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Abstract

In this work, we are devoted to the following fractional nonlinear Schrédinger equation with the initial conditions in the
Caputo sense for 1 < « < 2:
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where 8 > 0,0 € R, y(0,0) is a continuous function and (1, 32, B3 are constants. Our analysis for deriving analytic and
approximate solutions to the Schrodinger equation relies on the Adomian decomposition method and fractional calculus. Several
illustrative examples are presented to demonstrate the solution constructions. Finally, the variant and symmetric system of the
fractional nonlinear Schrédinger equations are studied.
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1. Introduction and Preliminaries

Nonlinear partial differential equations play an important role to construct the physical models of
natural phenomena and dynamical processes in many scientific areas, such as physics, fluid mechanics,
geophysics, plasma physics and optical fibres [1, 2, 3, 4]. In physics, the nonlinear Schrodinger equation
[5] is defined as
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which has original application to the diffusion of light in planar wave guides and nonlinear optical fibers.
In 2008, Rida et al. [6] investigated the following fractional nonlinear Schrodinger equation using Ado-
mian’s decomposition method:

0% 92
i——W+B&§W+VWMHwMWW:Q
where 0 >0,0c Rand 0 < o < 1.
The operator I is the partial Riemann-Liouville fractional integral of order « > 0 w.r.t 0 with initial
point zero [7],
1 (®
(1§W)(0, 0) = J (0— 0 'W(,0)dZ, 8> 0
() Jo
[0 4

0 . - .
and 59—“ is the partial Caputo fractional derivative of order & with respect to 0
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It follows from [8] that

g <CaaW> (0,0) =WI(0,0) —W(0,0) —Wy(0,0)0

00«
= WI(6,0) — ¢1(0) — $2(0) 6.

2. Mathematical Analysis

Let ¢1(0) and ¢2(0) be smooth functions. We apply the integral operator I§ to both sides of (1) to get

W(0, 0) — p1(0) — d2(0) O

=iI§[B1LoW(O, 0) +v(0, 0)W(6, 0) + B2IW(0, o) PW(6, o) + BsW?(6, 0)], (2.1)
where 22
]—0' - Q.

The Adomian decomposition method assumes a series solution for W(6, o) given by
W(6,0) =Y Wi(6,0), (2.2)
k=0
and the nonlinear term g(W) = B,|W(0, o)*W(8, o) + B3W?(0, o) is decomposed as
g(W) = Z Ax(Wo, Wy, ..., Wy). (2.3)

k=0

Substituting (2.2) and (2.3) into (2.1) deduces that

BlLO' (Z Wk(e/ G)) +Y(e/ 0) (Z Wk(e, G))
k=0 k=0

o0
+ ZAk(wo,wl,...,wk)] :
k=0

D Wil8,0) = d1(0) + d2(0) 0 + i
k=0
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Then we have the following recursions:
Wo = ¢1(0) + d2(0) 6, 2.4)
Wici1 = 1B1IgLa Wi + I [v(0, o) Wi 4+ iIg Ak '
forallk =0,1,2,..., and Ay are Adomain’s polynomials, which are computed as
Ao = BalWolPWo + BaW5,
Ay = 2B WolPWi + BaWEW1 + 23 WoW1,
= B22Wo "W, + WoWi + 2|W1[PWo + WEWs] + B3 W5 + 2WoW,,
= Ba2Wo[*W3 4+ 2WoW Wa + 2WoW1 W, + (W1 PWy + 2WoW Wa + WEWS3]
+ B3 2WiW; + 2WoWs3], (2.5)

An:BZZ<ZWW] 1) n— )+ﬁSZWWn ir

j=0 i=0

forn=0,1,2,..., based on

BoWo+Wi+Wo 4 Y Wo+ Wi +Wo+ - YWy +Wp +Wo + -

+B3(W0+W1+W2+"')(W0+W1+W2+"')
=Ag+AI+A A3+

and the rule for indices.
We would like to add that there is another expression for A,:

An =2 Z WiW;W, + B3 Z WiW;,

i+j+r=n i+j=n

where the sums are over all distinct (i,j, ) and (i,j) respectively for all ,j,r=0,1,---

An:B2Z<ZWW] 1> n— )+BBZWWn i

j=0 i=0

n

,n. However,

is better in terms of computation efficiency, since we have the Z W;W,,_; in the first term for j = n,

i=0
which is the second one.

3. Examples

Example 3.1. Consider the following time-fractional nonlinear Schridinger equation for 1 < o¢ < 2:

i 2wy a—W +W2=0
00x 002 B
subject to the initial conditions
W(0,0) =0, W{(0,0) =0.
Clearly,
Ms+1) ot

IO(eS —
o Moa+s+1)
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From recurrences (2.4) and (2.5), we come to

W():(Y,
s 2
. 10
Wl :1Ing( )‘f’lIgO'z = 7r(0(—|—1) (x,
i02 102
Wy =1ilL, [ ——0% iI¥ ( 20———0%
2=1e “(r(cx+1) >+1G(Gr(<x+1) )
2 2x 203 2x

g2 — 02,
r2o+1) r2o+1)

2 20°
Wa = ICXL _7920(_79206
3T e ‘T< M2a+1) r20+1) >
ot 40 40t
e [ — eZoc_ e?.oc_ 2c ,
+ e ( 2o+ 1) M2+ 1) M2+ 1)
_ 120 93 s o T(20c+1) o3
M3o+1) M(oc+1)T(Bec+1)
4o 404

] 93()(_ : 9306,
TBa+1) TBa+1)

which claims that

o 2x

0
W~ 02— — (2420°)-
oo r T~ P2 e

oT2a+1) g3«
Ci(1604 T EX Y gy 9
l( R TP G)F(3o¢+1)

In particular for o« = 2,

i0202  (2+20%)0* . 0°

~ _ _ 4
W= o+ > 1 i(160 + 100 )6!’

and for o = 1.5 we have

W = a+14&j—(2+2o)33—1 16G+§G +40* _ 32 gis
- NG 3! 3m 945/ '
using

945
r15+1) = \F and T(45+1) = 2= Vn

Example 3.2. Consider the following time-fractional nonlinear Schrodinger equation for 1 < « < 2:

o« 2

0 2
W2 W+ OW + [WPW =
Lga W+ 25 5 W+ W+ W 0

subject to the initial conditions

W(0,0) =0, W{(0,0) =e°.
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From recurrences (2.4) and (2.5), we infer that

W() = 669,
Wi = 21§ Lo (e70) + 11§ (0%e”) + 11§ (e°0%)
2e° 2e° 6e3°
s gotl 4 4 0ot2 | 4
Tatr2)” "Tat3?  Tara
2e° 2e° 6e3°
eoc+1 906-0-2 eoc+3
FMat2)” Tat3)” @ Tlatd)

2e° 2e° 6e3°
I« ecx+2 eoc+3 eoc+4
9<ma+m Tt a4

2630 2630' 6eSO'
I eoc+3 eoc+4 eoc+5
e(ma+m Tatr3)°  TTatrd
4e? a1 4% oayr 108¢%  Hars
MN20+2) 20+ 3) IMN2o+4)
C2e%(a+2) on 2e%(a+3) hois 667 (a+4) oy
IMN20+ 3) MN2o+4) I'2x+5)
_ 2e%7 (o +3) (o +2) Qo3 _ 2630(“+4)(“+3)92a+4
2o+ 4) M2a+5)
6e°7(x+5)(x+4) g20+5
2+ 6) ’

ox+3
0=,

M@-——QISLG<

which derives that

2e° 2e° 6e3°
W ~ 0‘9 . eoc+l . etx+2 .
Ut a1 Tt T Tara

4e% a1 2e%(a+4) oy
MN2o+2) MN2a+3)

e(x+3

620c+3
MN2o+4)
g2ot4 6650'((x+ 5)(0(4—4) 620c+5'

_2636(0(‘1‘4)(0(—{_6)]*(20(_’_5) - F(2oc+6)

— [2e%(oc+3) + 263 (o + 50+ 60)]

In particular for o« = 2,

2e% 2e° 6e3° 4e°

~ 50 <Y 03 Lo Y a5 T
W=xe 6+13!9+14! 5 0 S
12e° 6 o 30 97 3098 5099
e 0° — [10e? + 148e ]ﬁ—%e §—2526 o

0% +1 0°

4. The Variant and System of the Schréodinger Equations

Following a similar procedure, we are able to study the following generalized fractional nonlinear

Schrodinger equation in the Caputo sense for 1 < oy <2 and 0 < xp < q:

X1 X2

. c0 c0
169“1 W(e/ G) +}\aecx2 W(e/ G) + BlAO‘W(e/ 0—)

+v(0, 0)W(0, o) + B2|W(8, 0)PW(0, o) + B3W?3(6,0) =0,
W(OI 0—) = (bl(o—)/ Wé (0/ G) = d)Z(G)/

(4.1)
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where 0 = (07, 07, 03) and
02 02 02
No=-5+-5+->
’ 907 903 9303
is the Laplace operator and A is a constant.
Indeed for 0 < &y < 1,

X1 Caoc2 X]— X2 7X2 Caoc2 X]— X2
NG S5 WO, 0) = ALGH L2 E0-W(6,0) = ALS! 2 (W(6, 0) — 1 (o))
AL WO, 0) — Ady(0) 0
—e ’ N g — o+ 1)
Asforl < oy < o,
X1 Ca 2 X]— X2 7X2 Ca(x2 X]— X2
Mo' Sga W(0,0) =Mg" "Ig* 505 W(0,0) = Mg" (W(0, 0) — d1(0) — d2(0)0)
AIS2W(6, ) — A A om et
~ Mot W) A ) T N 1)
Then we have the recurrence for 0 < oy < 1:
Wo = d1(0) + b (0) 0 — A (0) = —
= o)+ ¢2(0)0—1i O)———,
0= 0} $1 Mo —o t 1) 1)

Wi = 1AL Wi (0, 0) + 1B11g" Ae Wi + 1157 [y (6, o) Wil + 151 Ak

forallk=0,1,2,....
The recurrence for 1 < «y < 1 can be obtained as

gou—on eoqfcszrl

Wo = 0—npi(0)——— —iAda(0) e,
0=¢1(0) + P2(0) 0 —1 ¢1(0)F(oq—o@+1) i ¢2(0)r(a1_“2+2) 43)
Wit = IS W4 (0, 0) + iB1 15 AWy + T (0, o) Wil + i1 Ay
forallk=0,1,2,....

Example 4.1. Consider the following time-fractional nonlinear Schrodinger equation for o = (o1, 02, 03):

al.5 605 )
g5 W+ agos W+ 286 W o+ WPW =0

subject to the initial conditions
W(0,0) =03, W§(0,0) = 07.

From the recurrence (4.2), we have for xz = 0.5,
Wy = 05 + 010 — 1020 = 07 + (07 — 103)6,
W = ilgWy + 12157 A g W + 1152 Ag
= ilgWp + 12157 Ao Wy +il§° (IWo[*Wo)
=1020 + (00 + iol)e; +1I§° (02 + 010)* + 030%) (02 + 010 — 1020)) .
Clearly,

((02 4 010)? + 0302) (02 + 010 — 1020)
= 03 + (30103 — 103)0 + (20707 — 120105 4 02(03 + 03))0% + (07 + 03) (07 — 102)0°.
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Hence,

ilg° ((02 + 010)% + 030%) (02 + 010 — 1020))
. 3 91.5 0.3 ) ) 925 ) o ) ) ) 93,5
zwzm—i—( 5 +130103) +2(20105 + 120702 +102(0] + 03))

F(35) I'(4.5)
' ) 64'5
+6(Gz+w1)(0%+02)@-
This implies that
L, 15 02
W = oy + 010 +10'2r(2'5) + (02 "‘10-1)7
. 02> in 2 . 2, 0%
+ (03 +130103) === r(3.5) +2(20103 +1i20702 +102(U% +03)) r(4.5)
645
+ 6(07 +101)(51 + 02) r(5.5)
pls 92
202+ole+i4c§3\7+(62+101)3
3, 03 + 1207 107 (0% + 03 1607
+(02+130102 5 \F+2 207 +12(7102+102( 1+ 2))105\f
_ 945 045
+6(02+101)(U%+0%)W'

Obviously the initial conditions
W(O/ O—) = 02, Wé (OI 0-) = 01

are satisfied.

To end off this paper, we would like to mention that the following system of fractional nonlinear
Schrodinger equations in symmetry can also be solved numerically and analytically based on the Ado-
mian decomposition method and fractional calculus for 0 < oy, & < 1:

0% 0 d B
T W0 0)+BigzW(0,0) + ol (0, 0) =0,

X2

. 0 0 -
1aeazu(e/ G) +v1 @u(e/ G) +Y2W£W(e/ G) - 0/
W(0,0) = ¢1(0), U(0,0) = d2(0),

where (3;,v; for i = 1,2 are constants.
Let

W=Wo+Wi+Wo+--,
U=Up+Us+Up+---,

and

o0
nw ~W(0,0) = Z (Wo, Wy, -+, WA),

e¢]

BzU ~u(o,0) Z K(Uo, Uy, -+, Uy).
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Then we derive that

By = v2WoWy,,
By = vaWoW/, +v2Woe Wi,

n
Bn=72) WiW[, i)o
=0

and

Co = BaUpUy,,
Cl = BZuOu{O' + BZU(I)O'ulz

n
Cn=PB2) WU, i
1=0

The following double recurrences can be obtained by a similar approach indicated above:

Wo = ¢1(0),

Up = d2(0),
W1 = iBq1g ' LoWi +1ilg! Cy,
U1 = Y112 Lo Uy + i1$2By.

Remark 4.2. We construct the computational methods for analytic and approximate solutions to the
Schrédinger nonlinear problems which have a wide range of applications in physics. Clearly, the or-
der of convergence is a topic to be examined in the future. On the other hand, we have no information
about exact solutions to the examples shown and hence we are unable to provide numerical tables on
approximate precisions.

5. Conclusion

We have studied several Cauchy problems of the fractional nonlinear Schrodinger equations and de-
rived analytic and approximate solutions using Adomian’s decomposition methods. Several examples
were presented to demonstrate the algorithms for constructing solutions. This approach clearly works for
other types of nonlinear partial differential equations with initial conditions, as mentioned in Section 4.
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