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Abstract

Recently, the Bell-based Stirling polynomials of the second kind and the Bell-based Bernoulli polynomials [U. Duran, S.
Araci, M. Acikgoz, Axioms, 10 (2021), 23 pages] have been considered, and some of their properties and applications in umbral
calculus have been derived and analyzed. In this work, a degenerate form of the Bell-based Stirling polynomials of the second
kind is defined, and several fundamental properties and formulas for these polynomials are investigated and presented in
detail. Then, a degenerate form of the Bell-based Bernoulli polynomials of order « is defined and a plenty of their properties
are examined in different aspects. Several correlations with other polynomials and numbers in literature, symmetric identities,
implicit summation formulas, derivative properties and addition formulas for the mentioned new polynomials are derived
in detail, and some special cases of these results are investigated. Also, the degenerate Bell-based Bernoulli polynomials of
order ¢ are studied in A-umbral calculus and interesting relations and formulas are developed. Furthermore, the application of
A-umbral calculus to Bell-based degenerate Bernoulli polynomials of order ¢ shows a correlation with higher-order degenerate
derangement polynomials. Finally, a representation of the degenerate differential operator on the degenerate Bell-based Bernoulli
polynomials of order ¢ is provided.
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1. Introduction

Numerous mathematicians and physicists have examined different extensions of special functions.
A new generation of analytical tools for solving large classes of partial differential equations, which are
commonly coincided in physical problems, was provided by special functions with more than one variable
in particular. Using various families of special polynomials, which provide new mathematical analysis
methods, is the only way to treat most of these equations. The use of them is common in computational
models of scientific and engineering problems. Therefore, they lead to the derivation of different utility
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identities in a simple manner and researchers are encouraged to consider the potential extensions of new
families of special polynomials due to their motivation. For example, see [5, 6, 10, 11, 14, 17, 21, 22, 25].
Let A € R = (—o00,00) \{0}. The A-extension of falling factorial is provided as (cf. [9-15, 18-21])

Vor =Yy =Ny =2A)--- [y —(p—1A), (p €N),

with (0), = 1. Upon setting A = 1, it is obtained that (v),, = (v), =v(v—1)(y—2)---(y —(p—1)),
(p € N) (cf. [9-15, 18-21]). The A, difference operator is provided as follows (cf. [11, 13])
+A
Myfly) = NI g

Let A € R\ {0}. The degenerate form of the exponential function is considered as (cf. [9-15, 18-21])

s 2P
e}\/(z):(l—l—?\z% Z p)‘p' and el (z) = ey (2),
p=0 ’

which satisfies the following difference rule:

Ay (e) (2)) =ze) (z).

It is worthy to note that that lim)_, e;\/ (z) = eY*. The Stirling polynomials S, (p, o : v) of the second kind
(abbreviated with SPSK) are provided as follows (cf. [2, 4, 5, 7, 17, 24]):

o0

P (eF—1)°
Z (b,0:y) == &, (1.1)

when y = 0 in Eq. (1.1), we have S, (p,0:0) := S, (p, o) that is the Stirling numbers of the second kind
(SNSK). These numbers possess important role in combinatorics, as they enumerate the number of ways
in which p distinguishable objects can be partitioned into o indistinguishable subsets when each subset
has to contain at least one object. The following relation is valid (cf. [2, 4, 5, 7, 17, 24]):

P
Y =) S2(0,0)(v)e, (v €Ny, (1.2)

The degenerate form of S (p, o) is considered (DSPSK) as (cf. [3, 9-11, 13, 16, 17, 19])

> salpoin S =2 =), (13)
p=0

taking vy = 0 in Eq. (1.3) yields Sy x (p,0: 0) := Sy» (p, 0) that is degenerate Stirling numbers of the second
kind (DSNSK). A degenerate extension of (1.2) is given by (cf. [14])

p
Y)or=2_ Soa(p,0) (V) (1.4)
o=0

For o > 0, the degenerate version of Stirling numbers S ) (p, o) of the first kind (DSNFK) are considered
as follows (cf. [10, 13, 20]):

° (logy, (1+2)°
ZS“\ P, 0 Z —(Og}\(G’Z))Q;\/ (Z and ZS1)\ P,0 oA (1.5)



U. Duran, S. Araci, M. Acikgoz, J]. Math. Computer Sci., 41 (2026), 264-283 266

From (1.4) and (1.5), it is readily derived that

P o
Wor=2_ D Son(p,0)S1,A(0,0) (V)gr- (1.6)

o=00=0

Let Bel,, (v; 6) be considered as the bivariate Bell polynomials or Bell polynomials of two variable (BBellP),
which are provided by

o0 P .
> Bely (v;8) =¥ e, (17)
p=0 )

see [1, 6-8, 17, 23, 24] for applications of BBellP in combinatorics and analytic number theory. The Bell
polynomials (BellP) are derived by Bel, (0;8) := Bel, (6) and also provided by (cf. [1, 7, 8, 17, 24]):

o0 P .
3 Bel, (5) % — edles1), (1.8)
p=0 ’

When 6 =1 in (1.8), Bel, (1) := Bel, denotes the Bell numbers (BelIN) (cf. [1, 2,7, 8, 17, 24]):

o0

p z
ZBelp% —ele1) (1.9)

The BellP [1] emerge in combinatorial analysis as a standard mathematical tool. These polynomials with
several extensions have been extensively investigated since the first consideration of them. For example,
Carlitz [2] gave differential formulas and relations for BellP. Duran et al. [7] introduced Bell-based Stirling
polynomials of the second kind and considered Bell-based Bernoulli polynomials, then provided several
properties, relations and applications. Then, Khan et al. [8] considered Bell-based Euler polynomials and
examined some of their relations and identities. Kim et al. [19] introduced a novel degenerate kind of
Bell polynomials and, by utilizing the A-umbral calculus, gave several interesting formulas. Kim et al.
[10] represented degenerate Bell polynomials by the other degenerate Sheffer polynomials such as the
degenerate Euler and Bernoulli polynomials, arising from A-umbral calculus,. Wang et al. [17] studied
partial Bell polynomials and then, established several general identities involving Bell polynomials and
Sheffer sequences. By (1.2) and (1.8), it is easily observed that (cf. [7])

P
Bel, (v) =) S2(p, 0" (1.10)
=0
A degenerate version of (1.7) (DBBellP) is considered as follows (cf. [11, 19, 20]):
> Belpa (v;9) S -a e} (ex(z) —1). (1.11)
p=0 '

A degenerate form of (1.8) (DBellP) is defined as follows (cf. [11, 19, 20]):

D Belp (8) = =€ (er(2) 1), (1.12)
p=0 b

A degenerate version of (1.9) (DBelIN) is provided as follows

e p
Y Belpp = =ex(ex(2)—1). (1.13)
p=0 P
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It is noticed that
%gr}) Bel, \ (v) = Bel, (v) -

We state degenerate extension of (1.10) as (cf. [19])
o)
Belpa () = Y San(p, 1) Y™ (1.14)

Let B,(f) (v) be denoted the Bernoulli polynomials of order ¢ (BPO), which are provided by (cf. [4, 5, 7]):

= (€) z° z ‘ Yz €
> B (y)a: =) ¢ (ld<2meeCit=1). (1.15)
p=0 ’

Settingy =0, e =1, and Y+ 1 = ¢ = 1 in (1.15), the polynomials B,(f') (v) reduce to the Bernoulli numbers

BE)E) of order ¢ (BNO), the classical Bernoulli polynomials B, (y) (BP), and the classical Bernoulli numbers
B, (BN), respectively. The degenerating version of the (1.15) (DBPO), is given by (cf. [11, 13, 18, 20, 21]):

> zP z €
Z Bé;)\ (v) a = <W> e}f (z), (zl <21+ Az|;e €C;1°:=1). (1.16)
p=0

Upon setting y =0, e =1, and y +1 = ¢ = 1 in (1.16), the polynomials Béa))\ (v) reduce to the degenerate

Bernoulli numbers Bp A ) of order ¢ (DBNO), the degenerate Bernoulli polynomials B, 5 (v) (DBP), and the
degenerate Bernoulli numbers B, 5 (DBN), respectively. Along the paper, we will use some abbreviations
such as the degenerate Bernoulli numbers written by DBN.

In this work, a degenerate form of the Bell-based Stirling polynomials of the second kind is defined,
and several fundamental properties and formulas for these polynomials are investigated and presented
in detail. Then, a degenerate form of the Bell-based Bernoulli polynomials of order ¢ is defined and a
plenty of their properties are examined in different aspects. Several correlations with other polynomials
and numbers in literature, symmetric identities, implicit summation formulas, derivative properties and
addition formulas for the mentioned new polynomials are derived in detail, and some special cases of
these results are investigated. Also, the degenerate Bell-based Bernoulli polynomials of order ¢ are studied
in A-umbral calculus and interesting relations and formulas are developed. Furthermore, the application
of A-umbral calculus to Bell-based degenerate Bernoulli polynomials of order ¢ shows a correlation with
higher-order degenerate derangement polynomials. Finally, a representation of the degenerate differential
operator on the degenerate Bell-based Bernoulli polynomials of order ¢ is provided.

2. Degenerate Bell-based Stirling polynomials of the second kind

Here, we first consider a general degenerate class of SPSK. By making use of this newly defined
polynomials, we obtain new identities and relations. Also we see that they are reduced to classical ones
for the special cases. Here, we have one of our primary definitions.

Definition 2.1. The degenerate Bell-based extension of SPSK (abbreviated with DBSPSK) are defined as
follows:

2P
Z Be1S2,A (P, 0:77,8) —
p=0 o

=B @ e () 1), @)

Below are the various special circumstances of DBSPSK that are examined.
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Remark 2.2. Choosing vy = 0 in (2.1) gives a new extension of SPSK, which we call the degenerate Bell-
Stirling polynomials of the second kind, as follows:

_( ex(z)—1)°

e (e (z) = 1) (2.2)

Z Be1S2A (P, 0 5)

p=0
Remark 2.3. DSPSK (1.3) and SNSK (1.1) can be attained by letting A - 0=%and A =+ 0=vy =38 in (2.1).
Several properties of DBSPSK are analyzed as follows.
Theorem 2.4. DBSPSK satisfy the following connection with DSNSK and DBBellP, for p € IN:

P
paS2 0,07,8) = 3 ()52 (6,01 Bely— g (53] 3)
b=0

Proof. With the aid of (1.3), (1.13), and (2.1), the calculation indicates that

0¢]

zP ex(z)—1)°
D BaSaa(p,0:v,8) o= (}‘(()T,)eX (z)€X (e (2) —1)
p—r ! !
=) Soalp,0) = Y Belpa (v;8) =
p=0o p'p:O
vy (P 52
=> > So (¢, 0)Belp—ga (v;8) —,
e \P p!
which achieves the desired outcome (2.3). O

Remark 2.5. Theorem 2.4 means the following correlations covering DBellP (1.12), DSNSK (1.3), and the
degenerate Bell-Stirling polynomials of the second kind (2.2):

P
BelS2 (P, 0:0) = Z <p>52,)\ (b, o) Belp_ga (8).
b0 \&

Theorem 2.6. DBSPSK fulfill the following connections with DSPSK and DBellP, for p, o0 € Z>q with p > o

p

Be1S2A (P, 01y, 8 Z( )BelSZ)\ 0,0:8) (V)p_ga

and o
BetS2a (0, 0:Y,8) = ) <g> Son(0,0:y) Belp—g (8).

o=0
Proof. The proof resembles Theorem 2.4. Thereby, we do not include the particulars. O
Theorem 2.7. DBSPSK fulfill the following summation formulas associated with DBellP, for p, 0 € Z>o with
p=o:

o)
BetS2 A (0,0 y1+72,8) = ) < ) Be1S2,A (, 0:v1,8) (Y2)

$=0

and

p

I}
BelS2 A (P, 017y, 81+ 87) = Z <(|>

) BelS2A (b, 017y, 01) Belp—_g¢ (82) .
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Proof. Through the following arrangements

e;\/1+Yz (2) e‘;\ (ex(z)—1) = eA (z) ef\ (ea(z)—1) 69\/2 (z)

and

e) (2) e (ex (2) —1) = €] (2) eX (e (z) —1) ¥ (er (2) — 1),

the proof resembles to that of Theorem 2.4. Thereby, we do not include the particulars. O

Theorem 2.8. DBSPSK satisfy the following addition formula related to DSNSK (1.3), for p € Z>:
o1!lop! 0 P
BeiS2a (0, 01+ 0217, 8) = ———— % (d)) BetS2.A (P, 01:77,8) Sop (p— P, 02). (24)

Proof. With the aid of (1.3) and (2.1), the computations shows that

= 2 (er(z) -1
3 vaSan (prov 021y, 8) = ST —eY ) e e (2) -1
p:
o1loy! (en(z) —1)2 ex(z)—1)2
- e B )6 (e (2) - 1) 2T
_ oqlog! > _ 2P & zP
= m ;) BelS2,A (P, 01:7,9) F ZOSZ,A (p, 02) E
. 0'1!0'2! * 2 P S ) 51S zP
—MZ%ZO o) B 2 (§,01:7,8)Sop (p— &, 02) o
p= =
which achieves the claimed outcome (2.4). O

Theorem 2.9. DBSPSK, DBellP, and DSNSK fulfill the following correlation for p € Zx:

P

Sox(p, 0 Z< >Be152?\ $,0:v,0)Bely_g A (—y; —0).

Proof. Through the following organizing

(ex(z2)—1)° _(ea(z2)—1)°
- A

o! e (@ eXlen(z)—1) ey (2) €x° (er (z) — 1),

the proof resembles to that of Theorem 2.4. Hence, we do not include the particulars. O

Remark 2.10. Theorem 2.9 means the following correlations covering DSNSK (1.3), the degenerate Bell-
Stirling polynomials of the second kind (2.2) and DBellP (1.12):

p

Soa(p, 0 Z( )BelSZ?\ ¢, 0:—=8)Belp_g A (0).
=0
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3. Degenerate Bell-based Bernoulli polynomials and numbers of order ¢

Let B‘(f) (v, 8) indicate the Bell-based Bernoulli polynomials of order ¢ (DBPO), which are provided by
(cf. [7]):

[ee) P €
> By (v,8) % N <ezZ—1> e¥2e® ¢, (lzl <2m e € C; 1°:=1). (3.1)
p=0 '

These polynomials have been studied and analyzed in detail in [7]. Also, applications in umbral calculus
have been considered and many interesting formulas have been investigated.

In this chapter, a degenerate form of DBPO (3.1) is introduced, and many formulas and properties are
intensely derived. Here, we have one of the other our primary definitions.

Definition 3.1. We define the degenerate Bell-based Bernoulli polynomials of order ¢ (abbreviated with
DBBPO) as follows:

o0 p z £
Z epr}\ v; 8 p = (e;\(z)—1> e} (z) ed(ex(z)—1), (lzl<2m1+Az]; e€C; 15:=1). (3.2)

Below is an analysis of specific cases of DBBPO.

Remark 3.2. In the case A — 0, DBBPO (3.2) reduces to DBPO (3.1).

Remark 3.3. The degenerate Bell-Bernoulli polynomials BelB‘(j;\ (8) of order ¢ are considered in the case
when vy =0 in (3.2):

Z BB (8) ) = (w")_1> X (ex (z) —1). (3.3)

Remark 3.4. DBBPO (3.2) reduces to DBPO (1.16) in the case when 6 = 0.
Remark 3.5. DBBPO (3.2) reduces to BP (1.15) in the case when A — 0,6 =0, and ¢ = 1.
It is also noted that
BelBSI;\ (v;8) == BelBpa (v;0),
which we name the Bell-based degenerate Bernoulli polynomials (abbreviated with DBBP).

Our aim now involves elaborating on certain properties of DBBPO.

Theorem 3.6. DBBPO fulfill the following formulas related to DBBellP (1.11), DBellP (1.12), DBPO (1.16)), and
degenerate Bell-Bernoulli polynomials of order € (3.3) for p € Z>q:

0
p
BelBé;]\ (v;8) = Z <0) BET‘:’})\Belpr,;\ (v; ), (3.4)
o=0
(€) - P (€)
Beprf)\ (v;8) = Z (G) B;)\ (v) Belp_o")\ (8), (3.5)
o=0
(&) . p (&)
5B (v:8) = Y (G) 5B (6) (V) o 6)
o=0

Proof. The proving process of (3.4)-(3.6) resembles to the proof of Theorem 2.4. Thereby, we do not include
the particulars. O

An addition formula for DBBPO is provided as follows.
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Theorem 3.7. DBBPO fulfill the following formula for p € Z:

P

P
BelBS}l\HZ) (Y1 +v2i81+82) = ) (0) BelBLs) (Y1;51)Be113£f_22y,;\ (v2;82). 3.7)
o=0

Proof. Through the following organizing

z e1t+¢z Y1+Y2 5148
<€>\(Z)—1> ex’ lz)ex M (ea(z) = 1)

- <e}\(z7‘)_l> el (z) e (e (z) — 1) (e)\(zz)—l) el (2) €% (er(2) 1),

the proofing process of (3.7) resembles to that of Theorem 2.4. Hence, we do not include the particulars.

O
Below is an example of a special case of Theorem 3.7:
(e) : p ()
5B (v 4 15) = 3 <G) BB (:5) (1), o r
o=0
A difference operator rule for DBBPO is as follows.
Theorem 3.8. DBBPO fulfill the following difference operator formula for p € Z>y:
Ay BelBE)f})\ (v;0) =p BelBE)&,)L}\ (v;0).
Proof. Through the following organizing difference property:
MryeX (2) €} (e (2) —1) = ze} (2) € (er (2) — 1),
the proof is done. O
A relationship for DBBPO is given as follows.
Theorem 3.9. DBBPO fulfill the following identity associated with DBBellP (1.11), for p € Z3o:
Bpiin (Y +1:8) = paiBpaip (vi8) _ 1 = (p+1) e
Bel .5 _ BelPp+1A elPp+1, _ € . )
el (7;9) o i (Mo ) paBr 059 1y o
Proof. Through the following arrangement
Y 8 - Zp
e, (z)ex (ex(z) — 1) Z BelBp A (V0 p"
the proof is completed with the aid of Definition 3.1. O

We now present an explicit formula for DBBP.

Theorem 3.10. DBBP fulfill the following relation for p € Z>:

o—1 o—o—1
= o1 (-1 (&) g (0+Y)
BelBp (V;0) = 5 E < >( )0' oA . p+1,A

holds for p € INy.
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Proof. With the aid of Definition 3.1, the calculations indicate that

ad P
S waBoa ;81 5 = A & (enta)-1)

00 . o—1
= ZC;\/ (Z) Z (5)U,>\ W
o=0

oo o—1 . _qyo—0—1
=3 Lo () e

o=00=0
oo oo o—1 —o—1 1
o—1\(-1)°° zP
zzzz(sm( ; ) 0+ Vor )
p=00=0 0=0
which achieves the desired outcome. O

Theorem 3.11. DBBPO fulfill the following formula related to DSNSK (1.4) and DBBellP (1.11) for p € Z > and

pt+o

o plo! p+o (—o) .
Beloa () = (%5 2 (4 )seator 00,1 maB Ly io).
Proof. By the following organizing
Y 5 —1)° z?
e (z) e} (en(z) —1) =01z Z BB (1:8) = o
the proof is over with the aid of Definition 3.1. O

Now, we provide the following theorem covering DBBPO and DSNSK.
Theorem 3.12. DBBPO satisfy the following correlation associated with DSNSK (1.4) for p € Zx:

BelBLR (10 ZZ( ) ¢ S22 (0,0) BBl (6). (3.8)

o=00=0

Proof. With the aid of (1.3), (3.2), and (3.3), the calculations show that

0 P
Z BelBE:))\ (Y;é) % = mei (6)\ (Z) — 1) (6)\ (Z) —1+ 1)Y

z* 5 - (ea(z) —1)°
- (e () -1) ) (y), 2
(ex (2)— 1) r of
o0 o0 P
=> > <p> (Y)s S2 (0, 0) Bepr )M\(fﬂ i,,
p=00=00=0 °© p:
which achieves the intended consequence (3.8). O]

Theorem 3.13. DBBPO fulfill the following addition formula associated with DSNSK (1.4) for p, o0 € Z>o with

p=o:
plo! o p+o (o)
Belpa (Y1 +v2,01 +082) = (o tol Z - BelBy A (Y25 02) BarS2A (P+0—0,0:v1,081). (3.9)
" o=0
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Proof. With the aid of (1.3), (1.13), and (2.1), the calculation indicates that

o0 2° — (o) 2?27 iy 5146
> BaSaa (p,0:v1,81) of > BBy (vai 52) = ol = ol —elTY2 (z) e (e (2) — 1),
p=0 " p= ’
which achieves the intended consequence (3.9). O]

The following series manipulation formulas hold (cf. [7, 8]):

ZZA(G,G—G): Z A (o, 0) (3.10)

and

(3.11)

Then, the following implicit summation formula is presented.

Theorem 3.14. DBBPO fulfill the following relationship for p € Z>:

0,0
(e) LS) SAWAY (&) .
B Lo (136 = 3 (p) (T) BBy (@;8) (Y — @)y on- (3.12)
p,T=

Proof. Substituting zby z + ¢ in (3.2), and with the help of (3.11), it is obtained that
z? ¢° z+ ¢ 5
“(z+ ) Z BelBngG;\(w d) — ol ol (e;\(z—l-d))—1> ex (ex(z+¢)—1).

o,0=0
Again substituting w by v in the previous equation, it is attained that
Z (1)0 z+ (b € 5
Y (z+¢) Z BelBG+G>\ (v;8) — ol ol <e>\(z+cb)—l> ex (ex(z+¢)—1).

o,0=0

Through the previous two equalities, it is computed that

z° d)“ >
e Y (z+¢) Z BBy o (Wi8) = 3 By o (1)

o,0=0 o,0=0

Z(T d)(T
ol of

7

which means

[e¢] oo

2P ch 0 Z d)cr 20 d)cr
Z (v — w)er'r?\ ) Z BelBG+cf7\(w Z BelBG+U7\ 8) — :

p! ! o! ol o! o!
p,t=0 o,0=0 o,0=0

With the aid of (3.10), it is observed that

0,0

(e)
Z Z (v —w) p+TA Bech+o p— T}\(w 6 Z B 6)2 ¢°
plt! (0 —0)! (o —1)! Bel ‘”‘”‘ ol o’
o0,0=0p,T=0 o,0=0

which achieves the intended consequence (3.12). O

Here, we provide some symmetric identities for DBBPO below.
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Theorem 3.15. DBBPO fulfill the following identity for p € Z>o and »,b € Rand p > 0

P
p -
Z <0_> BelBéi)Glpy\ (py;é) BelBE:,,]{)\ (Wré) A (313)
o=0
= (0 (€) (€)
=) (G> BetBio o (0Y38) BetBy o o (573 8) 5P °.
o=0

Proof. We choose that

22

i ((e A(z) —1) (e x(pz)—1)> e (3bz) €5 (epr (42) = 1) €5 (e (p2) = 1),
P »x

which is symmetric in s and p. We compute that

P

(pz)
p!

a p () () zP
€ —
<§ <G) BelB oo on (PV;8) BelBiy ,en (5275 8) 5P 7907 o
0 \o=0

Bel BE) g}\ (QYI6

|\”/18

p o0
Y Y BBl (v;8)
p=0

°
Il
)

M

P

and in the same way

P

x [/ p
.\ z
Y= E (E ( )BelBg or (PY;0) BelBéi)G,%}\(%Y;é)%obp G) o
o=0

p=0
which means the assertion (3.13). O
Here is another symmetric identity for BelBé;)\ (v; 8) as follows.

Theorem 3.16. DBBPO fulfill the following identity for p € Z>q and »,b € Rand p > 0:

o
P . P, _
>y ) (0) Belef,g,x (Hr ot PY1;5> BelBE,i)G,,M (50v2;8) p3P° (3.14)

P x—1p—1
p . —
=22 > <G> BeIBE:,;)m <1+ o) +%Y1;5) BelBE,i)U,M (py2;8) »7bP°.

Proof. We compute that

€

(32)° (pz) (
(epn (32) = 1) (e, (pz) = 1)1

X e}flﬂ’z (xbz) egx (epn (32) —1) e, (e (pz) — 1)

:( >z > ( A (bz) — 1> e)! (»bz) el epa (epn (522) — 1)

ex (3bz) —1)2

epn (52) —1 eon (22) —1
pz ex (»bz) — , s -
- (em\ (pz) —1) <e%>\ (52) _1> e? (»bz) el (e (pz) —1).

With the help of (3.2), it is seen that

e p—1
Y= <ep)\ (22) _1> Zep)\ »z) le (%2)627\ (€p7\ (%z)_l)
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g x—1
g <€%7\ (pz) —1> Ze X2 (pz) €2 (esen (p2) — 1)

P

o
_ p (&) . P. . (&) . o, p—0O z
- Z Z Z ; <0> BelB g pa (H' 2T PY1,5) BelBy o n (3072;8) p%2¢ ) ol

o0 P x—1p—1
_ P (€) . T, ' (e) . B o
Y= Z (Z ‘ Z <0_> Be]Bo‘,%)\ <1—|— BJ + v1; 5) BEIBP—O",Q}\ (py2; 8) #°bP 0‘) a,
p=0 \0o=0 i=0 j=0
which yields the claimed result (3.14). .

4. Applications

4.1. Applications in A-Umbral calculus

The umbral calculus has been founded by Rota and has mathematical tools such as linear functionals,
differential operators and Sheffer sequences. Recently, the "A-umbral calculus" has been founded by Kim
et al. [11] with the following question: What if the familiar exponential function appearing in Sheffer sequences
property of umbral calculus is changed to degenerate exponential functions? This asking gave rise to the new
concept which is called A-umbral calculus or known as degenerate umbral calculus. The concept of
A-umbral calculus is reviewed below.

Let IP be the algebra of polynomials in the single variable y over C and

In this calculus, (Lip(y)), refers the action of a A-linear functional L on the polynomial p(y). A A-linear
functional on P is defined by setting

(FDI Vpp), =0 (p20), (1)

where
[e¢] Zo-
= Z %0.—
o=0
Choosing f(z) = z% in (4.1) yields
(z°10)n ), = Plop0  (p,0>0), (4.2)

where 8, =1 for p = 0 and 8, = 1 for p # 0. The A-differential operator on IP are introduced as

follows
o = N o 4.3
(270 (Y)p’}‘ {O, if p<o. (*3)
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From (4.3), it is derived that for f (z) = Y o, %UZFT eF

and for p > 0,
(e (2)) Wpr =¥ +8) . (4.4)

which yields (ei (z)))\p (v) =p(y+195). A series f(z) with o(f(z)) = 1 and o(f(z)) = 0 is termed a delta
series and an invertible series, respectively, where the order o(f(z)) of a power series f(z) is the smallest
integer o for which the coefficient of z° does not vanish (cf. [24]). Let g (z) and f (z) be an invertible series
and a delta series, respectively. Then there exists a unique sequence S ) (v) (of degree p) of polynomials
tulfilling the orthogonality circumstances

(9(2) (F(2)%ISpn (Y))y = P'8p,0, (4.5)

where the sequence S, (v) is Sheffer for (g(z),f(z))), and is termed the A-Sheffer sequence for the pair
of (g(z),f(z))a, shown by

Spa (v) ~ (g(z), f(z))a.
It is noted that for all v € C:

Sor (Y) ~ (g(2), f(2)r & i Son (v) 2 71 eX (f(z)), (4.6)
' e Pt g(f(2))
where f (f (z)) = f (f(z)) = z. For instance, (), » is A-Sheffer for (1,z) shown by (y), , ~ (1,2),. Béll;\ (v) is
A-Sheffer for (eA Z) ! z) shown by BSJ)\ (v) ~ (%,z))\ We observe that for p > 1: (f(z)), Spa (v) =
pSp (v), where the sequence S, (v) is Sheffer for (g(z), f(z))a. For h(z), f(z), g(z), o(z) € F, and
Sox (¥) ~ (g(2), f(2))a, Tpa (¥) ~ (h(z), 0(2))a, it is obtained that
ZTG)\ pG/ (p P O)/ (47)

where

Coo = 1 <h(f(2)) o (F(2))° ‘W)p,x> .

ol \ g (f(2) N
For Sy A (v) being Sheffer for (g(z), f(z))a, then

° 1 1T~
S = = (f .
oA () jz:o].!<g(_f(z))((z))]mp,A>A(m,A

One can see [10-13, 18-20] and cited references therein for more details of A-umbral calculus theory. Re-
cently, Kim et al. [11] defined and investigated A-Sheffer sequences and as examples, the authors worked
degenerate Bernoulli polynomials and degenerate Euler polynomials under the theory of A-umbral cal-
culus. After that, several mathematicians studied properties of degenerate poly-Bernoulli, degenerate
Hermite, degenerate derangement, degenerate Bell and degenerate Daehee polynomials arising from A-
umbral calculus, cf. [10, 12, 13, 18, 20]. Recall from (3.2) that

Z

Z%@Mm =g U&M&%UQWQ4>. 438)
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As z — 01in (4.8), it gives BelB ) (v;5) = 1, which implies the generating function of DBBPO is invertible.
Here, the properties of DBBP" ar1smg from A-umbral calculus are sequentially provided as follows. With
the aid of (4.8) and (4.6), it is derived that

ex(z)—1 _
wiBon (:8) ~ (e (en (2)-1),2) “9)
and

(z)x BetBpa (V;8) = p BetBp—1a (v;0) . (4.10)

With the help of (4.2) and (4.8), it is seen that

o
z p

BeiBpa (v;8) = mei (en(z) =1) (¥),p =€} (ea (z) =1) By (v) = ;) (()Be%,x (8)Bp—on (v),

which is the particular situation of (3.5). From (4.4) and (4.8), it is also observed that

.8) — “ 5
BelBp (v;0) = e (2) =1 (ea(z) —1) (¥)pa
% o
z A p
=—"  Bel ;0) = 22 2°Bel ;0) = BsaBel, ;0).
o1 08) = 3 52 Belon (18 = 3 (7 Baabely-o (1)

Now, we present our first result as follows.

Theorem 4.1. There exist constants cg,c1,...,Cp as

P
Y) =) coBaBon (vi8),

o=0

where

c0=1<“(7‘)‘1ex5( (z)—l)z“|p(v)> , (4.11)
A

z
forp e Zxoand p (y) € Py
Proof. With the aid of (3.2), (4.5), and (4.9), the calculation shows that

ex(z)—1 _
(ME e (e @) - 12 | miBor (1:8)) =0l (0,02 0),
A

which means that

<WHe;5 (en (2)—1)2° | p m>
A

z
ex(z)—1 P
= ZC(T< 7\6 (e}\ (Z)—l)z,o_| BelBUJ\ (Y,6)> = cho—!éﬁ,c = G!Co‘/
A o=0
which achieves the intended consequence (4.11). O

Here is an explicit formula for DBBP.

Theorem 4.2. DBBP fulfill the following formula for p € Z>:

oo(rl

BelBp,A (V0 —PZZ

o=10=0

( ) (1" (y+0), 1a. (4.12)
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Proof. With the help of (4.4) and (4.8), it is acquired that

z

mei (ex (z) —1) ('Y)p,)\

BelBp (V;0) =

[
N
|
—_
M
)
a
>
|
—_
=
kel
>

Il
nN
M2
q
AN
&
q
>
RN
Qq
|
—_
~__
|
—_
q
_.
q
o
>q
S
=
kel
>

which achieves the claimed consequence (4.12). O
A representation of A-umbral calculus is given as follows.
Theorem 4.3. The following formula holds for p € Z>q:

exl(z)—1 s | o+1 o—ot1 (911
(e @@-n]mn) =3y (7)) e (Fa52),

o=0o0=0

Proof. From (4.1), it is readily seen that

1 1
(2B e el - 1| Wpn) =i

o=0 A
1 & (-9 Afo+1 1
B E (e )
o=00=0
oo o+1 6
_ Z (_ )0',?\ <G+ 1) (_1)0'70'+1 <(O—)p+1,?\>
== o! o p+1
which completes the proof. O

Theorem 4.4. DBellP (1.12) fulfill the following representation of A-umbral calculus for p € Z>:

_ 1 . —8) —Bely 11 5 (—5
(2 fen 21 - 1| (), ) = —oeet2 =) Bepen E0)

Proof. From (4.9) and (4.10), we write
.8 — 5 —_
BeGBp,?\ (Y/ 6) - <€7\ (Z) — 167\ (e?\ (Z) 1))7\ (Y)p)\ ’ (p 2 0) (4~13)

With the help of (4.1),

<e>\(2)1 ex? (e (z) — 1)‘ (Y)p?\> - <e}\(Z)1€)\5 (ex(z) =11 Z(Y)p+1'7\>>\
A

z
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1 Z Bels A (1, —0) —Belga (—0)) &
A

o=0
1§ (Belgy (1;—8) —Belg (—9))
= : : 1)!
p+1 O_Z_O o! (p+ ) 6p+1,0
_ Bely 1,2 (1,-0) — Belp 1A (—9)
p+1 '
Thereby, the proof is completed. O

Theorem 4.5. The following formula holds for p € Z>:

P o 0—7T

seBor (15 =Y 3 Y ( >52>\ 0,0)S12 (0, +7) 5B (8) (V) (@14)

o=07t=0 j=0

Proof. With the help of (4.9), (4.13), and (1.6), it is seen that

(eA(ZZ)_leAB (ea (z) — 1)) BelBp (Vi 8) = (¥)p
A

then the calculations gives that

7N\
2N

BelBp (V;0) = el

L a—TYe —1)) Von
A

z
ex (Z) —1

I
B

S (0,0)S1 (0) ( e (ex (2) — 1))A V)i

q
II
o

j
) B o
Soa(p,0) Sia (0,§) Yy ZEEA ;}\ ) (Z9)\ V)i
=0 ’

Q
I
o

Il
M
- I

] .
Z( >527\ P, 0) S1,A (0,3) BetBra (8) (Y)j_rn

=0

I
M-

o=0j

P o o .
X Z ZZ( >52>\ P, 0) S1,a (0,)) BetBra (8) (Y)j_rn

o=0Tt=0j=71
P o

which achieves the desired consequence (4.14). O

\_a
I
o

o—T

Z( )Szx 0,0)S12 (0, + ) BaBen (8) (V) 1,
=0

Theorem 4.6. DBBP satisfy the following correlation associated with DBN (1.16) and DSNSK (1.4) for p € Z>:

BelBpA (V58 Z Z Z ( > < ) o—aAS2 (0,T) (8) ) (V)g—o - (4.15)

0=00=07t=0

Proof. Using the aid of (1.14), it is seen that
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° o
=) <g> o— 07\<ZZ )z S2.a (0,7) (ZG!))‘ (Y)g,)\>
o=0 o=071=0 A
P o o
=Y 3 Y (O) () BomenS2n (0,0 (8)er Vo on
(o) (o)

0=00=07t=0

which achieves the asserted consequence (4.15). O

Also it is noted that

beBo (¥:5) ~ (“(Z_j_le;é(ex (z)—le) and B[} (v) ~ ((6“2)_”7) .
A A

ZS

Theorem 4.7. DBBP fulfill the following relationship related to DBN (1.16) and DSNSK (1.4) for p € Z>:

P PpP—T p T
BeiBo (V3 ZZ W Bepr_T_c,A(S)SZ,A(Hs,s)BSi (v). (4.16)
=0 0=0 S

Proof. From (4.7), it is seen that

Bepr?\ V/ ZBE,S))\ pT/ (p 20)/

where
1 /zed(ea(z) —1) (ex(2) —1)° .
- (P> <Z€>6\ (ea(z) —1) (ex (z) —1)° (y) >
1 e)(z)—1 zs Yo—ra A
_(p) e Soa(0+s, s)<ze§\(e>\(2)—1) o] () >
—\r — (0+%)G, () —1 Z° 1\Y)p—z .
p—T 5
(P Soal(o+s,s) (p—T\ /ze} (ex(z) —1)
()F ey (),
e Saa(0+ —
()52 o)
which achieves the assertion (4.16). O

The degenerate form of derangement polynomials of order r € IN is introduced as follows (cf. [12])

r 1
Zdé% V= e @ (2.

Upon setting r = 1, the polynomials dg,;\ (v) reduce to dp (v) termed as the degenerate derangement
polynomials. For 0 < p, it can be observed from (4.6) that

dop (V) ~ (1—2)ex (2),2), and A} (v) ~ (1—2)"er (2),2),

For p(y) € P, being a (p + 1)-dimensional vector space over C (cf. [11]), it is shown that

o)
- Z Cddcr,?\ (Y) s (417)
o=0
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where

and

where

—2z)"ex (2) 2%lp (V))x

Let p (v) = BeBp, (v;0) € P, in (4.17) and (4 18). Then we get

where

ZC dcr?\

Bepr,

(1—2z) e (2) 2% BeaBpa (v;0)),

(1—2)ex (2)| BetBp—op (V;0))y

<(1 —2z) [ BetBp—oa (Y + 1;5)>;\

<1| Bepr—U,?\ (Y+ 1;6)>)\ - (s_) (p - G) <1‘ Bepr—G—l,?\ h"i' 1;6)>)\

—1
= <Z> BelBp—oA (1,0) — p<p - > BelBp—o—1A (1;6).

Thus, the following corollary is obtained.

Theorem 4.8. DBBP satisfy the following identity for p € Z:

BelBp (V;0) =

Choosing p (v) = peB

where

P

>

o=0

(e)
p,A

_ 1t

T
<

|

p
o

Y
o

<<§_> Beprfc,A (1/6) —pP <p ; 1> Beprfo'fl,A (1/5)> d0',7\ (Y) .

(v;0) € P, in (4.17) and (4.18) gives the following formula

(
)
)

(1—2)"

(11~
Y

j=

)

=0

P
Bepr}\ YI Z CEIT df)—r
o=0

2)2°| BBl (vi8))

2)" BBy (Y +138))

<T) ( ; ) <1I BBl M(v+1;5)>A
B (2) C) <p;0> BelBéi)o-—j,)\ (v +1;8) (1)L
j=0

Thus, the following result can be given.

(4.18)
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Theorem 4.9. DBBP and degenerate derangement polynomials fulfill the following relation for p € Z>o:

B i) = Y Y ( )( )( ). “) BetBl i (¥ +1:8) dap (v) (<1 i1

o=0j=0

4.2. Applications in degenerate differential operator
The degenerate differential operator is considered by Kim et al. [14, 15] as follows:

d d d d d
(3)o = 0a) (g =) b =2) byt @19

By (4.19), we have
d
<de) YP = (Pl v"-

Let f be a formal power series written as f(y Zp 0#pY? and o > 0. Then the degenerate differential
operator of this series is given by

d o
(135) 0 0= L 0l

Kim et al. [14, 15] showed that degenerate differential operator plays an important role in boson operators.
In this part, we focus on the representation of the degenerate differential operator on DBBPO (3.2) as
follows. By (1.14) and (3.5), we observe

d : d ° o\ (e
<5d§> R BBy s (38) = <5dé> {ZO <J> B.*.  (v) Belj (5)}

)

() s sann ((4),,)

(‘?> BL L (1) S2 (,7) (T) g p 8°

—

=0

Z >3 ( ) Bl ()52 05,7182 (0,01 S 1) (7).

Thus, the following result can be presented.

I
e e I
I\/]_.

Theorem 4.10. The following relation holds true:

j

P o
(o35),, mmi s =353

j=0 =0

5 (5) B )82 3,71 820 (6,01 1 (07) (1087

=0

5. Conclusion

In this work, a degenerate form of the Bell-based Stirling polynomials of the second kind has been de-
fined, and several fundamental properties and formulas for these polynomials have been investigated and
presented in detail. Then, a degenerate form of the Bell-based Bernoulli polynomials of order & has been
defined and a plenty of their properties have been examined in different aspects. Several correlations
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with other polynomials and numbers in literature, symmetric identities, implicit summation formulas,
derivative properties and addition formulas for the mentioned new polynomials have been derived in
detail, and some special cases of these results have been investigated. Also, the degenerate Bell-based
Bernoulli polynomials of order e have been studied in A-umbral calculus and interesting relations and
formulas have been developed. Moreover, it has been shown that applications in A-umbral calculus for
the Bell-based degenerate Bernoulli polynomials of order ¢ give a relation with higher order degenerate
derangement polynomials. Finally, a representation of the degenerate differential operator on the degen-
erate Bell-based Bernoulli polynomials of order ¢ has been provided. The formulas given in this study are
a generalization of the formulas from other studies, some of that are covered in the associated references
in [1, 2, 4, 5, 7-15, 17-21, 24]. In subsequent studies, the polynomials in (2.1) and (3.2) can be analyzed in
the context of monomiality principle.

References

[1] E.T. Bell, Exponential polynomials, Ann. of Math. (2), 35 (1934), 258-277. 1,1, 1,5
[2] L. Carlitz, Some remarks on the Bell numbers, Fibonacci Quart., 18 (1980), 66-73. 1,1,1,5
[3] L.Chen, T. Kim, D. S. Kim, H. Lee, S.-H. Lee, Probabilistic degenerate central Bell polynomials, Math. Comput. Model.
Dyn. Syst., 30 (2024), 523-542. 1
[4] R. Dere, Y. Simsek, Applications of umbral algebra to some special polynomials, Adv. Stud. Contemp. Math. (Kyung-
shang), 22 (2012), 433-438. 1,1, 5
[5] R. Dere, Y. Simsek, Hermite base Bernoulli type polynomials on the umbral algebra, Russ. J. Math. Phys., 22 (2015), 1-5.
1,1,1,5
[6] U. Duran, Central Bell-Based Type 2 Bernoulli Polynomials of Order {3, Fundam. J. Math. Appl., 8 (2025), 55-64. 1, 1
[7] U. Duran, S. Araci, M. Acikgoz, Bell-based Bernoulli polynomials with applications, Axioms, 10 (2021), 23 pages. 1, 1,
1,1,1,3,3,3,5
[8] N. Khan, S. Husain, Analysis of Bell based Euler polynomials and their application, Int. J. Appl. Comput. Math., 7
(2021), 16 pages. 1,1,1,3
[9]1 H. K. Kim, Some identities of the degenerate higher order derangement polynomials and numbers, Symmetry, 13 (2021),
16 pages. 1,1, 1
[10] H. K. Kim, D. V. Dolgy, Degenerate Catalan-Dachee numbers and polynomials of order r arising from degenerate umbral
calculus, AIMS Math., 7 (2022), 3845-3865. 1, 1, 1, 4.1
[11] D.S. Kim, T. Kim, Degenerate Sheffer sequences and A-Sheffer sequences, . Math. Anal. Appl., 493 (2021), 21 pages. 1,
1,1,1,1,1,41,41,41
[12] T. Kim, D. S. Kim, L.-C. Jang, H. Lee, H. Kim, Representations of degenerate Hermite polynomials, Adv. Appl. Math.,
139 (2022), 18 pages. 4.1, 4.1
[13] T. Kim, D. S. Kim, H. K. Kim, A-q-Sheffer sequence and its applications, Demonstr. Math., 55 (2022), 843-865. 1,1, 1,
1,41
[14] T. Kim, D. S. Kim, H. Y. Kim, Some identities involving degenerate Stirling numbers arising from normal ordering, AIMS
Math., 7 (2022), 17357-17368. 1, 1, 4.2, 4.2
[15] T. Kim, D. S. Kim, H. Y. Kim, Normal ordering of degenerate integral powers of number operator and its applications,
Appl. Math. Sci. Eng., 30 (2022), 440-447. 1,1, 4.2, 4.2, 5
[16] T. Kim, D. S. Kim, W. Kim, J. Kwon, Some identities related to degenerate Bernoulli and degenerate Euler polynomials,
Math. Comput. Model. Dyn. Syst., 30 (2024), 882-897. 1
[17] T. Kim, D. S. Kim, J. Kwon, Probabilistic degenerate Stirling polynomials of the second kind and their applications, Math.
Comput. Model. Dyn. Syst., 30 (2024), 16-30. 1,1,1,1,1,1,5
[18] T. Kim, D. S. Kim, J. Kwon, H. Lee, Representations of degenerate poly-Bernoulli polynomials, J. Inequal. Appl., 2021
(2021), 12 pages. 1,1, 1, 4.1
[19] T. Kim, D. S. Kim, H.-I. Kwon, S.-H. Rim, Some identities for umbral calculus associated with partially degenerate Bell
numbers and polynomials, J. Nonlinear Sci. Appl., 10 (2017), 2966-2975. 1,1, 1,1, 1
[20] T. Kim, D.S. Kim, H. Lee, S. Park, J. W. Park, A study on A-Sheffer sequences by other A-Sheffer sequences, ]. Nonlinear
Convex Anal,, 23 (2022), 321-336. 1,1, 1, 1, 4.1
[21] J. Kwon, P. Wongsason, Y. Kim, D. Kim, Representations of modified type 2 degenerate poly-Bernoulli polynomials, AIMS
Math., 7 (2022), 11443-11463. 1,1, 1, 5
[22] L. Luo, T. Kim, D. S. Kim, Y. Ma, Probabilistic degenerate Bernoulli and degenerate Euler polynomials, Math. Comput.
Model. Dyn. Syst., 30 (2024), 342-363. 1
[23] A. Muhyi, A Note on Generalized Bell-Appell Polynomials, Adv. Anal. Appl. Math., 1 (2024), 90-100 1
[24] S. Roman, The umbral calculus, Academic Press, New York, (1984). 1,1, 1,4.1, 5
[25] S. A. Wani, Unveiling Multivariable Hermite-Based Genocchi Polynomials: Insights from Factorization Method, Adv.
Anal. App. Math., 1 (2024), 68-80. 1


https://doi.org/10.2307/1968431
https://www.tandfonline.com/doi/pdf/10.1080/00150517.1980.12430191
https://doi.org/10.1080/13873954.2024.2358899
https://doi.org/10.1080/13873954.2024.2358899
https://www.dbpia.co.kr/Journal/articleDetail?nodeId=NODE10832381
https://www.dbpia.co.kr/Journal/articleDetail?nodeId=NODE10832381
https://doi.org/10.1134/S106192081501001X
https://doi.org/10.33401/fujma.1630459
https://doi.org/10.3390/axioms10010029
https://doi.org/10.1007/s40819-021-01127-x
https://doi.org/10.1007/s40819-021-01127-x
https://doi.org/10.3390/sym13020176
https://doi.org/10.3390/sym13020176
https://doi.org/10.3934/math.2022213
https://doi.org/10.3934/math.2022213
https://doi.org/10.1016/j.jmaa.2020.124521
https://doi.org/10.1016/j.aam.2022.102359
https://doi.org/10.1016/j.aam.2022.102359
https://doi.org/10.1515/dema-2022-0174
https://doi.org/10.3934/math.2022956
https://doi.org/10.3934/math.2022956
https://doi.org/10.1080/27690911.2022.2083120
https://doi.org/10.1080/27690911.2022.2083120
https://doi.org/10.1080/13873954.2024.2425155
https://doi.org/10.1080/13873954.2024.2425155
https://doi.org/10.1080/13873954.2023.2297571
https://doi.org/10.1080/13873954.2023.2297571
https://doi.org/10.1186/s13660-021-02592-0
https://doi.org/10.1186/s13660-021-02592-0
https://doi.org/10.22436/jnsa.010.06.11
https://doi.org/10.22436/jnsa.010.06.11
https://www.researchgate.net/publication/358976249_A_study_on_l-Sheffer_sequences_by_other_l-Sheffer_sequences
https://www.researchgate.net/publication/358976249_A_study_on_l-Sheffer_sequences_by_other_l-Sheffer_sequences
https://doi.org/10.3934/math.2022638
https://doi.org/10.3934/math.2022638
https://doi.org/10.1080/13873954.2024.2348151
https://doi.org/10.1080/13873954.2024.2348151
https://doi.org/10.62298/advmath.8
https://londmathsoc.onlinelibrary.wiley.com/doi/abs/10.1112/blms/17.3.286
https://doi.org/10.62298/advmath.6
https://doi.org/10.62298/advmath.6

	Introduction
	Degenerate Bell-based Stirling polynomials of the second kind
	Degenerate Bell-based Bernoulli polynomials and numbers of order 
	Applications
	Applications in -Umbral calculus
	Applications in degenerate differential operator

	Conclusion

