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Abstract

In the present work, we propose to investigate statistical Riemann integrability, statistical Riemann summability, statistical
Lebesgue integrability and statistical Lebesgue summability by means of deferred Norlund and deferred Riesz mean. We discuss
some fundamental theorems connecting these concepts with examples. As an application to our newly formed sequences, we
introduce Korovkin-type approximation theorems with relevant example for positive linear operators by using Meyer-Koénig and
Zeller operators to exhibit the effectiveness of our findings.
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1. Introduction and preliminaries

The perception of statistical convergence for a real sequence was established by Fast [4] and Stienhauss
[22] independently. Later, it was restudied by Schoenberg [18]. Further, statistical convergence was
investigated by sequence space point of view and summability theory by Connor [2], Fridy [5], Salat [16]
and many others. For advance developments in the field of statistical convergence and their equivalent
topics, one should refer to [6, 10, 11, 13, 19]. Consider K C N, be such that

Km={n:n<mandn e K}

The natural density d(K) is given as

d(K) = lim M =q,

m—oco M

where a is finite real number and |K,,| denotes the cardinality of the enclosed set. A sequence (z,) is
said to be statistically convergent to zg if, for every € > 0,

Ke ={n:neNand |zn — 29| > €}
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has zero natural density which implies

K
d(Ke) = lim | eI:o.

m—oo M

We may write it as
S lim zy, = 2.
m—o00

Consider £ = [p1,p2] C R (set of all real numbers) be a closed and bounded interval. A finite collection
of points P ={ly, 11, 1, ..., Lin} is called a partition of [p1, p2], where

p1:10<11<12<-~<1m:p2.
The interval [p1, p2] is classified into subintervals as:
'Cl — [10/ l'1]/ LZ — [11112]/ e /LTTL — [lm—lrlm]-

Let yx be any arbitrary point from every subintervals (£)* ;. These points are called tags and the subin-
tervals linked with these tags are known as tagged partition of £. It is written as

J :{([lk—lllk;YK]) and k = 1/2/' o /m}'

A sequence of functions (gm)menN S.t. gm : [P1,P2] = R linked with the tagged partition J, the Riemann
sum &(gm,J) is defined as

m
8gm,J) =D g(vid) (L — L)
k=1
A sequence (gm ) of functions is Riemann integrable (R.I.) to a function g over [p1, p2] if for every € > 0,
dv >0s.t.
15(gm,J) —gl <,

where J denotes the tagged partition of [p1, p2] and ||J|| < v. Consider a finite measurable space (Z, %, p)
and (gm ) be the sequence of m.f. (measurable functions) with

m
Om =) CkXCys
k=1

where Cy = [« : gm () = ci] and (ck) are different values of (g ). Then, Lebesgue integral (L.I) of (gm)
w.r.t. measure p is given as

m
J gmdp =) _crp(Cy).
z k=1

The sequence (gm) of m.f. is said to be L.I. to a m.f. g if for every e > 0, we have

‘fzgmdp—g‘<€-

We may write it as gm € L(Z, p). To know more about statistical Riemann integral and statistical Lebesgue
integral, see [7, 20].
Assume that (1) and (sm ) be sequences of non-negative integers satisfying the following criteria:

(1) Tm < sm, (Vv m € IN);

(i1) limm—o00 S = 00.
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Now, suppose (U, ) and (vi) are two sequences of non-negative real numbers s.t.

Sm Sm
Un = Z W and Vi = Z Vj.
j=Tm+1 j=Tm+1

The convolution of the above sequences is defined as:

ﬂ) U*V Z UkVs,, —k-
k=rm-+1

Then, the deferred Norlund mean w.,,, is defined as

z Us—jViZj-

) =Tm+1

To know more about deferred Norlund mean, see [3, 21]. Suppose {qm} be the sequence of non-negative
real numbers and .
D G

j:Tm+1

where the sequences {r,} and {s } satisfy above conditions (i) and (ii). Then, deferred Riesz mean t,, is
defined as

Sm

1
tm 97 Z qjzj-

j=rm+1

For detailed study on deferred Riesz mean see [15]. Now, we define the product of deferred Riesz mean
and deferred Norlund mean as follows:

Sm

Z Us—iVidjZj-

™ j=rm+1

P = (W) =

Also, the sequence {1} is said to be summable to z if

Iim Y, =z
m—00

A sequence {z, } is said to be deferred Norlund and deferred Riesz statistically convergent to z if V € > 0,
the set
m:m < Ppdm and ug, jvjqjlzm —z| > €}

has natural density zero, i.e.,

nllinoo? I

Hm:m < Ppdm and us,,—jviqgjlzm —zl > €} = 0.

It is written as S —limz,, =z or z;, — z (P -statistically convergent) as m — oo.

Essentially motivated by the above mentioned investigations, here we investigate and study the con-
cept of statistical version of Riemann summability, Riemann integrability, Lebesgue integrability and
Lebesgue summability by means of deferred Norlund and deferred Riesz mean. First, we discuss some
fundamental theorems connecting these concepts with examples. As an application, we introduce Korovkin-
type approximation theorems by means of deferred Norlund and deferred Riesz mean with algebraic test
functions and present example to illustrate the findings.

Throughout the text we represent SMF as sequence of measurable finctions.
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2. Riemann integrability via deferred Norlund and deferred Riesz mean

Here, we define the Riemann sum of a sequence of functions 8(gm,J) by using deferred Norlund and
deferred Riesz summability mean of the form as

1 -
K(8(gm, 7)) = 55— > e, —viqid(gs, 9). (2.1)
mEm 1

We now discuss some definitions related to statistical Riemann integrability and statistical Riemann
summability by means of deferred Norlund and deferred Riesz mean (D(NR)).

Definition 2.1. A sequence of functions (gm)men is known as deferred Norlund and deferred Riesz
statistical Riemann integrable to g on [py,p2], if V € > 0,3 v > 0, and a tagged partition J of [py, p2] with
I7]] < v such that

{Tl n < Ppdm and usmfnvnqnw(gnzj) - g| = 6}

has zero natural density, i.e., Ve > 0,

lim !
m—o0 Prdm

Hn N < Pdm and U, nVnqnld(gn,J) —gl > eH =0.

It can be written as
D(NR)Rs lim 6(gm,J) =g.

m—o0

Definition 2.2. A sequence of functions (gm)men is known as deferred Norlund and deferred Riesz
statistically Riemann summable to g on [p1,p2],if V€ > 0, 3 v > 0, and a tagged partition J of [p1, p2] with
191 <,

{n < P and K[S(gm,J) —gl > e}

has zero natural density, i.e., Ve > 0,

1
Iim — {n N < Pdm and K|d(gm,J) — gl > e} =0.

m—oo MM
It can be written as Sp(Nr);m liMm 00 8(gm, J) = g.

Theorem 2.3. If a sequence (gm)menN of functions is deferred Norlund and deferred Riesz integrable to g on
[p1,P2l, then it is deferred Norlund and deferred Riesz statistical Riemann summable to g on [p1, p2l.

Proof. As (gm)men is deferred Norlund and deferred Riesz statistically Riemann integrable to g on

[p1,P2l, by Definition 2.1, we have

lim 1
m—o0 Pindm

Hn N < Pydm and us,, - nVvnqnld(gn,J) —gl > e}‘ =0.
Now, we consider the following two sets

&= {n N < Pydm and ug,,—nVnqnld(gn,J) —gl > e}
and

&€ = {n N < Pydm and us, Vv qnld(gn,J) — gl < e}.
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Then, we have

1 =
‘K(é(gm,ﬂ))—g‘—’j) 3 > usm_mqié(guﬂ)—g‘
MM+l

1 Sm 1 Sm
<’ > usmiViqi[é(gi;j)_g]“"‘?m%m > usmiviqig_g‘

i=rm+1 i=rm 41
1 om 1 Sm
< P I Z Us,—iviqi|d(gi, J) —9‘ + P Z U, —iviqi|0(gi,J) _g‘
i=rm+1 i=rm41
(nege) (neee)
1 Sm 1 1
_ivigi — 1| < e ecl.
+ |9‘£Pm8m i_TZ_H Us,,—iVidi ’ ?m8m| |+ me‘Sm| \

This implies that |X(8(gm,J)) — g’ < €. Thus, the (g ) is deferred Norlund and deferred Riesz statistical

Riemann summable. O

Converse of the above result is not true. Let us prove this by an example.

Example 2.4. Suppose 1, = 4m, s,y =2m, ug, i =2m, v; = 1, qi = 1 and suppose gm : [0,1] — R be
the function of the form

(2) = 0, (zeQno,1; if mis even),
ImZI =1 1, (ze R—QnNI0,1); if mis odd).

The given sequence of functions (g ) shows that it is neither Riemann integrable nor deferred Norlund
and deferred Riesz statistical Riemann integrable. But from (2.1), we have

1T = 1 & 1
K(8(gm,J)) = ) Z Us,—iviqid(gi, J) = Mm% 2m Z 8(gi,J) = 2
MMy 1 i=2m+1

Therefore, (gm) has deferred Norlund and deferred Riesz Riemann sum } corresponding to tagged par-

tition J. So, (gm ) is deferred Norlund and deferred Riesz Riemann summable. But it is not deferred
Norlund and deferred Riesz statistical Riemann integrable.

3. Lebesgue integrability via deferred Norlund and deferred Riesz mean

Now, let us present Lebesgue sum by means of deferred Norlund and deferred Riesz summability
mean for sequence of m.f. (g,) as

I
WL(Zp)) = 5—5— D Us, vidicip(Ci). (31)
B P |

Definition 3.1. A SMF (gn)nen is known as deferred Norlund and deferred Riesz statistically L.I. to m.f.
gonZ,ifvVe >0,

{TL m < Pypdm and usm—nvnqn‘cnp(cn) _g‘ = 6}

has zero natural density, i.e., Ve > 0,

lim L
m—00 Pindm

=0.

Hn N < Pydy and usmfnvnqn’cnp((?n) —g’ > e}

It can be written as
D(NR)Ls lim g, =g.
m—o00
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Definition 3.2. A SMF (gm)men is known as deferred Norlund and deferred Riesz statistically Lebesgue
summable tom.f. gon Z,if V € > 0,

{n :n<mand (W(L(Z,p)) —gl > e}

has zero natural density, i.e., Ve > 0,

lim 1 {n:ng mand [W(L(Z,p)) —g| > e}’ =0.

m—oo M

It can be written as

So(NRIL nlllgloo gm = 0.

Theorem 3.3. If a sequence (gm)men of m.f. is deferred Norlund and deferred Riesz statistically L.I. to measurable
g on Z, then it is deferred Norlund and deferred Riesz statistical Lebesgue summable to same m.f. g on Z.

Proof. As (gm)men is deferred Norlund and deferred Riesz statistically L.I. to g over Z, by Definition 3.1,

lim 1 =0.

m—oo Prdm

Hn n < Pydy and usm_nvnqn’cnp(Cn) —g’ > e}

Now, we consider the following two sets

F= {n N < Ppdy and usmfnvnqn‘cnp(Cn) —g‘ > e}
and
FC — {n n < Pyrdm and usm,nvnqn‘cnp(Cn) —g‘ < e}.

Thus, we have

Sm
‘W(L(ZIP)) —9’ = "Pmﬁm > g, —iviqilcip(Ci)) —9‘
i=rm+1
1 = 1 wl
< ‘ > ug,-ividilleip(Cy)) —Q]) + ' > usm—iviqig_G'
?mﬁm i=rm+1 :Pmﬁm i=r,m+1
1 - 1 <
<SP o > g, —ividi|(cip(Ci)) —9‘ P o > g, —ividi|(cip(Ci)) —9’
i=rm+1 t=Tm+1
(meF) (nege)

i=rm+1

1 o 1 1
+ |9|‘ Z usm—mqil' < |F| + | |F€I.

Thus, ’W(L(Z, p)) — g‘ < €. Hence the (gm) of measurable function is deferred Norlund and deferred

Riesz statistical Lebesgue summable to measurable function g on Z. O

To show the converse of the above result is not true we present an example.
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Example 3.4. Consider s;, =4m, 1y =2m, ug, i =2m, qi =1,vi =1, s =1 and suppose gm : [0,1] = R
be the function of the form
0, (if mis even),
om(z) = { 1, (if mis odd),

where z € [0,1]. The given sequence of functions (g ) shows that it is neither Lebesgue integrable nor
deferred Norlund and deferred Riesz statistical Lebesgue integrable. But from equation (3.1), we have

1 & 1 < 1
W(L(Z,p)) = P9 Z Us,,—ividi(cip(Ci)) = X 2m Z cip(Ci) = 5
Mmoo+l i=2m+1

Therefore, (gm ) has deferred Norlund and deferred Riesz Lebesgue sum ﬁ. So, (gm ) is deferred Norlund
and deferred Riesz statistical Lebesgue summable. But it is not deferred Norlund and deferred Riesz
statistical Lebesgue integrable.

4. Korovkin-type approximation theorems

Korovkin-type approximation theorems have been investigated by many mathematicians under var-
ious fields such as function spaces, Banach spaces, and so on. Recently, Mohiuddine and Alamri [8]
studied Korovkin and Voronovskaya-type approximation theorems. For detailed study on Korovkin ap-
proximation theorem one may refer to [9, 12, 14, 17]. By C[0, 1], we mean the space of all real valued
continuous functions on [0,1]. The space C[0, 1] is a Banach space with the norm

llglloc = sup lg(T)l, Vg€ C[0,1].
Tte[0,1]

Assume that § : C[0, 1] — CI[0,1] is a positive linear operator (PLO), that is, §(g) > 0 whenever g > 0. By
§(g; T) we represent the value of §g at a point T.

Theorem 4.1. Suppose § (1 € IN) be a sequence of PLOs from C[0, 1] into itself. Then, ¥V g € C[0, 1],

D(NR)%Rs  lim [[§1(g;) = g(7) o = 0 @)
iff

D(NRJ%s  lim [|§1(g1:7) = :(Tlloo =0, (42)
where

go(t)=1, gi(1) =1, and go(7) =7

Proof. The condition (4.1) implies (4.2) by using the factor that each of the functions gi(t) = ¢ €
C[0,1] (e = 0,1,2) is continuous. Assume that (4.2) holds and suppose g € C[0,1], then 3 a constant
G, s.t.,
lg(t) <G (VTell1]),
which implies
lg(s) —a(T)<2G (V1,5€0,1]).

For given € >0, 46 >0, s.t.,

la(s) —a(T)l <, (4.3)

whenever
Is — 1] < B.

Choose P = (s, T) = (s — ). If |s — 7| > 5, then

la(s) — (1)l < Zﬁfw(s,r). (4.4)
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From (4.3) and (4.4), we get

2G 2G 2G
la(s) —g(t)l < e+ @11)(5&), —e— @w(s,ﬂ <gls)—glr) <e+t ﬁw(sm)-

By the monotonicity and linearity of the operator §(1, 1), we have

Su(L,7)(—e — éfw(s,m < FuL,Dlals) — a(v)] < Fu(L,T)(e + éflb(sm))-

Suppose that T is fixed, so g(7) is a constant number. Thus, we have

Zﬁfa(w, 1) <o) — s(0F L) < 5L 1)+ 2 Fu (W, 7).

—€8:1(1,T) - [52

But
Su(g, ) —g(7) = Bulg, T) — g(T)EUL, T + g(T) 51 (1, T) — 1]

gives
2G

Si(g, ) —g(t) < eFr(l, 1) + @SL(II),T) +g(t)E(1,7) -1 (4.5)
Next, we estimate §(V, T) as

510, 1) =Ful(s — 1) 1) =Fuls® — 2t + 75, 7)
=F1(s%, 1) — 2tF1(s, T) + TF(L, T) = [Fu(s? 1) — T —2fFuls, T) — 1l + PE (L, 1) — 1.

From (4.5), we have
31(0,7) — alt) < eFu(L,T) + Zﬁf{msz, ) — ] — 2131 (s, 1) — 7 + 2AFUL T) — 11} (0,7 — 1)

— eFuL T~ tet é‘j{[&(s%) ) 21l (s, ) — 1 + (1, 7) —1]}
(0B (L) — 11
Then,
F1(5,0) — g0 < e+ (e + zﬁf +G)FLT) 1]+ ‘Efm(s,r) i zﬁfm(sz,r) 2
< e+ DIFUL T — 1+ Fuls,7) — 1+ Fu(,7) — 22,
where

B> B B2
Now, for given A >0, 3 e > 0s.t. 0 < € < A. Then, by setting

D:max{e+ZG+G 26 4G}.

CDW(T/)\) = '{W W < PO and usmfnvnqn|%vl(g/'t) *Q(T” = }\}‘

and

A—e€
(De,w(T/ }\) = ‘{W :w < Prdm and usmfn\)nqn|gl(ge/ T) — ge(T)| = 3G }

fore =0,1,2, so we get

Dy (T,A) < D) QeplT,A).
e=0
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Thus, we have

D, (T,A) Qe (T, A)
I Hc01 \ZH ewl ||C01‘ 46)

By using Definition 2.1 and the assumption about the 1mpl1cat1on in (4.2), the right side of (4.6) approaches

to zero as m — oo. Hence,

D, (T, A
lim |D ( 19)||C[0,1] —0, (A0

m—oo Pmdm

Therefore, (4.1) holds true. O]

Theorem 4.2. Suppose §1 (1 € IN) be a sequence of PLOs from C[0, 1] into itself. Then, ¥ g € C[0, 1],

SD(NR)® llggo [131(9; 1) — 9(T)[[eo =0
Z:f"f .
So(NR)% nggo 1T1(ge; T) — ge(T)||oo =0,

where

g(t) =1, g(t)=1 and g(t) =7

Proof. This theorem can be proved in the similar manner as done in Theorem 4.1. Therefore, we prefer to
skip the details. O

Next, we present an example in support of above theorems.
Example 4.3. Consider the Meyer-Konig and Zeller operators [1] My(g; T) on C[0, 1] is defined as
S o NN o
M“(Q’T)_]_Zog<j+o+1)< ; )T(l ) (T € [0,1D).
Now, we define an operator § : C[0,1] — C[0,1] by
Solg;T) =1+ go(T)T(1+TD)Ms(g;T), g€ ClO,1], (4.7)

where the sequence (gn (7)) of functions are described as in Example 2.4. Now,

Solg0;T) = [1+ go(T)IT(1 +TD)go(T) = [1 + go(T)IT,

Solg;t) = 1+ go(T)IT(1 +TD)g1(T) = 1 + go(W)lT(1 +7T),

and

Solg27) = [1+ gal (1 +TD){92(T) <gﬁ> i }

o+2 1 o+2
— [1+90(T)]{T2[<0_+1>T+2(0.+1> +2T<o+1)]}'

Sonrym im [|§o(ge; T) — ge(T)[|oo =0,
O—00
Ve =0,1,2. Hence by Theorem 4.1, we have

Consequently, we have

Spo(NR)®R hm 1So(gT T)|loo =0,

V g € C[0,1]. The sequence (gm ) of functions described in Example 2.4 is deferred Norlund and deferred
Riesz statistical Riemann summable, but not deferred Norlund and deferred Riesz statistical Riemann
integrable. Thus, our proposed operators given by (4.7) satisty Theorem 4.2. However, it does not work
for Theorem 4.1.
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Theorem 4.4. Suppose §1 (1 € IN) be a sequence of PLOs from C[0, 1] into itself. Then for all g € C[0,1],

D(NR)Ls  lim [|31(g;7) —0(T)]loo = 0

iff
D(NR)Ls lli_{lgo Hgl(ge}T) *ge(T)Hoo =0,

where
2

go(1) =1, gi(t) =1, and g(7) ="
Proof. This theorem can be proved in the similar manner as done in Theorem 4.1. Therefore, we prefer to
skip the details. O

Theorem 4.5. Suppose § (1 € IN) be a sequence of PLOs from C[0, 1] into itself. Then, ¥V g € C[0,1],
Sonr)r im [[Fu(g; 1) — g(T)[[eo =0
l—o0

iff

Sp(NR)L lli_{go [IF1(ge; T) — ge(T)|lo =0,

where
2

g0(t) =1, gi(t) =7, and go(7) = 7"
Proof. This theorem can be proved in the similar manner as done in Theorem 4.1. Therefore, we prefer to
skip the details. O

5. Conclusion

In this article, firstly we present the concept of the deferred Norlund and deferred Riesz statistically
Riemann integral, deferred Norlund and deferred Riesz statistically Lebesgue integral. Further, with the
help of certain examples we established some implication relations among them. Finally as an applica-
tion upon our proposed method, we proved Korovkin-type approximation theorems with algebraic test
functions. The results presented in this article not only generalize the earlier works done by several
mathematicians but also give a new outlook concerning the evolution of Korovkin-type approximation
theorem. As a future work one can study the concept of deferred Cesaro and deferred Euler statistically
Riemann integral for sequence of real valued functions.
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