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Abstract
In this paper, we introduce an inertial hybrid S-iteration algorithm for two asymptotically nonexpansive mappings and

equilibrium problems in a real Hilbert space. Strong convergence of the iterative scheme is established. Our results improve and
extend many recent results in the literature.
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1. Introduction

Let C be a nonempty closed and convex subset of a real Hilbert space H, with an inner product 〈., .〉
and induced norm ||.|| on H. The equilibrium problem (shortly written as EP), see [4, 25], is a problem of
finding x∗ ∈ C, such that

f(x∗,y) > 0, ∀y ∈ C, (1.1)

where f is a bifuntion on C×C. We denote by EP(f,C) the set of solutions of equilibrium problem (1.1),
i.e., EP(f,C) = {x∗ ∈ C : f(x∗,y) > 0, ∀y ∈ C}. Let B : C → H be a map. The variational inequality
problem with respect to B, defined on C is to find a point z ∈ C, such that

〈Bz,y− z〉 > 0, ∀y ∈ C. (1.2)

The set of solutions of problem (1.2) is denoted by VI(C,B), i.e., VI(C,B) = {z ∈ C : 〈Bz,y− z〉 > 0, ∀y ∈
C}. Setting f(z,y) = 〈Bz,y− z〉 , ∀y ∈ C, then, z ∈ EP(f,C) if and only if 〈Bz,y− z〉 > 0, ∀y ∈ C. That is z
is a solution of problem (1.2).

Let S : C → C be a nonlinear map. The fixed point problem with respect to S is to find a point x ∈ C
such that Sx = x. We denote by Fix(S) the set of all fixed points of S, i.e., Fix(S) = {x ∈ C : Sx = x}. If the
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map S satisfies the following condition,

||Sx− Sy|| 6 k||x− y||, ∀x,y ∈ C, (1.3)

where k is some constant in [0, 1), then it is called a contraction. However, if k = 1 in (1.3), then S is
nonexpansive. S is asymptotically nonexpansive (see [10]) if there exists a sequence {kn} ⊂ [0,∞), with
lim
n→∞kn = 0 such that

||Snx− Sny|| 6 (1 + kn)||x− y||, ∀x,y ∈ C n > 1.

S is uniformly L-Lipschitzian if there exists a constant L > 0 such that, for all x,y ∈ C,

||Snx− Sny|| 6 L||x− y||, ∀n > 1.

Remark 1.1. It can easily be seen from the above that the class of nonexpansive mappings is properly
contained in the class of asymptotically nonexpansive mappings and every asymptotically nonexpansive
mapping is uniformly L-Lipschitzian, for more details see Goebel and Kirk [10].

The equilibrium problems and fixed point problems, which are closely related are problems that arise
in various applications, such as in optimization, physics, economics, engineering, theory of differential
equations, game theory, image recovery, signal processing, and other important areas in mathematical
sciences, (see, for examples, [4, 16, 17, 19, 26]). Various methods have been proposed for approximating
solutions of fixed point problems and equilibrium problems in various spaces (see for examples [2–
4, 14, 15, 18, 19, 24, 26, 31, 33–35] and the references therein).

Takahashi et al. [36] introduce a hybrid method for nonexpansive mapping called shrinking projection
method in Hilbert space as follows;

x0 ∈ H,
C1 = C, x1 = PC1x0,
yn = αnxn + (1 −αn)Txn,
Cn+1 = {z ∈ Cn : ||yn − z|| 6 ||xn − z||},
xn+1 = PCn+1x0, n > 1,

(1.4)

where 0 6 αn 6 a < 1, ∀n > 1. They proved strong convergence of (1.4) to fixed point of T .
Agarwal et al. [1] introduced an iterative method of the same convergence rate with Picard algorithm

in [28], called S-iteration method as follows;
x0 ∈ C,
yn = (1 −β1

n)xn +β1
nSxn,

xn+1 = (1 −β0
n)Sxn +β0

nSyn, n > 1,
(1.5)

they proved that it converges faster than the Mann algorithm in [22], for the class of maps satisfying (1.3).
Sahu [30] proved both theoretically and numerically that S-iteration method (1.5) converges faster than

both Picard algorithm in [28] and Mann algorithm in [22] for contraction mappings.
Recently, Suparatulatorn et al. [32] proved weak and strong convergence S-iteration process for two

G-nonexpansive mappings S1 and S2 in Hilbert space as follows:
x0 ∈ C,
yn = (1 −βn)xn +βnS1xn,
xn+1 = (1 −αn)S1xn +αnS2yn, n > 0.

(1.6)

However, there have been tremendous interests in developing fast convergence algorithms, especially
for the inertial type algorithms, which was first proposed by Polyak in [29] as an acceleration process in
solving a smooth convex minimization problem. Recently, some researchers have constructed various fast
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iterative algorithms by inertial extrapolation techniques (see [5–7, 9, 12, 13, 16, 17, 20] and the references
contained therein).

Mainge [21] proposed the following inertial Mann algorithm by combining the Mann algorithm in [22]
and inertial extrapolation. {

wn = xn + γn(xn − xn−1),
xn+1 = (1 −αn)wn +αnTwn, n > 1. (1.7)

He proved a weak convergence theorem for the scheme (1.7) under some conditions on the sequences of
parameters {γn}, {αn}.

Very recently, Phon-on et al. [27] proposed the following modified inertial S-iteration process by
combining (1.6) and the inertial extrapolation, and consequently obtain the following accelerated approx-
imation method for two nonexpansive mappings S1 and S2 in Hilbert space.

x0, x1 ∈ H,
wn = xn + γn(xn − xn−1),
yn = (1 −βn)wn +βnS1wn,
xn+1 = (1 −αn)S1wn +αnS2yn, n > 1,

where {γn}, {αn}, and {βn} satisfy some conditions.
Inspired and motivated by the results of [27, 32, 36], our purpose in this paper is to introduce an

inertial hybrid S-iteration algorithm for solving monotone equilibrium problem and fixed point problem
of two asymptotically nonexpansive mappings in a real Hilbert space. We also give numerical examples
to justify that our scheme is more effective and implementable. Our results generalize and improve recent
results in the literature.

2. Preliminaries

Let H be a real Hilbert space. The following identity is well known

||λx+ (1 − λ)y||2 = λ||x||2 + (1 − λ)||y||2 − λ(1 − λ)||x− y||2, ∀x,y ∈ H, λ ∈ R. (2.1)

It is also known that for any x ∈ H, there exists a unique element denoted by PCx in C, such that

||x− PCx|| 6 ||x− y||, ∀y ∈ C.

The mapping PC is called the metric projection from H onto C. In addition, PC has the following charac-
teristics, (see, for example Goebel and Reich [11]):

(i) 〈x− y,PCx− PCy〉 > ||PCx− PCy||
2, ∀x,y ∈ H;

(ii) for x ∈ H, and x∗ ∈ C,
x∗ = PCx, ⇔ 〈x− x∗, x∗ − y〉 > 0, ∀y ∈ C;

(iii) for x ∈ H and y ∈ C,
||x− PCx||

2 + ||y− PCx||
2 6 ||x− y||2. (2.2)

Definition 2.1. A nonlinear map S is said to be demiclosed at y0 ∈ X, if for any sequence {xn} in X which
converges weakly to x0 ∈ X and Sxn → y0, it holds that Sx0 = y0.

To solve the equilibrium problem (1.1), we assume the bifunction f to satisfies the following conditions:

(G1) f(x, x) = 0, ∀x ∈ C;
(G2) f is monotone, i.e., f(x,y) + f(y, x) 6 0, ∀x,y ∈ C;
(G3) for each x,y, z ∈ C;

lim
s→0

f
(
sz+ (1 − s)x,y

)
6 f(x,y);
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(G4) for each x ∈ C, y 7−→ f(x,y) is convex and lower semi continuous.

The following Lemmas will be needed in the proof of the main results.

Lemma 2.2 ([38]). Let X be a real uniformly convex Banach space and C be a nonempty closed and convex subset
of X. Let T : C→ C be asymptotically nonexpansive mapping with sequence {kn} ⊂ [0,∞) such that lim

n→∞kn = 0.
Then, the mapping (I− T) is demiclosed at zero.

Lemma 2.3 ([10]). Let C be a nonempty closed and convex subset of a uniformly convex Banach space X, and let
T : C→ C be asymptotically nonexpansive map. Then, F(T) is closed and convex.

Lemma 2.4 ([23]). Let C be a closed convex subset of H. Let {xn} be a sequence in H and u ∈ H. Let x∗ = PCu.
If {xn} is such that ωw(xn) ⊂ C and satisfies the condition

||xn − u|| 6 ||u− x∗||, ∀n > 1,

then xn → x∗, where ωw(xn) =
{
y ∈ C : ∃{xnj

} ⊂ {xn} and xnj
⇀ y
}

.

Lemma 2.5 ([4]). Let C be a nonempty closed and convex subset of H and f be a bifunction of C× C into R

satisfying (G1)-(G4). Let r > o and x ∈ H. Then, there exists z ∈ C, such that

f(z,y) +
1
r
〈y− z, z− x〉 > 0, ∀y ∈ C.

Lemma 2.6 ([8, 37]). Assume that f : C×C → R satisfies (G1)-(G4). For r > 0 and x ∈ H, define a mapping
Tr : H→ C as follows:

Tr(x) =

{
z ∈ C : f(z,y) +

1
r
〈y− z, z− x〉 > 0, ∀y ∈ C

}
,

for all x ∈ H. Then, the following hold:

(i) Tr is single-valued;
(ii) Tr is firmly nonexpansive, i.e., for x,y ∈ H, ||Trx− Try||2 6 〈Trx− Try, x− y〉 ;

(iii) F(Tr) = EP(f);
(iv) EP(f) is closed and convex;
(v) ||q− Trx||

2 + ||Trx− x||
2 6 ||q− x||2, ∀q ∈ F(Tr), x ∈ H.

3. Main result

Theorem 3.1. Let H be a real Hilbert space and C be a nonempty closed, bounded and convex subset of H. Let
f : C× C → R be a bifunction satisfying conditions (G1)-(G4). Let Ti : C → C, i = 1, 2, be asymptotically
nonexpansive mapping with sequence {kn,i} ⊂ [0,∞) such that lim

n→∞kn,i = 0 and
⋂2

i=1 F(Ti)∩ EP(f,C) 6= ∅. For
x0, x1 ∈ C and C0 = C, let {xn} be a sequence generated by;

wn = xn +αn(xn − xn−1),
yn = (1 −βn)wn +βnT

n
1 wn,

zn = (1 − γn)T
n
1 wn + γnT

n
2 yn,

un = Trnzn,
Cn+1 =

{
z ∈ Cn : ||un − z||2 6 ||wn − z||2 + θn

}
,

xn+1 = PCn+1x0, ∀n > 0,

(3.1)

where θn =
(
(2kn,1 + k2

n,1)(1 + γnβn) + γn(2kn,2 + k2
n,2)
(
1 + βn(2kn,1 + k2

n,1)
))
M2, M = diamC =

sup
x,y∈C

||x − y|| and {rn} ⊂ [a,∞) for some a > 0. Then, the sequence {xn} converges strongly to a point

x ∈
⋂2

i=1 F(Ti) ∩ EP(f,C), provided that the sequences of real numbers {αn} ⊂ (0, 1), {βn} and {γn} satisfy
the following condition:
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(C1) βn,γn ∈ [ζ, 1 − ζ], for some ζ ∈ (0, 1).

Proof. We divide the proof into the following steps.

Step (i): We show that {xn} is well defined and
⋂2

i=1 F(Ti)∩ EP(f,C) ⊂ Cn, ∀n > 0.
From the scheme, C0 = C is closed and convex. We also observe that

||un − z||2 6 ||wn − z||2 + θn ⇔ 2 〈z,w− un〉 6 ||wn||
2 − ||un||

2 + θn. (3.2)

Therefore, from (3.2), we have that Cn is closed and convex, ∀n > 0, and consequently {xn} is well
defined. It follows from Lemma 2.3 that for each i = 1, 2, F(Ti) is closed and convex, which implies that⋂2

i=1 F(Ti) is closed and convex. It also follows from Lemma 2.6 (iv) that EP(f,C) is closed and convex.
Consequently,

⋂2
i=1 F(Ti)∩ EP(f,C) is closed and convex. Thus, P⋂2

i=1 F(Ti)∩EP(f,C)
x0 is well defined.

Observe that
⋂2

i=1 F(Ti) ∩ EP(f,C) ⊂ C = C0. Assume
⋂2

i=1 F(Ti) ∩ EP(f,C) ⊂ Cn and let p ∈⋂2
i=1 F(Ti)∩ EP(f,C), then by convexity of ||.||2, we have

||yn − p||2 = ||(1 −βn)wn +βnT
n
1 wn − p||2

= ||(1 −βn)(wn − p) +βn(T
n
1 wn − p)||2

6 (1 −βn)||wn − p||2 +βn||T
n
1 wn − p||2

6 (1 −βn)||wn − p||2 +βn(1 + kn,1)
2||wn − p||2

= ||wn − p||2 +βn(2kn,1 + k
2
n,1)||wn − p||2.

(3.3)

Putting un = Trnzn, using (3.3) and Lemma 2.6 (ii), we have

||un − p||2 = ||Trnzn − p||2

6 ||zn − p||2

= ||(1 − γn)T
n
1 wn + γnT

n
2 yn − p||2

= ||(1 − γn)(T
n
1 wn − p) + γn(T

n
2 yn − p)||2

6 (1 − γn)||T
n
1 wn − p||2 + γn||T

n
2 yn − p||2

6 (1 − γn)||wn − p||2 + (2kn,1 + k
2
n,1)||wn − p||2 + γn(1 + kn,2)

2||yn − p||2

6 (1 − γn)||wn − p||2 + (2kn,1 + k
2
n,1)||wn − p||2

+ γn(1 + kn,2)
2
(
||wn − p||2 +βn(2kn,1 + k

2
n,1)||wn − p||2

)
= (1 − γn)||wn − p||2 + (2kn,1 + k

2
n,1)||wn − p||2

+ γn

(
||wn − p||2 +βn(2kn,1 + k

2
n,1)||wn − p||2

)
+ γn(2kn,2 + k

2
n,2)
(
||wn − p||2 +βn(2kn,1 + k

2
n,1)||wn − p||2

)
= (1 − γn)||wn − p||2 + (2kn,1 + k

2
n,1)||wn − p||2 + γn||wn − p||2

+ γnβn(2kn,1 + k
2
n,1)||wn − p||2 + γn(2kn,2 + k

2
n,2)
(

1 +βn(2kn,1 + k
2
n,1)
)
||wn − p||2

= ||wn − p||2 + (2kn,1 + k
2
n,1)(1 + γnβn)||wn − p||2

+ γn(2kn,2 + k
2
n,2)
(

1 +βn(2kn,1 + k
2
n,1)
)
||wn − p||2

6 ||wn − p||2 + (2kn,1 + k
2
n,1)(1 + γnβn)M

2 + γn(2kn,2 + k
2
n,2)
(

1 +βn(2kn,1 + k
2
n,1)
)
M2

= ||wn − p||2 + θn.

Hence, we have that p ∈ Cn+1. This implies that
⋂2

i=1 F(Ti) ∩ EP(f,C) ⊂ Cn+1. Thus,
⋂2

i=1 F(Ti) ∩
EP(f,C) ⊂ Cn, ∀n > 0.



M. H. Harbau, A. Ahmad, J. Nonlinear Sci. Appl., 15 (2022), 123–135 128

Step (ii): We show that lim
n→∞||xn − x0|| exists.

Since xn = PCn
x0, and xn+1 ∈ Cn+1 ∈ Cn, ∀n > 0, we have

||xn − x0|| = ||PCn
x0 − x0|| 6 ||xn+1 − x0||, ∀n > 0, (3.4)

showing that
{
||xn − x0||

}
is nondecreasing sequence. We also obtain from the definition of xn and (2.2)

that

||xn − x0||
2 = ||PCn

x0 − x0||
2

6 ||p− x0||
2 − ||p− PCn

x0||
2

= ||p− x0||
2 − ||p− xn||

2

6 ||p− x0||
2, ∀p ∈

2⋂
i=1

F(Ti)∩ EP(f,C), p = P⋂2
i=1 F(Ti)∩EP(f,C)

x0.

(3.5)

Therefore,
{
||xn − x0||

}
is bounded. Consequently, {xn} is bounded. From (3.4) and (3.5), we get that

lim
n→∞||xn − x0|| exists.

Step (iii): We show that lim
n→∞||xn − Tixn|| = 0, for i = 1, 2.

From xm = PCm
x0 ∈ Cm ∈ Cn, for m > n, then by (2.2), we get that

||xm − xn||
2 6 ||xn − x0||

2 − ||xm − x0||
2 → 0 as n→∞.

Hence, {xn} is Cauchy in H.
Similarly, since xn+1 ∈ PCn+1x0 ∈ Cn+1 ⊂ Cn, then

||xn+1 − xn|
2 6 ||xn − x0||

2 − ||xn+1 − x0||
2.

Since lim
n→∞||xn − x0|| exists, we obtain

lim
n→∞||xn+1 − xn|| = 0. (3.6)

We also obtain from the Definition of wn and (3.6) that

||wn − xn|| = αn||xn − xn−1|| 6 ||xn − xn−1||→ 0 as n→∞. (3.7)

By (3.6) and (3.7), we obtain

||wn − xn+1|| = ||wn − xn + xn − xn+1|| 6 ||wn − xn||+ ||xn − xn+1||→ 0 as n→∞. (3.8)

Since xn+1 ∈ Cn+1, then
||un − xn+1||

2 6 ||wn − xn+1||
2 + θn.

From (3.8) and the fact that θn → 0 as n→∞, we obtain

lim
n→∞||un − xn+1|| = 0. (3.9)

Using (3.6) and (3.9), we have

||un − xn|| = ||un − xn+1 + xn+1 − xn|| 6 ||un − xn+1||+ ||xn+1 − xn||→ 0 as n→∞. (3.10)

From (3.7) and (3.10), we get

||wn − un|| = ||wn − xn + xn − un|| 6 ||wn − xn||+ ||xn − un||→ 0 as n→∞. (3.11)



M. H. Harbau, A. Ahmad, J. Nonlinear Sci. Appl., 15 (2022), 123–135 129

Now, Putting un = Trnzn, p ∈
⋂2

i=1 F(Ti)∩ EP(f,C) and using (2.1), we obtain

||un − p||2 = ||Trnzn − p||2

6 ||zn − p||2

= ||(1 − γn)(T
n
1 wn − p) + γn(T

n
2 yn − p)||2

6 (1 − γn)||T
n
1 wn − p||2 + γn||T

n
2 yn − p||2

6 (1 − γn)(1 + kn,1)
2||wn − p||2 + γn(1 + kn,2)

2||yn − p||2

= (1 − γn)(1 + kn,1)
2||wn − p||2 + γn(1 + kn,2)

2||(1 −βn)(wn − p) +βn(T
n
1 wn − p)||2

= (1 − γn)(1 + kn,1)
2||wn − p||2 + γn(1 + kn,2)

2[(1 −βn)||wn − p||2

+βn||T
n
1 wn − p||2 −βn(1 −βn)||wn − Tn1 wn||

2]
6 (1 − γn)(1 + kn,1)

2||wn − p||2 + γn(1 + kn,2)
2[(1 −βn)||wn − p||2

+βn(1 + kn,1)
2||wn − p||2 −βn(1 −βn)||wn − Tn1 wn||

2]
= (1 − γn)||wn − p||2 + (1 − γn)(2kn,1 + k

2
n,1)||wn − p||2

+ γn(1 + kn,2)
2[||wn − p||2 +βn(2kn,1 + k

2
n,1)||wn − p||2 −βn(1 −βn)||wn − Tn1 wn||

2]
6 (1 − γn)||wn − p||2 + γn||wn − p||2 + (1 − γn)(2kn,1 + k

2
n,1)||wn − p||2

+ γn(2kn,2 + k
2
n,2)||wn − p||2 + γn(1 + kn,2)

2βn(2kn,1 + k
2
n,1)||wn − p||2

− γnβn(1 −βn)||wn − Tn1 wn||
2

= ||wn − p||2 + (1 − γn)(2kn,1 + k
2
n,1)||wn − p||2 + γn(2kn,2 + k

2
n,2)||wn − p||2

+ γnβn(1 + kn,2)
2(2kn,1 + k

2
n,1)||wn − p||2 − γnβn(1 −βn)||wn − Tn1 wn||

2

6 ||wn − p||2 + (1 − γn)(2kn,1 + k
2
n,1)M

2 + γn(2kn,2 + k
2
n,2)M

2

+ γnβn(1 + kn,2)
2(2kn,1 + k

2
n,1)M

2 − γnβn(1 −βn)||wn − Tn1 wn||
2.

Therefore,

γnβn(1 −βn)||wn − Tn1 wn||
2 6 ||wn − p||2 − ||un − p||2 + (2kn,1 + k

2
n,1)M

2

+ γn(2kn,2 + k
2
n,2)M

2 + γnβn(1 + kn,2)
2(2kn,1 + k

2
n,1)M

2.
(3.12)

Observe that, using (3.11), we have

||wn − p||2 − ||un − p||2 = ||wn||
2 − 2 〈wn,p〉+ ||p||2 −

(
||un||

2 − 2 〈un,p〉+ ||p||2
)

= ||wn||
2 − ||un||

2 − 2 〈wn − un,p〉

6
∣∣∣||wn||

2 − ||un||
2
∣∣∣+ 2

∣∣ 〈wn − un,p〉
∣∣

6
(
||wn||− ||un||

)(
||wn||+ ||un||

)
+ 2||wn − un||||p||

6 ||wn − un||
(
||wn||+ ||un||

)
+ 2||wn − un||||p||→ 0 as n→∞.

(3.13)

Since kn,i → 0 as n→∞, for i = 1, 2, it follows from (3.12) and (3.13) that

lim
n→∞γnβn(1 −βn)||wn − Tn1 wn||

2 = 0.

Using condition (C1), we get
lim
n→∞||wn − Tn1 wn|| = 0. (3.14)

From the scheme (3.1) and (3.14), we get

||yn −wn|| = βn||T
n
1 wn −wn||→ 0 as n→∞. (3.15)
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Using (3.7) and (3.14), we obtain

||xn − Tn1 wn|| 6 ||wn − Tn1 wn||+ ||wn − xn||→ 0 as n→∞. (3.16)

Now,

||xn − Tn1 xn|| = ||xn − Tn1 wn + Tn1 wn − Tn1 xn||

6 ||xn − Tn1 wn||+ ||Tn1 wn − Tn1 xn||

6 ||xn − Tn1 wn||+ (1 + kn,1)||wn − xn||,

using (3.7) and (3.16), we get
lim
n→∞||xn − Tn1 xn|| = 0. (3.17)

Therefore, from (3.6) and (3.17), we get

||xn+1 − T
n
1 xn+1|| 6 ||xn+1 − xn||+ ||xn − Tn1 xn||+ ||Tn1 xn − Tn1 xn+1||

6 (2 + kn,1)||xn+1 − xn||+ ||xn − Tn1 xn||→ 0 as n→∞.
(3.18)

And

||xn+1 − T1xn+1|| = ||xn+1 + T
n+1
1 xn+1 − T

n+1
1 xn+1 − T1xn+1||

6 ||xn+1 − T
n+1
1 xn+1||+ ||T1xn+1 − T

n+1
1 xn+1||

= ||xn+1 − T
n+1
1 xn+1||+ ||T1xn+1 − T1(T

n
1 xn+1)||

6 ||xn+1 − T
n+1
1 xn+1||+ (1 + k1,1)||xn+1 − T

n
1 xn+1||.

Hence from (3.17) and (3.18), we get
lim
n→∞||xn − T1xn|| = 0. (3.19)

Similarly, from (2.1) and (3.3), we have

||un − p||2 = ||Trnzn − p||2

6 ||zn − p||2

= ||(1 − γn)(T
n
1 wn − p) + γn(T

n
2 yn − p)||2

= (1 − γn)||T
n
1 wn − p||2 + γn||T

n
2 yn − p||2 − γn(1 − γn)||T

n
1 wn − Tn2 yn||

2

6 (1 − γn)(1 + kn,1)
2||wn − p||2 + γn(1 + kn,2)

2||yn − p||2

− γn(1 − γn)||T
n
1 wn − Tn2 yn||

2

6 (1 − γn)||wn − p||2 + (2kn,1 + k
2
n,1)||wn − p||2 + γn(1 + kn,2)

2[||wn − p||2

+βn(2kn,1 + k
2
n,1)||wn − p||2

]
− γn(1 − γn)||T

n
1 wn − Tn2 yn||

2

= (1 − γn)||wn − p||2 + (2kn,1 + k
2
n,1)||wn − p||2 + γn||wn − p||2

+ γn(2kn,2 + k
2
n,1)||wn − p||2 + γnβn(1 + kn,2)

2(2kn,1 + k
2
n,1)||wn − p||2

− γn(1 − γn)||T
n
1 wn − Tn2 yn||

2

= ||wn − p||2 + (2kn,1 + k
2
n,1)||wn − p||2 + γn(2kn,2 + k

2
n,1)||wn − p||2

+ γnβn(1 + kn,2)
2(2kn,1 + k

2
n,1)||wn − p||2 − γn(1 − γn)||T

n
1 wn − Tn2 yn||

2

6 ||wn − p||2 + (2kn,1 + k
2
n,1)M

2 + γn(2kn,2 + k
2
n,1)M

2

+ γnβn(1 + kn,2)
2(2kn,1 + k

2
n,1)M

2 − γn(1 − γn)||T
n
1 wn − Tn2 yn||

2.
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Therefore,

γn(1 − γn)||T
n
1 wn − Tn2 yn||

2 6 ||wn − p||2 − ||un − p||2 + (2kn,1 + k
2
n,1)M

2

+ γn(2kn,2 + k
2
n,1)M

2 + γnβn(1 + kn,2)
2(2kn,1 + k

2
n,1)M

2.
(3.20)

Therefore, using (3.13) and the fact that kn,i → 0 as n→∞, it follows from (3.20) that

lim
n→∞γn(1 − γn)||T

n
1 wn − Tn2 yn||

2 = 0.

From (C1), we have
lim
n→∞||Tn1 wn − Tn2 yn||

2 = 0.

Consequently,
lim
n→∞||Tn1 wn − Tn2 yn|| = 0. (3.21)

Now,

||xn − Tn2 xn|| 6 ||xn − Tn1 wn||+ ||Tn1 wn − Tn2 yn||+ ||Tn2 yn − Tn2 xn||

6 ||xn − Tn1 wn||+ ||Tn1 wn − Tn2 yn||+ (1 + kn,2)||yn − xn||

6 ||xn − Tn1 wn||+ ||Tn1 wn − Tn2 yn||+ (1 + kn,2)
(
||yn −wn||+ ||wn − xn||

)
.

Using (3.7), (3.15), (3.16), and (3.21), we have

lim
n→∞||xn − Tn2 xn|| = 0. (3.22)

Using (3.6) and (3.22), we obtain

||xn+1 − T
n
2 xn+1|| 6 ||xn+1 − xn||+ ||xn − Tn2 xn||+ ||Tn2 xn − Tn2 xn+1||

6 ||xn+1 − xn||+ ||xn − Tn2 xn||+ (1 + kn,2)||xn − xn+1||

= (2 + kn,2)||xn − xn+1||+ ||xn − Tn2 xn||→ 0 as n→∞.
(3.23)

In similar fashion, we have

||xn+1 − T2xn+1|| = ||xn+1 + T
n+1
2 xn+1 − T

n+1
2 xn+1 − T2xn+1||

6 ||xn+1 − T
n+1
2 xn+1||+ ||T2xn+1 − T

n+1
2 xn+1||

= ||xn+1 − T
n+1
2 xn+1||+ ||T2xn+1 − T2(T

n
2 xn+1)||

6 ||xn+1 − T
n+1
2 xn+1||+ (1 + k1,2)||xn+1 − T

n
2 xn+1||.

Using (3.22) and (3.23), we obtain
lim
n→∞||xn − T2xn|| = 0. (3.24)

Step (iv): We show that x∗ ∈
⋂2

i=1 F(Ti)∩ EP(f,C).
Since {xn} is bounded, there exists a sub-sequence {xnj

} of {xn} such that xnj
⇀ x∗ ∈ H. Therefore

from (3.19) and (3.24), it follows that lim
j→∞||xnj

− Tixnj
|| = 0, for i = 1, 2. Consequently by Lemma 2.2, we

have Tix∗ = x∗, for i = 1, 2. Thus, x∗ ∈
⋂2

i=1 F(Ti).
On the other hand,

||wn − Tn2 yn|| 6 ||Tn1 wn − Tn2 yn||+ ||wn − Tn1 wn||.

Using (3.14) and (3.21), we get
lim
n→∞||wn − Tn2 yn|| = 0. (3.25)
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Using (3.14) and (3.25), we have

||zn −wn|| = ||(1 − γn)(T
n
1 wn −wn) + γn(T

n
2 yn −wn)||

6 (1 − γn)||T
n
1 wn −wn||+ γn||T

n
2 yn −wn||→ 0 as n→∞.

(3.26)

From (3.11) and (3.26), we obtain

||un − zn|| 6 ||un −wn||+ ||wn − zn||→ 0 as n→∞. (3.27)

Therefore, since rn > a, we get

lim
n→∞ ||un − zn||

rn
= 0. (3.28)

Since un = Trnzn, we obtain

f(un, z) +
1
rn
〈z− un,un − zn〉 > 0, ∀z ∈ C.

From condition (G2), we get

1
rn
〈z− un,un − zn〉 > f(z,un), ∀z ∈ C,

So that 〈
z− unj

,
unj

− znj

rnj

〉
> f(z,unj

), ∀z ∈ C. (3.29)

From xnj
⇀ x∗, (3.10) and (3.27), we have znj

⇀ x∗ and unj
⇀ x∗. It follows from (3.28), (3.29), and

conditon (G4) that
f(z, x∗) 6 0, ∀z ∈ C.

Assume s ∈ (0, 1]. For each z ∈ C, let zs = sz+ (1 − s)x∗. Then, zs ∈ C and so f(zs, x∗) 6 0. Hence, by
(G1) we have

0 = f(zs, zs) 6 sf(zs, z) + (1 − s)f(zs, x∗) 6 sf(zs, z).

Dividing by s, we have
f(zs, z) > 0, i.e., f(sz+ (1 − s)x∗, z) > 0, ∀z ∈ C.

By taking limit as s→ 0 and (G3), we get

f(x∗, z) > 0, ∀z ∈ C.

Showing that x∗ ∈ EP(f,C). Hence x∗ ∈
⋂2

i=1 F(Ti) ∩ EP(f,C). This shows that ωw(xn) ⊂
⋂2

i=1 F(Ti) ∩
EP(f,C). Therefore, from (3.5) and Lemma 2.4, we obtain that xn → x∗ = P⋂2

i=1 F(Ti)∩EP(f,C)
x0.

By Remark 1.1, Theorem 3.1 reduces to the following Corollary.

Corollary 3.2. Let H be a real Hilbert space and C be a nonempty closed, bounded and convex subset of H. Let
f : C×C→ R be a bifunction satisfying conditions (G1)-(G4). Let Ti : C→ C, i = 1, 2, be nonexpansive mapping
such that

⋂2
i=1 F(Ti)∩ EP(f,C) 6= ∅. Let {xn} be a sequence generated by x0, x1 ∈ C and

C0 = C,
wn = xn +αn(xn − xn−1),
yn = (1 −βn)wn +βnT1wn,
zn = (1 − γn)T1wn + γnT2yn,
un = Trnzn,
Cn+1 =

{
z ∈ Cn : ||un − z||2 6 ||wn − z||2

}
,

xn+1 = PCn+1x0, ∀n > 0.

Then, the sequence {xn} converges strongly to a point x ∈
⋂2

i=1 F(Ti) ∩ EP(f,C), provided that {rn} ⊂ [a,∞) for
some a > 0 and the sequences of real numbers {αn} ⊂ (0, 1), {βn}, and {γn} satisfy the following condition:
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(C1) βn,γn ∈ [ζ, 1 − ζ], for some ζ ∈ (0, 1).

Remark 3.3. Apart from extending the results of Phon-on et al. [27] from two nonexpansive mappings to
two asymptotically nonexpansive mappings, our iterative sequence solves monotone equilibrium prob-
lem.

4. Numerical example

In this section, we give some example to illustrate Theorem 3.1 and justify that our scheme is imple-
mentable.

Consider H = R with its usual metric and let C = [−10, 10], which is clearly bounded closed and
convex subset of H. Let Ti : C→ C, i = 1, 2, be defined by Ti(x) = x

2+i , then, ∀x,y ∈ C, n > 1, we have

||Tni (x) − Tni (y)|| =

∣∣∣∣∣∣∣∣ x

(2 + i)n
−

y

(2 + i)n

∣∣∣∣∣∣∣∣ = 1
(2 + i)n

||x− y|| 6

(
1 +

1
(2 + i)n

)
||x− y||.

So, for each i = 1, 2, Ti is asymptotically nonexpansive mapping with sequence kn,i = 1
(2+i)n , ∀n > 1

and 0 ∈ ∩2
i=1F(Ti). Define a bifunction f : C×C→ R by

f(x,y) = 4y2 + xy− 5x2, ∀x,y ∈ C.

Then f satisfies conditions (G1)-(G4) and 0 ∈ EP(f,C). So, by Lemma 2.6, Trnz is nonempty and single-
valued for each x ∈ C. Hence, there exists x ∈ C such that

f(x,y) +
1
rn
〈y− x, x− z〉 > 0, ∀y ∈ C,

which is equivalent to

4y2 + xy− 5x2 +
1
rn
〈y− x, x− z〉 > 0, ∀y ∈ C,

that is
4y2 + xy− 5x2 +

1
rn

(y− x)(x− z) > 0, ∀y ∈ C,

from which we obtain that

4rny2 + (rnx+ x− z)y+ xz− (5rn + 1)x2 > 0, ∀y ∈ C.

Let f(y) = 4rny2 + (rnx+ x− z)y+ xz− (5rn + 1)x2. Then, f is a quadratic function of y with coefficients
a = 4rn, b = rnx+ x− z, and c = xz− (5rn + 1)x2. The discriminant ∆ of f is given by

∆ = b2 − 4ac = (rnx+ x− z)
2 − 4(4rn)

(
xz− (5rn + 1)x2) = (x− z+ 9rnx)2.

We can see from the above that f(y) > 0, ∀y ∈ C. If it has at most one solution in R, then ∆ 6 0. Thus,
we have x = z

1+9rn
, i.e., un = Trnzn = zn

1+9rn
.

Therefore if αn = 3
10 , then scheme (3.1) becomes

wn = xn + 3
10(xn − xn−1),

yn = (1 −βn)wn +βn
wn

3n ,
zn = (1 − γn)

wn

3n + γn
yn

4n ,
un = zn

1+9rn
,

Cn+1 =
{
z ∈ Cn : z 6 un+wn

2 + θn
}

,
xn+1 = PCn+1x0, n > 0,

(4.1)

where θn =
(
(2kn,1 + k

2
n,1)(1 + γnβn) + γn(2kn,2 + k

2
n,2)
(
1 + βn(2kn,1 + k

2
n,1)
))
M2, M = diamC =

sup
x,y∈C

||x− y||. Let ζ = 1
10 , βn = γn = 1

5 , and rn = 3
40 . From (4.1), using MATLAB, we obtain numer-

ical results in Figures 1 and 2.
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Figure 1: Convergence process of {xn} to 0 with initial points
x0 = 1, x1 = 9.

Figure 2: Convergence process of {xn} to 0 with initial points
x0 = 7, x1 = −5.
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