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Abstract

This paper is concerned with the controllability results of neutral impulsive stochastic functional integrodifferential equa-
tions driven by a fractional Brownian motion with infinite delay in a real separable Hilbert space. The controllability results
are obtained using stochastic analysis, the theory of resolvent operator in the sense of Grimmer and Krasnoselskii fixed point
theorem. An example is provided to illustrate the obtained theory.
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1. Introduction

The concept of controllability plays a major role in both finite and infinite dimensional spaces for
systems represented by ordinary differential equations and partial differential equations. One of the basic
qualitative behaviors of a dynamical system is the controllability. The problem of controllability is to
show the existence of control function, which steers the solution of the system from its initial state to
final state, where the initial and final states may very over the entire space. Conceived by Kalman, the
controllability concept has been studied extensively in the fields of finite and infinite-dimensional systems.
If a system cannot be controlled completely then different types of controllability can be defined such as
approximate, null, local null and local approximate null controllability. For more details the reader may
refer to [1, 9, 10, 17, 18] and references therein.

On the other hand, the properties of long/short-range dependence are widely used in describing many
phenomena in fields like hydrology and geophysics as well as economics and telecommunications. As
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extension of Brownian motion, fractional Brownian motion is a self-similar Gaussian process which has
the properties of long/short-range dependence. However, fractional Brownian motion is neither a semi
martingale nor a Markov process. In [4, 5, 11, 12], studied the general theory for the infinite-dimensional
stochastic differential equations driven by a fractional Brownian motion.

Few years ago, Park et al. [15] investigated the controllability of impulsive neutral integrodifferential
systems with infinite delay in Banach spaces using Schauder-fixed point theorem. Very recently, [2, 7]
established the existence, uniqueness and asymptotic behaviors of mild solutions to a class of impul-
sive neutral stochastic integrodifferential equations driven by a fractional Brownian motion with delays.
Moreover, several upcoming researchers are keen interested to study the solution of control problems in
the field of stochastic systems. A through survey of literature reveals that a very little work has been done
for the fractional Brownian motion in stochastic control problems. Chen [6] concerned the approximate
controllability for semilinear stochastic equations with fractional Brownian motion. Several researchers
reported the use of fractional Brownian motion in stochastic integrodifferential equations (see [11, 12, 17]
and references therein). Moreover, the controllability of neutral impulsive stochastic functional integrod-
ifferential systems with infinite delay driven by a fractional Brownian motion is an untreated topic in the
literature so far. Thus, we will make the first attempt to study such problem in this paper.

The goal of present research work is focus to study the controllability of neutral impulsive stochastic
functional integrodifferential equations of the form:

t

dx(t) —g(t, x¢)] = A [x(t) + g(t, x¢) + Bu(t)] dt + Jo v(t—s)[x(s) +g(s,xs)] dsdt

+ f(t,x¢)dt + o(t)dB"(t), t€[0,T], (L.1)
AX| . =x(6) —x(t) = Ll(x(ty)), k=1,..,m,
x(t) = o(t) € £LY(Q, By), forae. t e (—oo,0.

Here, A is the infinitesimal generator of a strongly continuous semigroup of bounded linear operator
(T(t))t=0 on a Hilbert space X with domain Z(A); y(t) is a closed linear operator on X with domain
2(y) D 2(A); B! is a fractional Brownian motion with Hurst parameter H > % on a real and separable
Hilbert space Y; and the control function u(-) takes values in £2([0,T],U), the Hilbert space of admissible
control functions for a separable Hilbert space U; and B is a bounded linear operator from U into X. The
history x¢ : (—o0,0] = X, x¢(0) = x(t + 0), belongs to an abstract phase space %}, defined axiomatically,
and f,g : [0, TI x % — X, 0:[0,T] — L(Z)(Y,X) are appropriate functions, where Lg(Y, X) denotes the
space of all Q-Hilbert-Schmidt operators from Y into X. Moreover, the fixed moments of time ty satisfy
0<t <tr < - <tm <T, x(t) and x(tl’g) represent the left and right limits of x(t) at time ty,
respectively. Ax(ty) denotes the jump in the state x at time t with I : X — X determining the size of the

jump.

2. Preliminaries

In this section, we introduce the fractional Brownian motion as well as Wiener integral with respect
to it. We also provide some important results which will bee needed throughout this paper. For more
details on this section, we refer the reader to [7, 13, 18].

Fix a time interval [0, T] and let (Q,J,P) be a complete probability space and {BH(t) :tc |0, T]} be
a one-dimensional fractional Brownian motion with Hurst parameter H € (%, 1). By definition, " is a
centered Gaussian process with covariance function

Races = B [B(0B"(s)] = 5 (It + 1P~ e~ o)

Moreover, B has the following Wiener integral representation
t

BH(1) =J Kalt, s)dB(s),
0
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where 3 ={p(t);t € [0, T]} is a Wiener process and kernel Ky(t, s) is given by

t
Kalt,s) = s | (wo s Fua,
0

H(2H—1)
g(2—2HH—1)

We will denote by 7 the reproducmg kernel Hilbert space of the fractional Brownian motion. Pre-
cisely, 2 is the closure of set of indicator functions {1jg;:t € [0, T]} with respect to the scalar product
(Lo, 10,s1) » = Ru(ts).

The mapping 1j0) — BH(t) can be extended to an isometry between % and the first Wiener chaos
and we will denote by B¥(¢) the image of ¢ by the previous isometry.

Let X and Y be two real separable Hilbert spaces and let £(Y,X) be the space of bounded linear
operator from Y to X. Let Q € £(X,Y) be an operator defined by Qe,, = A,,e,, with finite trace

for t > s, where ¢y = and g(-,-) denotes the Beta function. We take Ky(t,s) = 0if t <s

trQ:i?\n<oo,

n=1

where Ay > 0 (n =1,2,...) are non-negative real numbers and {en} (n =1,2,...) is a complete orthonor-
mal basis in Y. We define the infinte dimensional fractional Brownian motion on Y with covariance Q
as

BY(t) =BG (1) = ) VAnenPi(t)
n=1

where Y are real, independent fractional Brownian motion’s. This process is Gaussian, it starts from 0,
has zero mean and covariance

E (B*(t),x) (B*(s),y) = R(s,t) (Q(x),y) for x,y € Yand t,s € [0,T].

Now, define the Wiener integrals with respect to the Q-fractional Brownian motion, we introduce the
space LY = Lg(Y,X) of all Q-Hilbert-Schmidt operators ¢ : Y — X. We recall that ¢ € £(Y,X) is called a
Q-Hilbert-Schmidt operator, if

ad 2
I3y = 3 ||vAncen|| < oo,
n=1

and that the space £9 equipped with the inner product < ¢, > )= Y o1 < @en,len > is a separable
Hilbert space. Let ¢(s) : s € [0, T] be a function with values in Lg(Y, X) such that

n=1
The Weiner integral of ¢ with respect to B is defined by

t
J, ots1as” - Zj VAnb(s)endpi (s). 1)

n=1

2
K*chl/zen‘ < 0.

0
'C’Z

t
Lemma 2.1 ([13]). If C: [0, T] — £5(Y, X) satisfies ”C(S)”zag ds < oo, then (2.1) is well defined as an X-valued

JO
random variable and

2
E

r ¢(s)dB"(s)

t
< thZH—lj 1¢J2, ds.
0 0 2
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We assume that the phase space %, is a linear space of functions mapping (—oo, 0] into X, endowed
with a norm ||-[| 5 . First, we present the abstract phase space %. Assume that h: (—o0,0] — [0,00) is a
continuous function with

0
1= J h(s)ds < +o0.

We define the abstract phase space %}, by %) = {C : (—00,0] — X for any T > 0, (E||¢/|*)"/2 is bounded

and measurable function [t,0] and f(loo h(t) supthgo(E IIC(s) ||2)1/2dt < oo}. If this space with the norm

0
1115, :J h() sup (E Ie]*)2at,

then it is clear that (%, [|-|| 4, ) is a Banach space.

We now consider the space %41 (Z and I stand for delay and impulse, respectively) given by #41 =
{x i (=00, T = X : Xl € €1, X) and x(t),x(ty) exist with x(t) —x(t; )k = 1,2,...,mxo— @ €
Py, and SUPoc<T E(Hx(t)Hz) < oo}, where x|Iy is the restriction of x to the interval Iy = (ty,txi1],
k=1,2,...,m. Then the function ||-|| %, to be a semi-norm in gy, it is defined by

Ixll 5, = IIxolls, + sup (E(Ix(t)]*)/2
0<t<T

The following lemma is a common property of phase spaces.

Lemma 2.2 ([13]). Suppose x € By, then for all t € [0, T], x¢ € Bn and

UE(x(t)]*)2 <1 sup (E|Ix(s)[)2 + |xoll 4, ,
0<s<t

0

where 1 = [~ _ h(s)ds < oco.

2.1. Partial integrodifferential equations in Banach spaces

Further, we recollect some basic results related to resolvent operators. Regarding the theory of resol-
vent operators, we refer the reader to [8]. Let A and y(t) are closed linear operators on X and Y represents
the Banach space Z(A) equipped with the graph norm

lyly :==I[Ayl+1yl for yeY.

The notation ([0, 00); Y) stands for the space of all continuous functions from [0, co) into Y. We consider
the following Cauchy problem

t

v/ (t) = Av(t) +J y(t—s)v(s)ds for t >0,
0 (2.2)
v(0) =vy € X.
Definition 2.3 ([8]). A resolvent operator for equation (2.2) is a bounded linear operator valued function
R(t) € L(X) for t > 0, satisfying the following properties:

(i) R(0) =Tand ||R(t)|| < MeM for some constants M and §3;
(ii) for each x € X, R(t)x is strongly continuous for t > 0;
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(iii) forx €Y, R(-)x € €([0,00); X) € ([0, 00); Y) and

t t

y(t—s)R(s)xds = fR(t)Ax—I—J R(t—s)B(s)xds fort > 0.

R (t)x = AR(t)x + J
0

0
For additional details on resolvent operators, we refer the reader to [8]. In what follows we suppose the
following assumptions.

(H1) The operator A generator a Cp-semigroup (T(t))¢>0 on X.

(H2) Forallt > 0, y(t) is a continuous linear operator from (Y, |-ly) into (X, |-ly). Moreover, there exists an
integrable function % : [0,00) — R such that for any y € Y, y — y(t)y belongs to W([0, 00); X)
and

d

ay(t)(t)y <EMt)yly foryeY andt > 0.

X

Theorem 2.4 ([8]). Assume that hypotheses (H1) and (H2) hold. Then there exists a unique resolvent operator for
the Cauchy problem (2.2).

Lemma 2.5 ([14]). For any T > 0 there exists a constant L = L(T) such that
IR(t+€) —R(e)R(t)[[ (x) < Le for0 < e <t <.

In the sequel, we recall some results on existence of solutions for the following integrodifferential equation

{v’(t) = Av(t) + ry(t —s)v(s)ds+q(t) fort >0,

0 (2.3)
v(0) =v € X;
where q : [0,00) — X is a continuous function.

Definition 2.6. A continuous function v : [0, 00) — X is said to be a strict solution of equation (2.3) if

(i) v e €' (10,00);X) N % ([0,00); Y);
(ii) v satisties equation (2.4) for t > 0.

Theorem 2.7 ([8]). Assume that (H1)-(H2) hold. If v is a strict solution of Equation (2.3), then the following
variation of constants formula holds

v(t) = R(t)vy + Lt R(t—s)q(s)ds for t > 0. (2.4)

Now, we have the following definition for mild solution of (2.3).

Definition 2.8. An X-valued process {x(t) : t € (—oo, T]} is a mild solution of (1.1) if

1. x(t) is measurable for each t > 0, x(t) = @(t) on (oo, 0],
Ax‘t—tk = Ik(x(t]z))/ k=1,2,...,m,

the restriction of x(-) to [0, T] —{ty, t2, ..., tn} is continuous;
2. for every 0 < s < t, the process x satisfies the following integral equation:

t t

R(t—s)f(s,xs)ds +J R(t—s)Bu(s)ds

x(t) = R(t) [9(0) — g(0, 0)] + g(t, xt) +J 0

0 2.5)

—l-rR(t—s)G(s)dBH(s)—i— D> R(t—s)(x(t)), P—as.

0 O<tig<t
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Definition 2.9. A function v : [0,00) — X is called a mild solution of (2.3) if v satisfies the variation of
constants formula (2.4) for vy € X.

Definition 2.10. Let V be a bounded closed and convex subset of a Banach space X and let ITy, T, be two
operators of V into X satisfying

(1) TTi(x) +TTa(x) € V whenever x € V;
(i) TTy is a contraction mapping; and
(iii) TT, is completely continuous.

Then, there exists az € V such that z =TT (z) + T (z).

3. Controllability result

Definition 3.1. System (1.1) is said to be controllable on the interval (—oo, T] if for every initial stochastic
process ¢ defined on (—oo, T], there exists a stochastic control u € £2([0, T]; U) such that the mild solution
x(-) of (1.1) satisfies x(T) = x;.

In order to establish the controllability of (1.1), we impose the following hypotheses.

(H3) The resolvent operator R(.) is compact and there exist constants M > 1 such that || R(t) 1> < M.

(H4) The mapping g : [0, T] x #n — X satisfies the following conditions and there exist constants kg > 0
such that

Ellg(t,x) — g(t,y)|> < kg Ix—yll%, , t € 0,T], x,y € B, kg = sup [lg(t,0)[.
t€[0,T]

(H5) The mapping f: [0, T] x % x X — X satisfies the following conditions:
(i) the function t — f(t,x) is measurable for each x € %}, the function t — f(t,x) is continuous
for almost all t € [0, T];
(ii) for every positive integer k there exists pyx € L£1([0,T],R"), such that

1 T
||f(t,x)|]2 < px(t), forall t€[0,T], and k11_r>r;o X Jo Pr(T)dT =7 < 0.

(H6) The impulses functions Iy for k = 1,2,...,m, satisfy the following condition. There exists positive
constants My, My such that

Ik (x) — Ik(y)||2 < My ||x—y||2 and HIk(x)H2 < K/lvk for all x,y € %n.

(H7) The function o : [0, 00) — Lg(Y,X) satisfies

T
Jo HO‘(S)HZLg ds < oo, for t>0.

(H8) The linear operator W from U into X defined by

-
Wu = J R(T—s)Bu(s)ds
0

has an inverse operator W1 that takes values in £2([0, T], U)/ ker W, where
ker(W) = {x € £*([0, T],U) : Wx = 0}.

The main result of this paper is given in the next theorem.
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Theorem 3.2. Suppose that (H1)-(H8) hold. Then, the system (1.1) is controllable on (—oo, T] provide that
61% (1+7MMpMw T?) [S[kz(l +2k1)] + 8MT?[k3(1 + 2k4)]] <1 (3.1)

Proof. Using (H8) for an arbitrary function x(-), define the control

T

x1— R(T) [9(0) — g(0, x0)] — g(T, x7) —JO R(T — s)f(s, xs)ds

Uy (t) = W1

.
_L R(T—s)o(s)dB(s) — ) az(T—tk)Ik(x(tk))](t).

O<ti<t

Now, put the control u(-) into the stochastic control system (8) and obtain a nonlinear operator I' on %41
given by

@(t), forte (—oo,0],
t t
R(t) [(0) —g(0, @, 0)] + g(t, x¢) + L R(t—s)Buy(s)ds + L R(t—s)f(s,xs)ds

+JtR(t—s)G(s)dBH(s)+ Z Rt —ti)e(x(ty)), if tel0, T
0

rx)t) =

O<ti<t

Then it is clear that to prove the existence of mild solutions to equations (1.1) is equivalent to find a fixed

point for the operator. Clearly, 'x(T) = x;, which means that the control u steers the system grom the

initial state ¢ to x; in time T, provided we can obtain a fixed point of the operator I' which implies that
the system in controllable.

Lety : (—oo, T] — X be the function defined by
@(t), if t € (—o0,0],
y(t) = .
R(t)@(0), iftel0,T],

then, yo = ¢. For each function z € %y, set

x(t) = z(t) +y(t).
It is obvious that x satisfies the stochastic control system (2.5) if and only if z satisfies zg = 0 and

t t
R(t—5s)Boyy(s)ds —|—J R(t—s)f(s,zs +ys)ds

z(t) = g(t,zt+yt)—91(t)9(0/@)+J 0

0

t

+J R(t—s)o(s)dB%(s) + Z R(t —ti)Ix[z(t, ) —y(t )], if t€[0,T],
0 O<ti<t

where

T

x1 —R(T) [@(0) — g(0,2z0 +yo)l — g(T, z1 +y1) — JO R(T —s)f(s,zs +ys)ds

Uzt+y (t) = wt

:
—JO R(T - s)o(s)dB%(s) — Y R(T—tk)lk[z(tg)+y(t;n](t).

O<ty<T

Set

%%12{26@@1:Z0:0},
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for any z € %’%I, we have

2,1 2,1
Izl = llzoll, + sup (E[z(t)][")2 = sup (E||z(t)[]")>.
te[0,T] tel[0,T]

Then, (22, H||@(;Z I) is a Banach space. Define the operator © : %9, — 27, by

0, if te€ (—o0,0],

g(t,z¢ —I-yt)—ﬂl(t)g(o,(p)—i—J R(t—s)BHy(s)ds—l—J R(t—s)f(s,zs +ys)ds
. 0 0

—|—J R(t—s)o(s)dB(s) + Z R(t—ti)Ixlz(ty ) —y(t )], if te[0,T],

0 O<tk<t

t t

(©z)(t) =

Set
By = {z c B HZHZ%’O@I < k} , forsome k >0,
then %) C %0% is a bounded closed convex set, and for z € %), we have
2+ il <2 (lzdl,, + v, )
<4 (12 sup Ez(s)|* + [|z0ll%, +1* sup E||y(s)||2+uyo|@h>

0<s<t 0<s<t

<42 (k+ ME | @(0)]") +4lyl%, ="

Next,

t
E[uziy® < 7Mw [ Ixa]|* + ME [ @(0) > + 2Mlkg [[yl%, + Kol + MT JO pr*(s)ds
. - (3.2)
2H—1 2 M. | —
+2MTH L lo(s)IIzg ds+kaZ_1Mk] =G.

It is clear that the operator ® has a fixed point if and only if © has one, so it turns to prove that © has
a fixed point. To this end, we decompose © as © = Op + Oy, where ©; and O, are defined on %Qﬂ,
respectively by

0, if t € (—o0,0],
(©12)(t) = t H :
gt z¢ +yt)—93(t)9(0,<9)+J R(t—s)o(s)dB"(s), ifte[0,T],
0
0, if t € (—o0,0],
t t
(@2)(t) = J R(t—s)f(s,zs —l—ys)ds—i—J R(t—s)Bu,4y(s)ds
0 0
+ ZO<tk<t R(t - tk)Ik(Z(t]:) +U(tz))/ ifte [0; T]/

In order to apply the Krasnoselskii fixed point theorem for the operator ©, we prove the following asser-
tions:

(1) B1(x) +Oz(x) € #x whenever x € Hy;
(2) ©, is a contraction;
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(3) ©; is continuous and compact map.

For the sake of convenience, the proof will be given in several steps.

Step 1: We claim that there exists a positive number k, such that ©;(x) + @2(x) € # whenever x € #. If

it is not true, then for each positive number k, there is a function z*(-) € %, but ©1(z") + @,(z*) ¢ %,
that is

E||©:(z5)(t) + 0a(%) ()] > k for te0,Tl.

However, on the other hand, we have

k < E|[|©1(z)(t) —I—@z(zk)(t)HZ <6 [ZM[kg \|y||i3h + kgl + 207" + KgIMM, T2G

T T m
+MTJ pr*(s)ds—l—ZMTZHlJ Hd(s)Hng ds+MZ Mk}
0 0 k=1

<6 (1+6MMpM,,T?) [ZM[kg Hyu?@h + kgl + 207 + kgIMM, T3S

T T m
+MTJ pr*(s)ds+2MTZH_1J HG(S)Hig ds+M ) Mk}
0 0 k=1

+6MMp M, T2 [ [x1]> + ME | 0(0)|

.
< K+6(1+6MMpM,,T?) [2MTJ pr*(s)ds],
0

where
.
K'=6(1+6MM,M,,T?) [2M[kg lyli%, +¥gl +2Kg +2MT1 JO lo(s)l%q s
m
+M Y Mic+6MMuMo T2 [ [x1]* + ME [ 0(0)] }
k=1

is independent of k. Dividing both sides by k and taking the lower limit as k — oo, we obtain
P = 472 [k+ ME ||<p(0)\|2} +4]yl, — oo as k— oo,

t t
J prr(s)ds J prr(s)ds .
. . 0 T . 0 I 42
kl1_r>r;o inf ” = k11_r>r;o inf ST 417y.

Thus, we have

617 (1 +6MMpM,, T?) BMTy] > 1.
This contradicts (3.1). Hence (01 + ©,) (%) C HBy.
Step 2: ©; is a contraction. Let t € [0, T] and zb 22 € %_921,
2
E|(@:12")(t) — (©12)(t)||” < 2E|[g(t, 2t +y¢) — g(t, 2t + yi)

<kg |zt +yi—2 4yl

<k [zt~

2
I
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< kg ¥ 212 sup EHzl(s)—z2(5)H2+2(Hz(l)H;h—l—Hz%H;h”
0<s<T

<Tx sup EHzl—Zﬁ\z,

0<s<T

where I = 2kg1? < 1. Thus ©j is a contraction on £2;.
Step 3: ©, is completely continuous on %Y,;.

Claim 1. ©; is continuous on %),;. Let z"* be a sequence such that z" — z in %%,;. Then there existes a
number k > 0 such that ||z"(t)|| < k, for all n and a.c. t € [0,T], so z" € & and z € #A. By hypothesis
(H5)-(H6), we have
(1) Ix, k=1,2...,mis continuous;

(2) f(t,z +yt) — f(t,z¢ +y¢) for each t € [0, T, since

IF(t, 28 +yi) — F(t, ze +yo)||* < 2pr*(t).

From (H4), Holder’s inequality and the dominated convergence theorem, we have

2

t
E|©z"(t) — (@22)(t)H2 < 3E J R(t—38)B uznyy —uzyylds

0

2

t
+3E J R(t—s) [f(s,zg +ys) —f(s,zs +ys)l ds
0

+3E| D R(t—ti) [Te(z™(t) +y(ty)) — Lelz(ty) +y(ty))]

0<te <t

-
< 9MWMbMTJ

0 [Eug(T,z’%m)g(T,zT+yT>H2

T

+MTJ E||f(s, zg +ys) —f(s, zs +ys)H2 ds
0

+Mm Y E||Le(z"(t) +y(t) — Le(z(ty) +y(t;))uz] (A)ax
k=1

.
+3MTJ E|[|f(s, 2} +ys) — (5,25 +ys)|* ds
0

+3mM Y E|[Le(z" () +y(t)) — Le(z(t) +y(t )|
k=1

—0 as n— oo.
Thus, ©, is continuous.

Claim 2. ©; maps Hy into equicontinuous family. Let z € #y and 11,12 € [0, T], 11, 2 € tx, k=1,...,m,
we have

2

E [[(©,2)(12) — (©,2)(11)||* < 6E J 1 [R(t2 —8) = R(11 — s)] (s, 25 +ys)ds

0

2

+ 6E JTl [R(Tp —s) — R(T1 —s)] Bu(s)ds
0

+6E|| Y [R(ta — tic) — R(m1 — tic)] Tie(z(ty) + y(t;))

O<tr<t
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- 2 . 2
+ 6E J R(tr —s)f(s,zs +ys)ds|| +6E J R(t, —s)Bu(s)ds
T T
1 1 )
+6E|| Y [R(ta—ti)] Ti(2(ty ) + y(ty))
TI<tx<T2

From (3.2) and Holder’s inequality, it follows that

2

E(©:2)(12) — (©2)(m)|? < 6T ’ J VIRt — ) — R(r — s)|||| pre(s)ds

0

T
+6TMb9J IR(Ts—5) — Rty — 5| ds
0
+om Y [IR(T2 — i) — R — i) ||* My
O<tk<T1
T2 5 T2 5 .
+6TJ IR(t2 —s)] pr*(s)ds+6TMb9J IRt —s)|F+6mM Y W
T1 T

T<tg<t)

The right-hand side is independent of z € %y and tends to zero as 12 — 11 — 0, since the compactness of
R(t)¢>0 implies the continuity in the uniform operator topology. Thus, ©®, maps %y into an equicontinu-
ous family of functions. The equicontinuous for the cases 11 < T2 < 0 and 11 < 0 < T2 are obvious.

Claim 3. (©,%)(t) is precompact set in X. Let 0 < t < T be fixed, 0 < € < t, for z € %y, we define

(@2.e2)(t) = R(e) Jte R(t—s — €)f(s, 2o +ys)ds + R(e) Jte R(t — s — €)Bliyyy(s)ds
0 0
+R(e) Z R(t—te — )i (z(t) +y(te)).
o<ty<t—e
and
~ t—e t—e
(O2,c2)(t) :J R(t—s)f(s,zs +ys)ds+J R(t—s)Buzqy(s)ds
0 0
+ ) Rt —ti)helz(ty) +ylt ).
O<ti<t

Using the estimation (3.2) as above and by the compactness of R(t)~(, we obtain V¢(t) = {(@2,62) (t):z€
2 } is relative compact in X for every €,0 < e < t. Moreover, also by Lemma 2.5 and Holder inequality,
for each z € %y, we obtain

t—e
E|(©e2)(t) — (©e2) (1) < 3TJ |R(e)R(t—s —e) — R(t— )| % x) ElIf(s,2s +ys)|I” ds

0

t—e
—|—3TMb9J [R(e)R(t—s—€) —R(t— s)HZL(X) ds
0
+3m YRRt —ti —€) — R(t —tic) |3 ) E || Ik (2(ti0) +y(1))] >
t—e<ty<t

So the set Ve(t) = {(©2,2)(t) : z € By} is precompact in X by using the total boundedness. Then for
z € Py, we have

t t
E|[|(©:2)(t) — (©e2) (1) < BTL |R(t— )| E||f(s,zs +ys)|* ds+3TMb9J ) |R(t—s)|?ds

t—e
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+3m YRt t)|PE || Ik (z2(t) +y(t)]

t—e<ty<t
t
<3TMJ pr(s)ds +3TMpSMe +3mM > M.

t—e t—e<t<t

Therefore,
E|(©2)(t) — (Bre2)(t)||* =0, as e — 07,

and there are precompact sets arbitrarily close to the set V(t) = {(@2/62) (t):ze ,%’k}, hence the set V(t) is
also precompact in X. Thus, by Arzela-Ascoli theorem ©; is compact. Thus, by Krasnoselskii fixed point
theorem there exists a fixed point z(.) for © on %y. If we define x(t) = z(t) + y(t), —oco < t < T, it is easy
to say that x(.) is a mild solution of (1.1) satisfying xo = ¢, x(T) = x;. Hence the proof is completed. [

4. Application

We consider the neutral impulsive stochastic functional integrodifferential equations with infinite de-
lays, driven by a fractional Brownian motion of the form:

2 x(t, Q) — gt x(t—k, Q)]

t 2
= B (1,0 gl x(t— T 1+ | Ble—s) o e(t, 0+ gt xlt— K, )as
0
+f(t,x(t —k, Q) +c(Qu(t) + 6%]3:, fort#t,, t>0, 1)
ty .
AX(tk/ C) = X(t:l C) - X(tgl C) = J O(k(ti - S)X(S/ C) dS, k = 1/ 2/ L

x(t,0) =x(t,m1) =0, 0<t
x(s,0) = @(s, ), —o0<s

where BY(t) is cylindrical fractional Brownian motion, and ¢ : (—oo,0] x [0, 1] — R is a given continuous
stochastic process such that H(pHigh < 0o. We take X = Y = U = £2([0,n]) with norm |-||. Define the

operator A : D(A) C X — X given by A = aaTZ& with D(A) = {y € X :y' is absolutely continuous y" €
X, y(0) =y(n) = 0}, then we get

(ee]
Ax = an <x,en >en, x€D(A),

n=1

where e, = \/% sinnx, n = 1,2,... is an orthogonal set of eigenfunctions of A. We choose the phase

function h(s) = e*, s < 0, then | = jﬂoo h(s)ds = 1/4 < oo and the abstract phase space %, is Banach
space with the norm

0
9l =| ) sup Blllo(@)) s
- 0¢es,0]

To rewrite the initial-boundary value problem (4.1) in the abstract from we assume the following.
For (t, @) € [0, T] x #n, where ¢(0)(¢) = ¢(8, ), (6,C) € (—o0,0] x [0,7, we put x(t)(C) = x(t, (). The
functions g,f: [0, T] X Zp x X — X, 0:[0,T] — Lg(Y,X) are respectively defined by

g(t,x(t—k, ¢))ds = g(t, x(t —k, {))ds),
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f(t,x(t—%, ¢))ds) +c(Qu(t) = f(t,x(t —k, ¢))ds) + c()u(t).

The above system (4.1) can be written in the abstract from (1.1). Further, we assume that the following
conditions hold.
B : U — X is a bounded linear operator defined by

Bu(t)(¢) = c(Qu(t), 0< < we L3([0,T];10),

and the linear operator W : £2([0, T};U) — X is given by

;
Wai(() = L R(T — s)e(Qu(t)ds, 0< (<

W is a bounded linear operator but not necessarily one-to-one.

Let kerW = {x e L2([0, T U),Wx = 0} be the null space of W and [ker W]+ be its orthogonal

complement in £2([0, T];U). Let W = kerW]L — Range(W) be the restriction of W to [ker W]+, W is
necessarily one-to-one operator. The inverse mapping theorem says that WL is bounded since [ker W]+
and Range(W) are Banach spaces. So that W1 is bounded and takes values in £2([0,T];U) kerW,
hypothesis (H8) is satisfied. Thus, it is possible to verify that the assumptions on Theorem 3.2 are fulfilled
and hence, the system (4.1) is controllable on (—oo, T].

5. Conclusion

In this paper we have proved the controllability results of neutral impulsive stochastic functional in-
tegrodifferential equations driven by a fractional Brownian motion with infinite delay in a real separable
Hilbert space. We have used the techniques of stochastic analysis, the theory of resolvent operator in
the sense of Grimmer, and Krasnoselskii fixed point theorem to study the controllability results with the
illustrative example to justify the theory. One can extend the same problem for second order neutral
impulsive stochastic functional integrodifferential equations with infinite delay using sine and cosine op-
erators. Also, we can study the fractional order neutral impulsive stochastic functional integrodifferential
system with infinite delay using Riemann-Liouville and Caputo derivatives as future work.

Acknowledgment

Authors are thankful to the anonymous referees for careful consideration and valuable comments.

References

[1] A. Anguraj, K. Ramkumar, Approximate controllability of semilinear stochastic integrodifferential system with nonlocal
conditions, Fractal Fract., 2 (2018), 13 pages. 1

[2] G. Arthi, J. H. Park, H. Y. Jung, Existence and exponential stability for neutral stochastic integrodifferential equations
with impulses driven by a fractional Brownian motion, Commun. Nonlinear Sci. Numer. Simul., 32 (2016), 145-157. 1

[3] K. Balachandran, S. Karthikeyan, J. H. Kim, Controllability of semilinear stochastic integrodifferential equations, Kyber-
netika, 43 (2007), 31-44.

[4] B. Boufoussi, S. Hajji, Neutral stochastic functional differential equations driven by a fractional Brownian motion in a
Hilbert space, Statist. Probab. Lett., 82 (2012), 1549-1558. 1

[5] B. Boufoussi, S. Hajji, E. Lakhel, Functional differential equations in Hilbert spaces driven by a fractional Brownian
motion, Afr. Mat., 23 (2012), 173-194. 1

[6] M. Chen, Approximate controllability of stochastic equations in a Hilbert space with fractional Brownian motions, Stoch.
Dyn., 15 (2015), 16 pages. 1

[7]1 M. A. Diop, R. Sakthivel, A. A. Ndiaye, Neutral stochastic integrodifferential equations driven by a fractional Brownian
motion with impulsive effects and time varying delays, Mediterr. J. Math., 13 (2016), 2425-2442. 1,2


https://doi.org/10.3390/fractalfract2040029
https://doi.org/10.3390/fractalfract2040029
https://www.sciencedirect.com/science/article/pii/S1007570415002919
https://www.sciencedirect.com/science/article/pii/S1007570415002919
https://dml.cz/dmlcz/135752
https://dml.cz/dmlcz/135752
https://doi.org/10.1016/j.spl.2012.04.013
https://doi.org/10.1016/j.spl.2012.04.013
https://link.springer.com/article/10.1007/s13370-011-0028-8
https://link.springer.com/article/10.1007/s13370-011-0028-8
https://www.worldscientific.com/doi/abs/10.1142/S0219493715500057
https://www.worldscientific.com/doi/abs/10.1142/S0219493715500057
https://link.springer.com/article/10.1007/s00009-015-0632-1
https://link.springer.com/article/10.1007/s00009-015-0632-1

D. Chalishajar, et al., J. Nonlinear Sci. Appl., 15 (2022), 172-185 185

(8]
9]

(10]
(1]

(12]
(13]
(14]
(15]
(16]
(17]
(18]

(19]

R. C. Grimmer, Resolvent operators for integral equations in a Banach space, Trans. Amer. Math. Soc., 273 (1982),
333-349. 2.1,2.3,2.1,24,27

J. Klamka, Stochastic controllability of linear systems with delay in control, Bull. Pol. Acad. Sci. Tech. Sci., 55 (2007),
23-29. 1

J. Klamka, Controllability of dynamical systems—A survey, Bull. Pol. Acad. Sci. Tech. Sci., 61 (2013), 221-229. 1

E. Lakhel, Controllability of neutral stochastic functional integrodifferential equations driven by fractional Brownian motion,
Stoch. Anal. Appl., 34 (2016), 427-440. 1

E. Lakhel, S. Hajji, Existence and Uniqueness of Mild Solutions to NFSDEs Driven by a Fractional Brownian Motion With
Non-Lipschitz Coefficients, ]. Numer. Math. Stoch., 7 (2015), 14-29. 1

Y. Li, B. Liu, Existence of solution of nonlinear neutral functional differential inclusion with infinite delay, Stoch. Anal.
Appl., 25 (2007), 397-415. 2,2.1,2.2

J. Liang, J. H. Liu, T.-J. Xiao, Nonlocal problems for integrodifferential equations, Dyn. Contin. Discrete Impuls. Syst.
Ser. A Math. Anal., 15 (2008), 815-824. 2.5

J. Y. Park, K. Balachandran, G. Arthi, Controllability of impulsive neutral integrodifferential systems with infinite delay
in Banach spaces, Nonlinear Anal. Hybrid Syst., 3 (2009), 184-194. 1

A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations, Springer-Verlag, New York,
(1983).

Y. Ren, X. Cheng, R. Sakthivel, On time dependent stochastic evolution equations driven by fractional Brownian motion
in Hilbert space with finite delay, Math. Methods Appl. Sci., 37 (2014), 2177-2184. 1

R. Sakthivel, R. Ganesh, Y. Ren, S. M. Anthoni, Approximate controllability of nonlinear fractional dynamical systems,
Commun. Nonlinear Sci. Numer. Simul., 18 (2013), 3498-3508. 1, 2

R. Sakthivel, J. Luo, Asymptotic stability of nonlinear impulsive stochastic differential equations, Statist. Probab. Lett.,
79 (2009), 1219-1223.


https://doi.org/10.1090/S0002-9947-1982-0664046-4
https://doi.org/10.1090/S0002-9947-1982-0664046-4
https://journals.pan.pl/dlibra/docmetadata?showContent=true&id=111176&language=pl
https://journals.pan.pl/dlibra/docmetadata?showContent=true&id=111176&language=pl
https://yadda.icm.edu.pl/baztech/element/bwmeta1.element.baztech-5d67ea4f-a3c2-4168-bf8f-643858419e7d
https://www.tandfonline.com/doi/abs/10.1080/07362994.2016.1149718
https://www.tandfonline.com/doi/abs/10.1080/07362994.2016.1149718
http://www.jnmas.org/jnmas7-2.pdf
http://www.jnmas.org/jnmas7-2.pdf
https://doi.org/10.1080/07362990601139610
https://doi.org/10.1080/07362990601139610
http://online.watsci.org/abstract_pdf/2008v15/v15n6a-pdf/3.pdf
http://online.watsci.org/abstract_pdf/2008v15/v15n6a-pdf/3.pdf
https://www.sciencedirect.com/science/article/pii/S1751570X08000873
https://www.sciencedirect.com/science/article/pii/S1751570X08000873
https://doi.org/10.1007/978-1-4612-5561-1
https://doi.org/10.1007/978-1-4612-5561-1
https://onlinelibrary.wiley.com/doi/abs/10.1002/mma.2967
https://onlinelibrary.wiley.com/doi/abs/10.1002/mma.2967
https://www.sciencedirect.com/science/article/pii/S1007570413002177
https://www.sciencedirect.com/science/article/pii/S1007570413002177
https://doi.org/10.1016/j.spl.2009.01.011
https://doi.org/10.1016/j.spl.2009.01.011

	Introduction
	Preliminaries
	Partial integrodifferential equations in Banach spaces

	Controllability result
	Application
	Conclusion

