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Abstract

With the increasing importance of the Mittag-Leffler function in physical applications, these days many researchers are
studying various generalizations and extensions of the Mittag-Leffler function. In this paper, efforts are made to define the
bicomplex extension of the Mittag-Leffler function, and also its analyticity and region of convergence are discussed. Various
properties of the bicomplex Mittag-Leffler function including integral representation, recurrence relations, duplication formula,
and differential relations are established.
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1. Introduction

Bicomplex numbers are being studied for quite a long time and a lot of work has been done in this
area. Cockle [9, 10] introduced Tessarines between 1848 and 1850 following which Segre [42] introduced
the bicomplex numbers. Many properties of the bicomplex numbers have been discovered. During
the last few years researchers have aimed to study the different algebraic and geometric properties of
bicomplex numbers and its applications (see, e.g., [11, 31, 37, 38, 40, 41]). In the recent developments,
efforts have been done to extend the integral transforms [2, 3], holomorphic and meromorphic functions
[11-13] a number of functions like Polygamma function [17], Hurwitz Zeta function [18], Gamma and
Beta functions [19], Riemann Zeta function [37], bicomplex analysis and Hilbert space [24-29] in the
bicomplex variable from their complex counterparts. Bicomplex numbers generalize both: the complex
numbers and hyperbolic numbers. The theories which are based on both types of domains, complex and
hyperbolic, may be unified by developing that theory for bicomplex functions. For example, the theory of
relativistic physics and quantum physics [21]. Further, the theory of bicomplex functions can be applied
to electromagnetism by treating the electric and magnetic fields together as a bicomplex field [4].

Recently, various generalizations and the extensions of the Mittag-Leffler function are defined by many
authors [1, 5-8, 15, 16, 20, 22, 23, 43] which are useful in the study of fractional calculus. Mittag-Leffler
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function appears while studying the fractional form of various differential equations. For studying the
bicomplex version of these fractional differential equations in bicomplex space, a bicomplex version of the
Mittag-Leffler function would be required. In this paper, efforts are made to define the bicomplex version
of the Mittag-Leffler function.

1.1. Bicomplex numbers

Segre [42] defined the set of bicomplex numbers as following.

Definition 1.1 (Bicomplex number). In terms of real components, the set of bicomplex numbers is defined
as

T ={&:&=x0+lx1 +iax2 +jx3 [ x0, X1, X2, X3 € R},
and in terms of complex numbers it can be written as
T={&:&=2z1+10z |29, 20 € Ch

We shall use the notations: xg = Re(&), xq =Imy, (&), x2 = Imy, (&), x3 = Im;(&).

Segre discussed the presence of zero divisors which he called Nullifics. He noticed that the zero-
divisors in bicomplex numbers constitute two ideals which he called the infinite set of nullifics. The set
of all zero divisors is called null cone [39] defined as follows:

INC =0, ={z1 + 2015 | Z%—l—l% =0}
Two non trivial idempotent zero divisors in T, denoted by e; and e; are defined as follows [34]:

_1+11i2_1+]. e _1—i1i2_1—]'
T2 T 27T T2 T2

€1

,e1.eo=0,e+e =1, and e% =eq, e% = es.

Definition 1.2 (Idempotent representation). Every element & € T has unique idempotent representation
in terms of e; and e, defined by

&E=z1thz = (z1 —lz)er + (z1 +hizm)er = &1e1 + &6,
where &1 = (21 —1120) and & = (z1 +1122).
Projection mappings P;1 : T — Ty C C, P, : T — T, C C for a bicomplex number & = z; + ipz, are
defined as (see, e.g. [38]):
P1(&) = Pi(z1 +i2z2) = P1l(z1 —l1z2)e1 + (z1 +liz2)er] = (z1 —11z2) € Ty

and
P2(&) = Pa(z1 +1220) = Pol(z1 —h1z2)er + (z1 +lizo)en] = (z1 +1122) € T,

where
Th={& =z1—umlz1,z2 € Cland T, ={& = z1 + 1122 |21, 20 € C}.

Remark 1.3. The bicomplex space T can be written as the product

T=T xeTh={&e1+&ey, & €Ty, & € Tol. (1.1)

Definition 1.4 (Bicomplex modulii). Let & = z; + 1220 = &1e1 4+ &2e0 = xp +x111 + X212 +x3j € T (see, e.g.
[32, 35, 38]). The norm or the real modulus of & is given by

1
I8l = VleaP +122P = /1P + 18P = G 43¢ 4343
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ek, = /21 + 2.

The i;-modulus of & is defined as

The 1,-modulus of ¢ is defined as

£ty = /(1P — [22) + 2Re(z17))iz.
The j-modulus of & is defined as
|El; = |z1 — lizoler + [z1 + Lizofes. (1.2)

The absolute value of ¢ is denoted by |€|qvs, and is defined as

Elavs = /122 + 23] = V/I(z1 —122) (z1 + 11z2)| = V&1 &2l = VIElIEa].

Definition 1.5 (Argument). Let & = z; + 1220 = &1e1 + &6 = Xp + X111 + X212 + x3j € T, then hyperbolic
argument (see, e.g. [30]) of & is given by:

arg; (&) = arg(&1)er +arg(&r)es. (1.3)

Let U C T be an open set, and g : U — T (see, e.g. [37, 41]). Also g(z1 + 1222) = g1(21,22) +1202(21, 22),
then g is T-holomorphic iff g; and g» are holomorphic in U and

0 0 0 0
91 _ 09 4 002 _

= u.
0z; 0z 0z1 0zp "

These equations are called the bicomplex Cauchy-Riemann equations (abbr. bicomplex CR-equations),

0g1 . 092
r_ 991 °92
aZ1 ti aZ1

In the following theorem, Riley [35] studied the convergence of bicomplex power series.

N(&) = \/Hrill2 + /&1 — &8y = max([&l, [Eal), (1.4)

then N(&) is a norm and if 3 57y an&™, an = bnes + cney is a power series with component series ) o bn &

and Y37 cn &Y, both having the same radius of convergence R > 0, then Y 7 an&™ converges for N(&) < R

and diverges for N(&) > R, where ||&|| = %\/|£’1|2 +&2? and |E| aps = /I&1l1El.

In the following theorem, Ringleb [36] (see also, [35]) discussed the analyticity of a bicomplex function
w.r.t. its idempotent complex component functions. This theorem plays a vital role while discussing the
convergence of the bicomplex functions.

Theorem 1.6. Let

Theorem 1.7 (Decomposition theorem of Ringleb [36]). Let f(z) be analytic in a region U C T, and let T; C C
and Ty C C be the component regions of T, in the &; and &, planes, respectively. Then there exists a unique pair of
complex-valued analytic functions, f1(&1) and f2(&2), defined in Uy C Ty and Uy C Ty, respectively, such that

f(z) = f1(&1)er +fa(&2)er, & € WL (1.5)

Conwversely, if f1(&1) is any complex-valued analytic function in a region Ty and f2(&;) any complex-valued analytic
function in a region To, then the bicomplex-valued function f(z) defined by the equation (1.5) is an analytic function
of the bicomplex variable & in the product-region U = U; x¢ U,.
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In the Theorem 1.8, Price [34] studied the integration in bicomplex domain w.r.to its idempotent
representation. This theorem plays a basic role in the study of integrals of the bicomplex function.

Theorem 1.8. Let U C T. Let Cy, Ca be two curves defined as
Ciiz1—hz=z1(t) —hz2(t) = & = &1(t),
Coizh+1z0 = z1(t) +1h122(t) = & = &(t),

which have continuous derivatives and whose traces are in Uy C Ty, Uy C T, respectively and let C be the curve
with trace in U which is defined as

C:E(t) =&1(t)er +&(t)ep, a<t <D,
Then the integrals of f, f1, f2 on the curves C, Cq, and C exist and
JC f(&)dE = Jc fi(z1 —liz2)d(z1 —h1z2)eq +J fi(z1 +11z2)d(z1 +1122)e2
1

Ca
or

Jf(i)dEZJ fl(il)d(€1)€1+J f2(&2)d(&2)en.
c C,

C

We would require the definition of the bicomplex gamma function defined by Goyal et al. [19], in the
Euler product form as follows:

TE &eY TL|_|1 <(1 + n> exp < n)) , £eT, (1.6)
—(m+1)

provided that z; # >, and zp # il(l*Tm), where m, 1 € INU{0}. The Euler constant y(0 <y < 1) is
given by

v = lim (Hn, —logn), Hy = Z —.

n—

Also, in idempotent form
e =T&er +TEe, £€T,

and in the integral form (see, e.g.[19]), for p = p1e1 +p2e2, p1,p2 € R,

re :J e Ppéldp = (J e_plpfl_ldm) el + <J e_pzpézldm) e, (1.7)
H 0 0

where H = (y1,7v2) and y1 : 0 to 0o, 2 : 0 to oco.

1.2. Mittag-Leffler function and its properties

The Mittag-Leffler function (M-L function) comes intrinsically in the study of the fractional calculus.
The importance of the M-L function in science and engineering is continuously increasing. It is very
useful in the area of fractional modeling of real life problems.

The one parameter M-L function defined by Mittag-Leffler [33] is given by

o0 Zk'
Eo(z) = kZ_O I Re(a) >0, z e C. (1.8)

It comes from the Cauchy inequality for the Taylor coefficients and properties of the Gamma function
(see, e.g.[16, p.18]) that 3 a number k > 0 and a positive number r(k) such that

Mg, (y) = max|Eq(z)] < e"", Vr > r(k), (1.9)

|z|=T



R. Agarwal, U. P. Sharma, R. P. Agarwal, J. Nonlinear Sci. Appl., 15 (2022), 48-60 52

hence [E,(z) is an entire function of finite order. For each Re(x) > 0, the order p and type o of M-L
function (1.8) is given by

p = lim sup klogk = ! (1.10)
k—00 108 Tanl Re(«)
and
o= x lim sup (klakI%) =1. (1.11)
€p k—00

2. Bicomplex one-parameter Mittag-Leffler function

Here, we introduce the bicomplex one parameter Mittag-Leffler function defined by
oy &
&= ];) Mak+1)

where £, € T, & = z1 + 1222 and |Im;j(oc)| < Re(a).
The definition of bicomplex M-L function is well justified by the following theorem.

Theorem 2.1. Let &, x € T, where & = z1 + 1225 = &1e1 + &pep, o = 11 + xpep = ag +i1aq + rap + i1ipa3
with | Tmj(ec)| < Re(«). Then

oy &
=) a1 2.1)
k=0
Proof. Consider the function
E = _—. 2.2
By using the idempotent representation
Ea(£) = ;) TE T ]; Mok 317 €2 = Boa(E1)er + Bay (&2)e2, (2.3)
where & = &1e1 + &pep, &1 € Ty, Ep € Tr and o = xjeq + xpep. Now,
az&:i and Eultn) =y 2
i oclk—i— 1) 2 Mook +1)

k=0

are complex M-L functions convergent for Re(«;), Re(oz) > 0, & € Ty € C, & € T, € C. Since
Eq (&1) and Eq, (&) are convergent in Ty, T, respectively, by Ringleb decomposition theorem, (2.2) is also
convergent in T. Further, Let

x = aqag+1i1a; +1ixar +ijixas = «pep + xgey,

where o = (ag+ a3z) +11(a; — az) and oy = (ag — az) +1i1(a; + az).
Since Re(xq) > 0 and Re(wy) > 0,

= aqp+az3>0and ag—az >0,
= las| < ao,
= |Imj(«)| < Re(a).

This completes the proof. O
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By substituting the value of the bicomplex gamma function defined by equation (1.6) in the equation
(2.3) we get the following representation for Mittag-Leffler function.

Theorem 2.2. Let &, x € T where & = z1 +1yz0 = &1e1 + &per, ¢ = ag +11aq + 102 +i1l2a3 = cpeq + cges,
with | Tmj(e)| < Re(«), then

3 = k+1 k+1
Eal(£) = kZ_Oa‘%ock+1)e”““*” 11 ((1 + Wﬂ“) exp (_(“nﬂ)) .

n=1
Remark 2.3. In integral form, with the help of (1.7) the bicomplex M-L function can be represented as
Ea(f) =Y — "\
k=0 J e Pp*kdp
H

where H = (y1,7v2) as defined in (1.7).

For different values of the a we obtain various bicomplex functions as special cases. To mention, a
few are:

1. for « =0, we get bicomplex binomial function Ey(§) = ﬁ, IEll < 1;

2. for o = 1, we get bicomplex exponential function [E1(££) = e*%;

3. for o = 2, we get bicomplex cosine function Ey(—£&%) = cos &;

4. for = 2, we get bicomplex hyperbolic cosine function E»(£2) = cosh &;
5. for o = 3, we get the following function: E3(§) = % (eal/3 +2e~(1/2)E7 g (?5}/3)) ;

6. for o =4, we get following bicomplex relation: [E4(&) = % (COS(E,l/ 4) 4 cosh(&l/ 4)) .

Theorem 2.4. The bicomplex Mittag-Leffler function defined in equation (2.1) satisfies bicomplex Cauchy-Riemann
equations.

Proof. By the result (2.3) we have,

Ex(&) =Eqy (&1)er +Eq,(&2)e2
=Eq (z1 —h1z2)e1 + Eg, (21 +1122) 2

. 1+ 14 ) 1—14i
=Eq (z1 —1122) < 21 2) +Eq, (21 +1120) ( ! 2)

2

— (3 (Bl ~ 2] 4 Eolza + 022 ) 2 (F (Bos1 — 222) ~ Bl + 122]) )

= f1(z1, 22) + 12f2(z1, 22),

1 ) . i . .
where f1(z1,22) = 7 (Eqy (21 —1122) + Eq, (21 +1122)) and f2(z1,22) = 2 (Eo, (z1 —1122) — Eq, (21 +1122))

2
E (i =1,2) are complex M-L functions. Now,
of 1 . . of —i . .
371 =5 (Eg, (21 —1122) + Eg, (z1 + 1122)) ale = 71 (Eg, (21 —1122) — B, (z1 + 1122)),
of i . . of 1 . .
’c)izi = 51 (Ey, (z1 —i122) — B}, (21 + 1122)) , a?i =5 (Ey, (z1 —uz) + Ef, (21 + 1122)) -

From the above equations it can be observed that
Of _0f2 g 2_ 90
0z1 N 0z 0z1 B 0z

Hence, bicomplex Cauchy-Riemann equations are satisfied by the bicomplex M-L function. O
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Theorem 2.5. The bicomplex M-L function Ey (&), [ Imj(cc)| < Re(«) is an entire function in the bicomplex domain.

Proof. Let Zf:o an & represents a bicomplex power series, where a,,, £, € T, a, = bnej +cnen, & =
&1e1 + &2e;. Then by Ringleb decomposition theorem 1.7, the series

D anEt = (Z bné?> er+ (Z cn£?> e
n=0 n=0 n=0

converges iff > 0 (bn &l and Y ) cné) converge in the complex domains (see, e.g. [35]). Now from
equation (2.3), the Mittag -Leffler function can be decomposed as

E«(&) =Eq (&1)e1 +Eq, (E2)en

k k
Since Eo, (&1) = > nop W,Re((xl) > 0, and Eo, (&) = > 5o ﬁ, Re(xp) > 0 are complex

Mittag Leffler functions with infinite radius of covergence (say R) [16, p.18], then
&1l <R, [&2] <R.

From equation (1.4),

\/HEHZ IE][* — Ié\abs max(|&, |€2]) <R

As a consequence pf the Theorem 1.6, [E, (&) converges in the bicomplex domain and has infinite radius
of convergence [35]. Since complex M-L function is entire function in C the bicomplex M-L function is an
entire function in T (Riley [35, p.141]). O

Theorem 2.6 (Order and type). The bicomplex Mittag-Leffler function E«(&), &, « € T is an entire function of

finite order p = M and type o = 1.

Proof. From equation (2.3),
E«(€) = Eq, (&1)e1 + Eq, (&2) €.

Here E, (&) and Eg, (&) are the complex Mittag-Leffler functions for Re(x;) > 0 and Re(ap) > 0,
respectively. Since Ey, (&1), Eq,(&2) are entire functions, there exists numbers ki, ko > 0 and positive
numbers 11(k;), T2(k2), such that, from equation (1.9), we get

Mg, (r) = max [Eq (&) <e e > 1 (ko)
&il="71

and

MIEocz(rz) = ‘m|a>i Eq, (&2)l < e 2 , Vo > 1o (ko).
Eal=11

Let r = max(r, m2) and k = max(kq, k»), then

k
M]Efxl(rl) - ‘mlax |1qu(£1)| < e < e’ ’
&1l=r1

and

kp k
Mg, (r,) = max [Eq, (&) <e2 <e',
o272 [E2]=T1 2

Mg, (r) = \H|1-a—xr E«(&)]; (J-modulus of bicomplex number)
j=

= max \lqu(cil)lel - max Ea,(&2)le2 < €” “e1t+e ey Vr> (k) = e’

\ 1
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Hence E(z) is an entire function of finite order.
For the bicomplex M-L function &, o € T, [Imj(a)| < Re(«), the order p is given by

= lim su & = (lim su klogk> e+ (lim su klogk> e
PSP JogTlak+1) ~ \ 1 oo Tog Mok +1) ) P JogT(ook+1) ) %

Now, from equation (1.10),

b= Re(oq) ) ! Re(on)) * \agtaz/ ap— as 2_(a%—a2)'

where ay > |ag| = a3 — a3 # 0. The type o of the bicomplex M-L function E«(¢) is given by

1 [
o= = lim sup (klaklj“)

k—o0
1 1
= —1i Ko
ep 1 S (K

)-

= <1lim su <k’1 ﬁ)) er + (1lim su (k‘l
“ep TR UM (oak 1) 7 ep TP UK P (ook + 1)
= l.e; + l.ep (using equation (1.11))
=1.

O

Remark 2.7. There are different modulus such as real, i;, i, and j modulus are defined for a bicomplex
number (see, e.g. [38]). In this paper, j modulus has been used for the calculation, since it provides
expression in terms of idempotent components of the complex modulus.

2.1. Properties of bicomplex Mittag-Leffler function
Integral representation for the complex M-L function E4(z) is given by (see, e.g.[14, p.209]):

&0 1
J e UEq(t%2)dt = ——, z€ C, & > 0. 2.4)
0 1—2z

The above integral converges in unit circle and is bounded by the line Re(z!/*) = 1.
Theorem 2.8 (Integral representation for bicomplex M-L function). Let & € T, where & = z1 +1ixzp =

Ere1+&epand x> 0, ||E|| < 1, then

(0.0} 1
—t o8 _
Jo e "Eq(t¥E)dt = s
The above integral converges in the unit circle and is bounded by the plane Re(&V/*) =1, Im;(&) = 0.

Proof. By the integral representation (2.4) and the result (2.3), for & € T, where & = z; + 1z, = &1e1 +
&rer, a>=0and |§1] <1, [Ep <1,

ro e 'Ey(t*&)dt = (ro et]E(x(t"‘E,])dt> e+ (JOO etIE“(to‘&Q)dt> e

0 0 0

~(g)o (a)
B 1_51 ! 1_52 2 (25)

1
(E1e1 + &re0)

1

1
=it
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In terms of the real components, & = xg + i1x1 +1i2x2 +jx3 = &1€1 + &ze. Therefore, &1 = (xg +x3) +11(x1 —
x2), &2 = (x0 —x3) +11(x1 +x2). Since,

&1l <1land |&] <1 = \/(xo +x3)%2 4+ (x1 —x2)2 < 1 and \/(xo —x3)2+ (x1 +x2)2 <1

= /X2 +x2+%3+x3 +2x0x3 — 2x1%2 < 1 and (/X3 +x3 +x3 +x3 — 2xox3 + 2x1% < 1

= \/xZ+xF+x3+x3 <1
= ||&]| < 1.

Also,

Re&l/" =1, Re&)/*=1= (xo+x3)8 =1, (xg—x3)~ =1

= (xo+x3) =1, (xo—x3) =1
= x0=1,x3=0

= Re&=1, Imj£{=0

= Re&/*=1, Im§=0.

O
The complex Mittag-Leffler function has following integral representation (see, e.g. [14])
1 [ telet
]EOC(Z) = 27’[1JQ t“_zdt, OC>O, ZGC, (26)

where the path of integration Q is a loop starting and ending at —oco and encircling the circular disk
It| < |z]V/* in the positive sense, |arg t| < 7 on Q.

Theorem 2.9. Let &, w € T, where & = z1 +12zp = &1e1 + &xep, w = wieg + waey, then bicomplex Mittag-
Leffler function has following integral representation

1 J w* Telw)
H

Bald) =2 ) 0=t

dw, >0,

where the path of integration H = (Q4,Q3) and Qq, Q) are loops starting and ending at —oo and encircling
the circular disks |wq| < |&1/Y%, Jwa| < |&o/Y, respectively, in the positive sense, |arg wq| < 7 on Qq and
|arg wo| < 7 on Q equivalently, Iargj wlj <.

Proof. By the integral representation (2.6), result (2.3), and the Theorem 1.8, we have for £, w € T,

Ex(&) = Ex(&1)er + Ex(&2)er

1 r wffcflewl w;(—lewZ
= - m dwier + - ™ dwoey
21ty Jo, Wi —& 21ty g, w2®— &
1 (wlel +w2ez)a—1e(wlel+wzez)

d(wie; + woey)

27 Jia,0,) (wie + waen)* — (E1e1 + Ezer)
1 r wocflew

C 27y Jy wr—§

dw.

The path of integration is H = (Q1, Q;), where Q;, ), are loops starting and ending at —co and encircling
the circular disks |wq| < [E1]1/%, |wo| < &)1/, respectively, in the positive sense. Further, since

|arg wi| < mand |arg wy| < m,
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from the equations (1.2) and (1.3) we have
arg; w = (argwi)e; + (argwo)er = Iargj wl; = |arg wiler + |arg walex < ey + ey = 7.
O

Recurrence relation for the complex M-L function [E(z) is given by the following relation, where p, q
are the relatively prime natural numbers (see, e.g. [16, p.21])

P/q Z IE1/

Theorem 2.10 (Recurrence relation for bicomplex M-L function). Let & € T, where & = z1 + ipzp and
P, q € N are relatively prime. Then the bicomplex Mittag-Leffler function satisfies

27tli
1 1
E,, q(& § E;,p (a/qe q )

Proof. By the recurrence relation (2.7) and the result (2.3) we have for & = z; + iz = &1e1 + &per =
(z1 —hiz2)er + (z1 +hiz2)er,

anil

). 2.7)

By q(8) =E, q(&1)er + B, q(&2)ez, g €N
=E,/q(z1 —uz)er + Ep q(z1 +1iz2)e2

—1 . q—1 .
1 q . 27r111 1 . anll
= (q 2 Eip ((Zl —1127)"/ e )) er+ (CI 2 Eip ((21 +1i127) 9e )) e
1=0 1=0
q_l Trli
:;Z]El/p (&”qez;l) )
1=0

Duplication formula for the complex M-L function [E4(z) is defined as (see, e.g. [16, p.53]):

Fou(2%) = = (E«l(z) + Ex(—2)), Re(a) > 0.

N —

Theorem 2.11 (Duplication formula for bicomplex M-L function). Let €, & € T, where & = z1 +1222, |Imj(«)| <
Re(w), then

 (Ea() 4 Eal2).

Proof. We have for &, o« € T, where & = z1 +1220 = 11+ &e0 = (21 —1122)e1 + (21 + 11z2)ep and « =
oer + oer, [Imj(a)| < Re(a),

IEZa(EZ) =

1 1 = (—&F
5 (Balt) +Eal 2<k (ock—i—l Zr(ock—i—l)>
_ 1y (E5 (=99
2k:0 Fock—i—l
1 & (E1+(—1)%)
E MNoak+1)
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_ 1 E,Z E,4 &6
=2 <2+2F(20c+1) T g 1) T eat 1) +)

B (£2)! (£2)? (£2)°
= <1 * F(1(2cx) ) e+ ) T TBRo+) >

o Z I 20ck+ 1)
= JEZa(aZ).
O

Differential relations for the complex M-L function [E4(z) are defined by the following relations, where
P, q € N are relatively prime (see, e.g. [16, p.22]):

d\P? dr ! zkp/4
— ) E.(zP) =E.(zP — F P/dy — E p/q -
(dz) p(z7) p(zP), dzp p/a(z?9) p/alz H’é I (l1—kp/q)

Theorem 2.12 (Differential relations for the bicomplex M-L function). Let & € T, where & = z1 + 122y, then
forp, q, relatively prime natural numbers,

() ()" Ep(eP) = Ep(eP);

.. q—1 g—kp/q
(ii) dTv p/q(ap 1) = ]Ep/q(‘ip/q)+ k=1 T (1—kp/q)°

Proof.
(i)
d\" d\" ¢  &P¥
il Py [ 2 _S
<d£) E,(EP) (di> I;F(pk—l-l) (From definition (2.1))
S S i .
_ _ 1) = P).
];F(pk—p—i-l) ];)F(pk—kl) (Replacing k — k+1) =IE,(&P)
(ii) Again,
R | Rl B = )
E 3 = = + .
d&p p/al ) da’l;) (q Z —-p+1) ];) ——p—l—l) ,;)F(k(f—%l)

The above equation can further be written as

dr kP/q

dap P/q E’p/ Zr 1—k /q p/q(ap/q)

O

Theorem 2.13. The function E (&™), £ € T, n=1,2,3,..., satisfies the nth order ordinary differential equation

dﬂ.

@ (]En(an)) = En(an)-
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Proof. For o > 0, By replacing & by &% in the equation (2.1), we get
0 aak £x £2a E’th
Eo(8%) =Y —= =1
«(&7) ];) Fok+1)  TlatD)  Tatl)  TEarl) (2.8)
By taking derivative of order « on both sides of the equation (2.8), we get,
aoc £2oc £3oc
D* (E,(£%)) = D¥ .
(EalE7)) <1+F(oc+1)+F(20c+1)+F(3oc+1)+
ra ., Tla+1) 1 MN20c+1) £x FrBo+1) &2«
_ .. (29
Mot T T et | Tatd) T2asD | Teatr)iGasry &9
_ r(l) 70( X £2¢x
“Ti-e® M FarD T TRarn T
Since ﬁ =0 for x =n € N, we get from equation (2.9),
N oy En EZTL B 0 ank B o
PP Bl =14 re oy T rams ) T _kZ_O Fnkr )~ onE)
[l

3. Conclusion

In this paper, one parameter M-L function and its properties in bicomplex space have been defined
from its complex counterpart. Various properties and special cases along with recurrence relations, du-
plication formula, integral representation, differential relation are also derived. We intend to extend the
concepts of the fractional calculus in bicomplex space using the M-L function. Since bicomplex space
provides a more generalized approach towards the large class of functions appearing in signal theory,

electromagnetism, and quantum theory.
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