ(r,r’) - [v x curl E3(r')] + [curlrﬁ(r,r')] v x E3(r')] } ds(r’).
S

3. The chiral reciprocity gap operator

Let E = E,, (-, p) be the solution of the scattering problem (2.9)-(2.12). Then for W € H(curl, Q) we
define the chiral reciprocity gap functional

R(E,W) = J

[(vxE)-curl W— (v xW)-curl( E]ds —2Bby%J [(vxE)-Wlds. (3.1)
Yo}

00

_1 _1
We note that the integrals are interpreted in the sense of the duality between H ’(0Q), H_:(0Q). In

particular, if W € H(Q) C H(curl, Q), then we define the chiral reciprocity gap functional operator
R:H(Q) — L2(A) given by

R(W)(x0) = R (Ex, (-, p(x0)), W) p(x0), X0 € A. (3.2)

The method is based on the solvability of an integral equation for the reciprocity gap functional, which
contains an appropriate family of solutions in H(Q). For this family of solutions we use the chiral
Herglotz wave functions. In [4] the electric €4 and magnetic Hy chiral Herglotz wave functions have been

defined as

. &
€g=C8g, TEgr, Hg=-1 a(ggL_gga)/

where the LCP and the RCP Beltrami Herglotz fields €4, and €4, with kernels g; and gg, respectively
are given by

oux) = | gu@0eM I ds(d),  Egyx) = | grlde)el i ds(de) 33
with di, dg € S2. For the kernels we have ga :S? — T/z\(Sz), A =L, R, where
22 2(c21)3 .
T2($2) = {bL e (12(s1)):v b =0, vx by :—1bL},
T2(S2) = {bR € (12(5%)°:v-br =0, vx bg = ibR}.
Also, we define the following space

Tir(S?) = {b =Dy +br: by € TZ(S?), br € Ta(S*)},



E. S. Athanasiadou, J. Nonlinear Sci. Appl., 16 (2023), 79-89 84

with the inner product
<bh T2 (82)= (bL/hL)TZ(SZ) + (br, hR)TZ(SZ),

where ba, ha, A =L, R, are the Beltrami fields of b and h, respectively and (ba, hA)Tz s2) fsz ba-hads
[4].

We consider the electric dipole

eV Ix—2|

47tlx — z|

1 VV +V ><T>

+ <YbRT+
Yo

1 2\ etvog Ix—z|
VV -V x I> -,
Yor 4mfx — z|

ko ~
E.(x,q, =—(q- I
(%, 4, vv) 22 q { (wn +
located at z with polarization q € R3 corresponding to vy, where yb = Yb, Yo = k2 (1 — kbyb) 1, with
k2 = w?eppp. We investigate the solvability of the integral equation
92(E/ 89) = :R(Er EZ('/ qub))I (34)

with respect to g in T7(S?). The determination of D is based on the behavior of g for different sampling
points z € Q.

Lemma 3.1. The operator R : H(Q) — L2(A) defined by (3.2) is injective.

Proof. Let RW = 0. Then R (Ex,(-,p),W) = 0 for all xp € A and p € R>. In (3.2) we apply the second
vector Green’s theorem for the first integral and Gauss’ theorem for the second integral in Q\ D for E
and W. Taking into account that both E and W are solutions of (2.9) in QO \ D and using the impedance
boundary condition on 9D we take

0 :J [(vxE) -curl W— (v xW)-curl E] ds—ZBby%J (v xE)-Wds
oD oD (35)
= J E-[vxcurl W—iky 'YEA(v x W) x v — Bpyh (v x W)] ds.
D

We denote by E the unique solution of the following boundary value problem:

(k2 —B(x)M(x)) curl curl £ —2B(x)n(x)curl £ —n(x)E =0in R*\ D, (3.6)
vxcurl (E—W) =ik 'viA [vx (E=W)] x v+ Bpysv x (E—W) on dD, (3.7)
% x curl E— BoyzxxE—i—lk 5E—0<| |>,Ix—>oo,
uniformly in all directions of % € s%

Substituting the tangential component of curl W from (3.7) into (3.5) we have that

0= —J E-[vxcurl E—iky'vEA(v x E) x v — Bpyp (v x E)] ds. (3.8)
oD
In view of (2.12) and (2.7) the total electric field E is given by
E=p-B(,x0) +E®. (3.9)
From (3.8) and (3.9) we get
O—J vx (p-B(,x)) +E%) ) -curl E— (v x E) - curl B(,x0) +E%)| ds
o L0 (Bl +E)) (v E)-curl (p-Blx0) +E°)]

—2BvY3 LD K\/ X (p‘ﬁ(‘,xo) —i—ES)) -E} ds.
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Taking into account that £ and E® are both radiating solutions to equation (3.6) we have

—p - {J {B(-,xo) (v x curl E) + (curl B(-,x)) - (v x E)| ds _ZBbY%J B(-,x0) - (v x E)ds} —0
oD

oD

and from the Stratton-Chu type formula (2.15) for chiral media we get
P E(XO) = 0/

for arbitrary polarization p. Therefore v x E(xg) = 0 for xg € A. Then, by the uniqueness of the electro-
magnetic scattering problem for a perfectly conducting obstacle in a chiral environment [1], we conclude
that E = 0 outside the surface A. By the unique continuation we have E = 0 outside D and therefore

v x curl W—ikgly%?\(v X W) xv— Bby%v X W =0on dD.

From the uniqueness of the interior impedance chiral electromagnetic boundary value problem it implies
that W = 0. O

Lemma 3.2. The operator R : H(Q) — L2(A) defined by (3.2) has dense range.

Proof. Assume that q € L2(A) such that (RW, q)2(pn) = 0 for all W e H(Q). In view of the bilinearity of
functional R and the definition of operator R, we have that

(RW, q)2(r) = JA R (Exy (-, &(x0)), W) ds = 0, (3.10)

where &« = (p - q)p. Setting
£x) = | Ex (v (o)) dslo),
then from (3.10) we have that
R(E,W) =0.

Applying the Green’s and Gauss’ theorems for W, € in Q\ D as in Lemma 3.2 and taking into account
the boundary condition on 9D, we conclude that

R(E,W) = —LD € [vxeurl W—iky VR A (v x W) x v — BpY (v x W) ds =0,

for all W € H(Q). The Beltrami Herglotz fields £4, and €4, given by (3.3) solve the equation (2.4) as well
as (2.5) and (2.6), respectively. In addition taking into account that the interior problem (2.13)-(2.14) is
well-posed we can conclude that the set {v x curl W — ikgly%?\(v X W) xv— [Sby% (v x W) |pp} is dense
in L2(3D) (see [4, 10]). Therefore, v x & = 0 and v x curl & = 0 on dD. Hence € has zero Cauchy data on
0D and therefore € = 0 in the domain between A and 0D. Finally, taking into account the jump relations
[1] of curl € across A we arrive at « = 0 on A. Therefore (p-q)p =0 for all p € L2(A) and hence ¢ =0. [

4. Determination of the shape and surface impedance

The determination of the shape of the unknown scattering object is based on the solvability of the
integral equation (3.4). In particular we have the following theorem.

Theorem 4.1. If R is the reciprocity gap functional corresponding to (2.9)-(2.12), then we have following.
(i) Let z € D. Then for a given € > 0 there exists a g € T2 (S?) such that

IR(E, Ege) —R(E, E2(+, 4, Yu))ll12(n) < €

and the chiral Herglotz wave function €4e converges to the solution of the interior boundary value problem in
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X(D,0oD) as € — 0. Moreover,

lim [|1€gell =00 lim lgsllr2 (g2 = oo.
dist(z,0D) 0 | 9EIX(DAD) =00y D)0 97 TER(S7)

(ii) Let z € R3\ D. Then for a given € > 0, if g € T2 (S?) satisfies
||:R(E/ Egg) - ZR(E/ F—Z('/ q/Yb))HLZ(/\) <€,

we have that
lig})|lgg§|\><(D,aD) = 00, lig}]llggllT%R(Sz) — oo,

Proof.

(i) Let z € D. From the definition (3.1), taking into account that E is the total field and W and E. (-, q, V)
are solutions to equation (2.9) in O \ D and using the boundary condition on D, we have that

R(E,W)—R(E,E,(-, q, Vb)) = —J [vxW-—vxE,(,q,vp)l -curl Eds.
dD

Taking into account that the chiral Herglotz functions are dense with respect to the H(curl, D) norm in
H(Q) and using the trace theorem it follows that for every e > 0 there exists a chiral electric Herglotz func-
tion €4¢ such that v x curl € 4¢ —ikgly%(v X Ege) XV — [Sby%,v x €g4e approximates v x curl E; (-, q,vp) —
ikgly%(v xEz(+,q,Yp)) X V— Bby%v x E. (-, q,vv) with respect to L2(dD). Also g¢ is an approximate solu-
tion to (3.4) and €g4e converges to the solution of the chiral interior boundary value problem (2.13)-(2.14).
Moreover, since E(-, q,vp) with respect to the X(D, 9D) norm blows up as z approaches the boundary
0D from inside, we obtain that for a fixed € > 0,

lim [1€gell =00 and lim lgsllt2 (g2 = oo.
dist(z,0D)—0 9:IX(D,0D) dist(z,0D)—0 9z Tir(S%)

(ii) Let z € Q\ D. From (3.1) substituting E = E' + ES and (3.9) we take
R(E/ EZ('/ q/Yb)) = Il + I2/

where
I = LQ [(vxES (x,p)) -curl Ex(x,q,vp) — (v x Ez(x,q, b)) - curl E (x,p)] ds(x)
2807} | (v B (0p) - Exlx ) dsix)
I = LQ [(v x EL, (x,p)) -curl Ez(x,q,vb) — (v X Ez(x,q,vp)) - curl EX (x,p)] ds(x)
—2peY3 LQ (v x EL (x,p)) - Ex(x, 4, v) ds(x),
By making use of the reciprocity properties [16],
.

~ ~ T ~ ~
Blx,xo) = [Blxo,x)| , curlB(x,x0) = [curly,Blxo,x)]

where T denotes transposition, we can consider that the background dyadic Green’s function solves (2.8)
with respect to xo. Hence E5 (x,p) satisfies the same equation with respect to xo. Therefore the integral
I; gives a solution W(xg) of (2.8). The function E.(x, q,vp) is the fundamental solution of

curl curl E— ZBby%curl E —V%E =0 4.1)
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and E;o (x,p)=p- E(x, xg), x € Q\ D, is a solution of (4.1). Hence I, is an integral representation Stratton-

Chu type in chiral media (2.15) for —p - B(z,xg), z € Q\D. Let € 4 be a chiral electric Herglotz function
such that
||R(EIEQ§)_IR(E/EZ(/ q/’}/b))HLZ(/\) < €. (42)

From the definition (3.1) and the boundary condition we obtain
R(E, Ege) = —J E-[vxcurl Ege —iky VAV X Ege) X V— PBuYp (v x Ege)] ds.
oD
Therefore
‘{-R(E/ Egg) - :R(E/ EZ('/ q, Yb))

= —W(x0) +p - B(x, %) J E-[vxcurl Ege —iky 'YEA(Y X Ege) X vV — Bu Yo (v x Ege)] ds.
oD

(4.3)

We assume that ||€4¢|lx(p,op) < ¢ with ¢ being a positive constant independent of €. Applying the trace
_1
theorem we take that v x €g4¢ is also bounded in the H,,>(0D) norm. Therefore there exists a weakly

_1
convergent subfamily converging to a function V € H,,°(0D) as € — 0. For xo € A we set

U(xg) = —LD E- [v x curl V—ikgly%)\(v X V) xv— Bby%(v X V)] ds. (4.4)

From (4.2), (4.3), and (4.4) we obtain
U(xo) = W(xo) + - Blz,x0), x0 € A. (4.5)

Taking into account that the functions U(xg) and W(xq) are radiating solutions of (2.8) and using the
unique continuation principle we conclude that (4.5) holds true in R?\ (D U{z}). If we now let xg — z,
then we arrive at a contradiction. O

Remark 4.2. The determination of the boundary 0D of the scatterer is based on the integral equation (3.4)
which contains chiral Herglotz functions in H(Q). In particular, if €4¢ is a solution of (3.4) then the
boundary 9D of the scatterer is reconstructed from points z with lime_;o Hg;HTER( 2y = 00. It is obvious
that the boundary 0D cannot be found from lim¢ 0 [|€4¢|lx(p,ap) = oo since the corresponding norm is
defined on the unknown scatterer D. Alternatively one can use instead of the chiral Herglotz functions
appropriate potentials, [1, 12].

Finally, assuming that the shape of the scatterer is known, we will establish an expression for the
surface impedance A. In particular we prove the following theorem.

Theorem 4.3. Let EZ be the solution of (2.13)-(2.14) for a fix point z € D. Then, the surface impedance A is given
by
kb Im(q EZ(Z’)) +IZ(Q/ q;Yb)

A= ,
2v2 [op IV x (E2 —E=(, q,vb))Pds

(4.6)

where the integral

IZ(Q/ q/’Yb) - _1J |:(V X EZ('/ q/Yb)) : Curl EZ('/ q/Yb) - (V X EZ('/ q/’Yb)) : Curl EZ('/ q/’Yb):| dS

00

1 2iByyl LQ(V < Eo( 4 v0)) - E2(rave) ds

is depended on z,Q), and q.
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Proof. Let z € D. We consider the unique solution E* of the interior mixed boundary value problem
(2.13)-(2.14) and we define the function

U*(x) = E*(x) + Ez(x, q,vb), x € D.
Taking into account the boundary conditions
v x curl U* = ikgly%j\(v x U%) x v+ Bby%v x U* on 0D,

the integral

I:J [(v x U?) - curl U — (v x UZ?) - curl U] ds—ZBby%J (v x U?) - Uzds
oD oD
gives

[= 2ikg1y%,>\J lv x U?ds.
oD

Furthermore, in view of the bilinearity of the integral I we have

I=L1+L+13+14 (4.7)
where
I = [(v x E?) - curl EZ — (v x E?) - curl E#] ds ZBbY%J (v x E*) - EZ ds,
JoD oD
=] [(vxE) curl B0 g ve) — (v x ol 4, v0)) -curl 4] ds = 26} LD(V X E*)-E2(, q,70) ds,
J
I3 = . [(v < E2(-,q,vp)) - curl B2 — (v x E%) - curl E; (-, q, V)] ds —2BbVE LD(V x Ez(+, q,7p)) - E= ds,
J
Iy = . {(V X Ez(-,q,vp)) - curl Ez(-, q,vu) — (v x E2(, q,vp)) - curl E-(,, q/Yb)} ds
J

280 | (vxEloq ) BT a v ds
In the integral I;, we apply the second vector Green’s theorem for the first integral and the Gauss’ theorem

for the second integral for E* and EZ in D and taking into account that E#, EZ are solutions of (2.13) we
get I1 = 0. A similar application in Q\ D for E,(+,q,vyv) and E.(-, q,vv) gives

I4 = JaQ |:(V X EZ('/ q/Yb)) . Curl F—Z('/ qub) - (V X EZ('/ q/Yb)) . Curl F—Z('/ qub) ds

_zﬁb’Y% JaQ(V X EZ('/ q/Yb)) . EZ('/ q/’Yb) dS'

Taking into account that E, = q-B(-,z) and using the representation (2.15) we get I, = —q - E* and
I3 = q - EZ. Substituting the values of the integrals in (4.7) we obtain (4.6). O
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