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Abstract

In this paper, we introduce a new method to solve pseudomonotone variational inequalities with the Lipschitz condition in
a real Hilbert space. This problem is a general mathematical problem in the sense that it unifies a number of the mathematical
problems as a particular case, such as the optimization problems, the equilibrium problems, the fixed point problems, the saddle
point problems and Nash equilibrium point problems. The new method is constructed around two methods: the extragradient
method and the inertial method. The proposed method uses a new stepsize rule based on local operator information rather than
its Lipschitz constant or any other line search method. The proposed method does not require any knowledge of the Lipschitz
constant of an operator. The strong convergence of the proposed method is well-established. Finally, we conduct a number of
numerical experiments to determine the performance and superiority of the proposed method.
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1. Introduction

This paper examines the problem of classic variational inequalities [29] and the variational inequality
problem (VIP) for mapping 8 : £ — € is defined as follows:

Find u* € K such that (S(u*),v—u*) >0, Vv € X, (VIP)

where X is a nonempty, convex and closed subset of a certain Hilbert space € and (.,.) and ||.|| serve as an
inner product and the induced norm in &, respectively. Moreover, R, and IN are denoted the sets of real
numbers and natural numbers, respectively. It is important to note that the problem (VIP) is equivalent
to solve the following problem:

Find u* € X such that u* = Py [u* — pS(u*)].
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The variational inequality problem was introduced by Stampacchia [29] in 1964. This is an important
mathematical model that unifies several key topics of applied mathematics, such as the network equilib-
rium problems, the necessary optimality conditions, the complementarity problems and the systems of
nonlinear equations (for more details [5, 8,9, 11, 12, 16, 33]) and others in [1, 10, 15, 17, 19-28]. Korpelevich
[13] and Antipin [2] established the following extragradient method:

Uug € X,
vn = Px [U-n - pS(unﬂ/
Un41 = Paclun — p8(vn)l.

Recently, the subgradient extragradient method was introduced by Censor et al. [4] for solving the
problem (VIP) in a real Hilbert space. Their method takes the form

Uug € 9(,
Vn = Pyclun — pS(un)]/
Un41 = PEn [un - pS(Vn)]z

where
En={z€&:{(un—p8(un) —vn,z—vn) <0}

It is important to note that the proposed well-established method has two serious shortcomings, the
tirst being the fixed constant stepsize, which requires the information or approximation of the Lipschitz
constant of the associated operator and is only weakly convergent in Hilbert spaces. From a numer-
ical point of view, it could be challenging to use a fixed step size and thus the convergence rate and
performance of the method may be affected. The main purpose of this study is to set up a new inertial-
type method that is used to enhance the convergence rate of the iterative sequence and independent of
the knowledge Lipschitz constants. These methods have been previously established due to the oscilla-
tor equation with a damping and conservative force restoration. This second-order dynamical system is
called a heavy friction ball, which was formerly designed by Polyak in [18]. So there is important question
that arises:

“Is it possible to introduce a new strongly convergent inertial-type strongly convergent extragradient method with
a non-monotone variable step sizerule”?

In this paper, we present a positive answer of the above question, that is, the gradient method indeed
establishes a strong convergence sequence by using a variable step sizerule for solving the problem (VIP)
combined with pseudomonotone mappings. Motivated by the works of Censor et al. [4] and Polyak [18],
we introduce a new inertial extragradient-type method to figure out the problem (VIP) in the setting of
an infinite-dimensional real Hilbert space.

The rest of the paper is arranged as follows. The Section 2 consists of the necessary definitions
and fundamental lemmas used in this paper. Section 3 consists of an inertial-type iterative scheme and
convergence analysis theorem. Section 4 provides numerical results to explain the performance of the
new method and compare it with other methods. The following conditions are satisfied in order to study
the strong convergence.

(81) The solution set of problem (VIP) is denoted by IT is nonempty.
(82) An operator § : € — € is said to be pseudomonotone if

(8(v1),va—v1) = 0= (8(v2),vi —v2) <0, Vv, v, € K.

(83) An operator & : &€ — € is said to be Lipschitz continuous with constant L > 0 if there exists L > 0 such
that
[8(v1) = 8(v2)[| < Lflvi —v2fl, Vv, v2 € K.

(84) An operator 8 : € — € is said to be sequentially weakly continuous if {$(u,)} converges weakly to 8(u)
for every sequence {un} that converges weakly to u.
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2. Preliminaries

In this section of the text, we have written a number of significant identities and related lemmas and
definitions. The metric projection Py (v1) of vi € € is defined by

Py (v1) = argmin{||v; —v2|| : v» € K}.

Next, we list some of the important properties of the projection mapping.

Lemma 2.1 ([3]). Suppose that Py : € — K is a metric projection. Then, we have

(i) v3 = Px(v1) ifand only if (v1 —v3,v2 —v3) <0, Vv, € K;
(i) |[vi —Pac(v2)|? + [|Pxc(v2) = Vo> < [[v1 = 2%, vi € K, vp € &;
(iii) [[vi —Pac(v)|| < [vi —v2|, v2 € K,v1 € €.

Lemma 2.2 ([31]). Let {pn} C [0,+00) be a sequence satisfying the following inequality

Pnt1 < (1=dn)pn+qntn, VR € N.

Furthermore, {qn} C (0,1) and {rn} C R be two sequences such that

+00
li =0, = d li <0.
dim 4w =0, 3 an =400 limsupr

Then, limy, s 4 oo pn = 0.

Lemma 2.3 ([14]). Suppose that {pn} is a sequence of real numbers such that there exists a subsequence {ni} of {n}
such that

Pni <Pniy, VOTEN,

Then, there is a nondecreasing sequence my C IN such that my — +oo as k — o0, and meet the following
requirements for numbers k € IN:

Pmy S Pmii and Pk < P

Indeed, my, = max{j < k:p;j < pj41}-
Next, we list some of the important identities that were used to prove the convergence analysis.

Lemma 2.4 ([3]). For any vi,v, € € and { € R, the following inequalities are holds.

Q) [|evi + (1 —Ova|2 = €|jv1]|2 + (1 — O)|[va]]® — (1 — ) ||v1 — v2|*.
(i) [[vi 4+val|? < [v1]]? +2(v2,v1 + Vo).

Lemma 2.5 ([30]). Assume that 8 : X — & is a pseudomonotone and continuous mapping. Then, u* is a solution
of the problem (VIP) if and only if u* is a solution of the following problem.

Find u € X such that ($(v),v—u) >0, Vv e X.

3. Main Results

In this section, we present a new inertial-type subgradient extragradient method that includes the new
stepsize rule and inertial term, as well as the strong convergence theorem. The main result is as follows.
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Algorithm 1

Step 0: Let u_j,up € K, « > 0, u € (0,1), po > 0 and select a nonnegative real sequence {¢,} such
that Z:iol @n < +o00. Moreover, choose {yn} C (0, 1) satisfying the following conditions:

+00
ngrﬂooyn =0 and Zlyn = +o0.
n—=

Step 1: Compute
Xn = [un + otn (Un — un—l)] —Yn [U—n + otn (Un — un—l)]r

where «,, such that

1 ___€n if _
Og%gﬁaMdkzmﬂ%M%%}l%#%” (3.1)
x, otherwise,
where e, = o(yy) is a positive sequence such that limn 4 % =
Step 2: Compute
Vn = Px(Xn — PnS(Xn))-
If Xn = Vn, then STOP and vy, is a solution. Otherwise, go to Step 3.
Step 3: Compute
Un4+1 = PEH (Xn - an(Vn))/
where
En={z€&: (xn —PnS(Xn) —Vn,z—vn) <O}
Step 4: Compute
in {on + on, psilXegald,if S(xn) — 8(v) #0,
Pngl = min {p“ P T8 0n) S vn ]l ! (X“). (vn) # (3.2)
Pn + @n, otherwise.

Set n =n +1 and go back to Step 1.

Lemma 3.1. The sequence {pn} generated by (3.2) is convergent to p and satisfy the following inequality

—+00
[ N
mm{t,po}<p<90+P, where P—;(pn.

Proof. Due to the Lipschitz continuity of a mapping 8, there exists a fixed number L > 0. Suppose that
8(xn) — 8(vn) # 0 such that

18(xn) =8(vn)l = Lixn —vall L’

By using mathematical induction on the definition of p 1, we have

plxn —vall - plxn—val _n

min{;t,po} < pPn < po+P.
Let [pn+1 - pn]+ = max {0/ Pn+1— pn} and [pn+1 —pn]” = max {O/_(pTL+1 - pn)}- From the definition

of {pn}, we have
+o00

“+o00
D (pns1—pn)" =) max{0,pni1—pn} <P < +oo.
n=1

n=1
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+o00
That is, the series Z (pni1—pn) T is convergent. Next, we need to prove the convergence of Z (Pni1—
n=1 n=1
+00
n) 7. Let D (pni1—pn)” = +0o. Due to the reason that pni1—pn = (Prs1 —Pn)" = (Pry1 —Pn) 7,
n=1
thus, we have
k k Kk
Pre1—P0 =D (Pnt1—Pn) =D (Pns1—pn)" = ) (Pns1—pn)". (3.3)
n=0 n=0 n=0

By allowing k — 400 in (3.3), we have pix — —oo as k — oo. This is a contradiction. Due to the
3

convergence of the series Z(an —pn)t and Z(pnﬂ — pn)~ taking k — +oo in (3.3), we obtain
n=0 n=0
limp 00 pn = p. This completes the proof. O

Lemma 3.2. Let 8 : € — & be an operator satisfies the conditions (81)-(84). Then, for u* € TT # (), we have

* * Hp Hp
umsr = w1 < = w12 = (1= 2% Y i = vl = (1= 225 ) g = va
Pr+1 Pn+1

Proof. Consider that

[un 1 —u||* = [[Pen xn — PnS(va)] —u*||?
= HPS [Xn — pns(\’n)] + [Xn — PnS(vn )] — [Xn — Pn8(vn)] —u*HZ

; , (3.4)
= H n—Pnd ]_U*H +HPSH[XTL_pTLS(VTL)]_[Xn_pns(vn)]H
+ 2<P8n Xn — PnS(vi)l — [Xn — pnS(vn)l, [xn — PnS(vn)l — u*>-
It is given that u* € TT C X C &€,,, we obtain
IPe, bxn — pnS(va)]l — bxn — pnS(va ||
+ <P8n[ n = Pn8(vn)l = [xn — Pn8(vn)l, [Xn — Pn8(vn)] _u*>
= <[Xn —pnS(vn)] — PEH[XTL —pnS(vn)l, u* — Pen[Xn - an(Vn)]> <0,
that implies that
<P8n Xn — Pn8(vi )] — [Xn — Pn8(vn)], Ixn — PnS(vn)]l — u*> (3 5)
< _HPSH[Xn_an(Vn)] —[Xn—an(Vn)]Hz. ‘
Combining the expressions (3.4) and (3.5), we have
Hun+1_u*”2 < HXn_pn _u*Hz_ HP8 [Xn — PnS(vn)] _[Xn_pns(vn)]Hz (3.6)
<xn—u H2 — [Ixn — un+1||2 +an<8(vn)/ u* _un+1>-

Since u* is the solution of problem (VIP), we have
(S(u*),v—u*) >0, forallve X.
Due to the pseudomonotonicity of § on X, we obtain

(8(v),v—u*) >0, forall ve X.
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By substituting v = v, € X, we get
(S(¥n), v — ") > 0.

Thus, we have

(8(vn), u* —uni1) = (8(vn), u* —vn) + (S(vn), vn —Uny1) < (S(Vn), Vn — Uny1). (3.7)
By use of expressions (3.6) and (3.7), we have
Xn =W [* = xn —tni1)* +20n(S(vn), vn —un 1)

<|
< [[xn _u*HZ —[[Xn —vn +vn — LLn+1||2 +2pn<8("n)/\)n _un+1> (3.8)
<|

Xn = w1 = [xn = v l> = v = wn g |+ 2(Xn — Pn8(Vn) — Vi, Un i1 —Vn).

[unr — w2

By use of the definition un 1 = Pe, [xn — PnS(vn)] and pn 41, we have

2<Xn —Pnd(Vn) — Vi, Un i1 _Vn>

= 2<Xn — Pn8(Xn) —Vn, Un+1 _Vn> +an<8(Xn) —8(vn), Unt1 _Vn>

P

=2 o 18 (xn) — S(vi) [ [tn g1 —vn | (3.9)
Prn+1
Hp Hp

< hxn = vnl* + ——[tng1 —val*
Pn+1 Prn+1

Combining expressions (3.8) and (3.9), we get

ner —u*)?

* P
<xn—u Hz_ HXH_VHHZ_ H"n_un+1H2+ = [HHXH_"HHZ“‘UHUnH_VHHZ} (3.10)
n+1 .
* Hp Hp
< I = w2 = (1= 22 ) o = vl = (1= 222 1 — w2
Pn+1 Pn+1

O

Theorem 3.3. Let {un} be a sequence generated by Algorithm 1 and satisfies the conditions (81)-(84). Then, {un}
strongly converges to u* € TTand Pry(0) = u*.

Proof. 1t is given that p,, — p such that e € (0,1 — ) and

lim (1— “"“)zl—u>e>o.

n—co Pn+1

Then, there exits a finite number n; € IN such that

<1— HPn > >e>0,¥n>n. (3.11)
Pn+1

Combining expression (3.10) and (3.11), we obtain
n =P < o — w2, ¥ (3.12)
It is given in expression (3.1) that

. [0 . €
ngr—ir—loo y—:Hun —un_1H < ngrerloo Y—:Hun —Un_1 H =0. (3.13)

By the use of definition of {x»} and expression (3.13), we obtain

[xn = || = [Jun + an (Un —un—1) = Ynln — &n¥Yn(Un —un 1) —u*|



Next, we have to compute

HXn _u-nH = Hun + (Xn(un _unfl) —Yn [u—n + (xn(un _unfl)] _un”

< o‘nHun _unflu +Yn”unH + (XnYnHun _unflu
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= |1 =vn) (un =) + (1= yn)an (Un —un 1) =y’ (3.14)
<(1- Hun W+ (1 =yn)on [[un = unaf| +ynful]
< (1 =vn)lun —u | +ynMy, (3.15)

where o

(1=vyn) == [lun —wn ||+ fJu*]] < My
Yn
Combining expressions (3.12) with (3.15), we obtain
i1 —u' < (T=yn)un —u’|| +vynMy
< max {[Jlun —u*||, My }
< max {|lug —u*||, My }.
Thus, we conclude that the {u,} is a bounded sequence. Indeed, by expression (3.15) we have
k 2 * *k
HXn —u H <1 _Yn)znun —-u ||2 +Y%1M% +2M1yn (1 —vn)[un —u*||
< Jun — WP 4+ vn [yaME +2My (1 —vn)|Jun —u*||] (3.16)
< Jlun =[P +ynMa,

where ynM% +2M1(1 —vn)|lun —u*|| < My for some M, > 0. From (3.10) and (3.16), we have

* Hp Hp
s —u [P un = w2+ vaMe = (1= 225 )y = v 2 = (1= 22 ) —val . (3.17)
Pn+1 Pn+1
The rest of the proof classified into two parts.
Case 1: Suppose that a fixed number n, € IN (n, > n;) such that
[uns1 =] < flun —u’f, ¥Vn = mn,.
The above expression implies that limy s 4o [[un — u*|| exists and let limp s 4o [[un —u*|| = 1 for some
L > 0. From the expression (3.17), we have
P Hp
(1= 222 i = v 2+ (1= 222 ) g1 = vn |2
Pn+1 Pn+1 (3.18)
< Tt = w2+ yaMa — fun s — w2

Due to existence of a limit of sequence ||u, —u*|| and y» — 0, we deduce that

IXn =vnl| =70 and |Jup+1—val| =0 as n — +oo. (3.19)

By the use of expression (3.19), we have

Lm [ —tna < UM fixn —vall+ Hmflve —tnal] =0. (3.20)

o o
:ynf||un—un,1||+yn\\un\\+y$1y—"|]un—un,1|]—>0 as n — oo.
n

n
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The last two expressions implies that

| . B | o
i (fun 1| <M g —xnl - mxn — gl =0.

The above explanation implies that the sequences {xn} and {vn} are bounded. By the use of reflexivity
of £ and the boundedness of sequence {u, } there exists a subsequence {uy, } such that {u,, } = 0 € € as
k — +o00. Next, we have to prove that @t € TI. It is given that

Vi = Paclxne — 08 (xXn )1

that is equivalent to
(Xny, — PS(Xny) —Vny, V—vn,) <0, Vv e X.

The above inequality implies that
(Xne —VnV—vn,) < pS(Xn ), vV—Vn,.), YveX.

Furthermore, we obtain

1
5<Xnk 7Vnk/v 7\)le> + <S(Xnk)/vnk *Xnk> < <S(Xnk)/v *Xnk>/ VV S g{ (3‘21)

Due to boundedness of the sequence {xn,} implies that {S(xn,)} is also bounded. By the use of
limy o0 [|Xn, —Vn,. || =0 and k — oo in (3.21), we obtain

liminf(S$(xn,),v—Xn,) =0, VveX.

k—o00

Furthermore, we have
<8(Vnk),\) - Vnk> = <S(Vnk) - S(Xnk)/\" - Xnk> + <8(Xnk)rv - Xnk> + <S(Vnk)/ Xnk - Vnk>- (322)
By the use of limy_, [[Xn, —Vn, || = 0 and 8 is L-Lipschitz continuous on &€ implies that
fim S (xn) = S(vn, )| =0, (3.23)
k—o00
which together with (3.22) and (3.23), we obtain

liminf(8§(vn, ),v—vn,) =0, Yve XK.
k—o00

Let consider a sequence of positive numbers {ey} that is decreasing and converges to zero. For each k, we
denote my by the smallest positive integer such that

<S(Xni)/V_Xni> + €x P O/ Vi = my. (324)

Due to {ey} is decreasing, thus {my} is increasing.

Case A: If there exists a subsequence {Xnmk} of {Xnmk} such that S(Xnmk‘ ) =0, for all j. Let j — oo, we
) )
obtain
(8(1),v—1) = lim (8(xn,, ),v—10)=0.
)

j—o0

Hence 0 € X, therefore we obtain 1t € TT.
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Case B: If there exists ng € IN such that for all nm, = ng, 8(xn,, ) # 0. Suppose that

S (Xnmk )

ng, = o5, Vun, = My.
T I8 (X I

On the basis of the above definition, we can obtain
(5(Xnmk),znmk> =1, Yny,, = no.
By using expressions (3.24) and (3.25) for all n,, > ng, we have
(8(Xnm, ) V+e€xIn,, —Xny,) =0
Due to the pseudomonotonicity of § for n,,, > ng, we have
(S(v+ eanmk ), v+ eanmk —Xnmk> > 0.
For all n,y, > np, we have

<S(V)/V _Xnmk> =z <S(V) - S(V + ekznmk )/ v+ €kznmk _Xnmk> - €k<S(V)/ ank

(3.25)

(3.26)

Due to {xn,} weakly converges to it € X with 8 is sequentially weakly continuous on the set X, we get

{8(xn, )} weakly converges to §(1). Suppose that (1) # 0, we have

18(0)]| < iminf ||8(Xn, )]
k—o0
Since {Xnmk} C {Xxn, ) and limy_,, ex = 0, we have

=0.

. 1 €k 0
0< lim flexZn, [|= lim 18 (xrm I (I8()]

Consider that k — oo in (3.26), we obtain

(8(v),v—1) >0, YveX.

By the use of Minty Lemma 2.5, we infer that {t € TI. By using the Lipschitz continuity and pseudomono-
tonicity of a mapping 8 implies that the solution set IT is a closed and convex set. It is given that

u* = Pr7(0) and by using Lemma 2.1 (ii), we have
O0—u",v—u*) <0, VverTl

Next, we have to evaluate

*

limsup(u*, u* —un) = lim (u

U —Up, ) = (U, u" —1) <0.
n—-+o0 k—+00

By the use of limn ;4 HunH —Un H = 0 and expression (3.27) implies that

lim sup(u*, u* —upn41) < limsup(u®, u* —uy) + limsup(u*, un —un41) <O0.
n—-+oo n—+o0 n—+oo

Take into account the expression (3.14), we have
2
xen =

= Hun +otn (Un —Un—1) = YnlUn — &n¥Yn(Un —Un 1) —u* H2

(3.27)

(3.28)
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= |1 —vn)(un —u )+(1—yn)ocn(un—un,1)—ynu*HZ
H (1—vn)(un —u )—|—(1—yn)ocn(un—un_l)Hz—l—Zyn(—u*,xn—u*)
=(1—vn) Hun—u*H +(1—yn)zoc%LHun—un_1H2 (3.29)
+ 200 (1= )?[[un — || JJin = wna || 4 2vn (=0, Xn — Wng1) +2yn (—105, U g — u¥)
< (1) =" o [ — P 20 (1= vt — [ [[un = v
+ 2yn[w|| [[xn = wnsa || + 2vn (0 wng —u®)

= (1) futn = v oo = vt | 22 —
n

+2(1—vn)|un _u*H%“Hun —tn | 2fwen = [+ 2000w =) .
n
From expressions (3.12) and (3.29), we obtain

n = < (1 =yl fun =P v ot — 1H°‘”Hun Un-1]|

(3.30)

+2(1 —yn)|[un —u* Hy—”un—un_lH 2w [ xn = [+ 20,0 — ).
n

By the use of (3.20), (3.28), (3.30), and applying Lemma 2.2 conclude that limn 4 Hun —u* H =0.
Case 2: Suppose that there exists a subsequence {n;} of {n} such that
ng — ) < ung,, — ]l VieN.
By using Lemma 2.3 there exists a sequence {my.} C IN as my — +oo such that
[Wm, —u'|| < |[wmy,, —u*|| and [Jux —u*| < [um,,, —u’|, forall k € IN. (3.31)

As similar to the Case 1, the expression (3.18) implies that

Hp Hp * *
(1= 22 Y sy Vi [P (1= 22 g v, [ < g, = 072 Yo Mo — [t 1 =
pmk+1 pmk—i—l

Due to ym, — 0, we deduce the followings:

kl—i}}:oo mek _vmkH = kl—ig;loo Humk+1 _vmk” =0.
It continues from that
g = Xl <M [t V[ [vm, =X, ]| = 0.
Next, we will evaluate
[Xme = W]l = [um, + %my (Wi — Umy—1) = Ymy [Wmy + my (Umy, — Wiy —1)] — U, |
< o‘mk ||umk - umk—l H + mG Humk || + (xkamk ”umk - umk—l H
x 104
= Y — [ tmy, = Umpe—1 |+ Y [m |+ Yoy = wmy, — tm,—1]| — 0.
my Ymk
The above implies that
klirfm ||umk _umk+1|| < kLiTOO ||umk _ka” + kLiTOO Hka _umk+1H =0.
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By using the same argument as in Case 1, we obtain

limsup(u®, u* —um, +1) <O0. (3.32)

k—+o00
Combining expressions (3.30) and (3.31), we obtain

[myer =

(ka

< (1_Ymk)Humk_u*H2+Ymk [(xmkHumk umk 1H Humk umk—lH

(ka

201 =) i, — 7S i sl 20 . el + 206" iy 1]

mk

< (1 =¥ty = Vo [ttt 2

[ = i |
k

(ka

+2(1 _mG)Humk —u"‘HY

e = 1+ 2 e = 1]+ 2008° 07 = 11}
mi

The above expression implies that

o1 =
O,

. [ty — U, 1] (3.33)

< Lo Jumy = wm ||

(ka

4201 = oty =3 2, — ]+ 2 o, = |+ 2004 =m0}

mk

Since Ym, — 0, and Humk —u* H is a bounded, expressions (3.32) and (3.33) imply that
[y 1 —u > =0, as k — +oo.

It implies that

. 2 . 2
lim e =P <t g1 — ) <

As a consequence u,, — u*. This completes the proof of theorem. O

4. Numerical illustrations

This section examines three numerical examples to show the efficiency of the proposed methods. Any
of these numerical experiments provide a detailed understanding of how better control parameters can
be chosen. Some of them show the advantages of the proposed methods compared to existing ones in the
literature.

Example 4.1. First consider the HpHard problem that is taken from [6]. Let 8 : RN — RN be an operator
is defined by §(u) = Mu+ q, where q € RN and

M =AAT +B+D,

where A is an N x N matrix, B is an N x N skew-symmetric matrix and D is an N x N positive definite
diagonal matrix. The set X is taken in the following way:

K ={ueRN:—100 < u; < 100}.

It is clear that § is monotone and Lipschitz continuous through L = ||M||. The control condition are taken
as follows: (1) Algorithm 3.1 in [32]: pg = 0.15,p = 0.75, xn = 0.65; (2) Algorithm 1: py = 0.15,n =

0.75, 0 = 0.65, e, = ﬁ,yn = m, ©on = (n1+1] During this experiment, the initial point is u_; =

ug = (2,2,...,2) and Dy, = |[xn — vn|| < 10~ The numerical results of these methods are shown in Table
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Table 1: Numerical illustrations for both methods.

Algorithm 2 in [32] Algorithm 1

N Number of Iterations Elapsed Time Number of Iterations  Elapsed Time
5 25 0.123786 13 0.086372
20 41 0.283782 20 0.226123
50 123 0.998352 41 0.641284
100 311 2.241831 45 1.263114
200 225 7.462846 53 3.462451
500 119 12.46582 62 5.568421

Example 4.2. Consider the quadratic fractional programming problem in the following form [7]:

u'Qu+a'u+ag
bTU.+ bo !
subjecttou € K ={u e R*: bTu+by > 0},

min f(u) =

where
5 -1 2 0 1 )
-1 5 -1 3 ) 1
Q 2 -1 3 01’ a= 21’ b= 11~ ap = _2, and bo = 4.
0 3 0 5 1 0

It is easy to verify that Q is symmetric and positive definite on R* and consequently f is pseudo-convex

on XK. Hence, Vf is pseudo-monotone. Using the quotient rule, we obtain

(bTu+bp)(2Qu+a) —bu'Q + aTu+ ap)
(bTu+ bg)?

Vf(u) = . (4.1)

In this point of view, we can set § = Vf in Theorem 3.3. We minimize f over X = {u € R¥: 1<y <
10, i = 1,2,3,4}. This problem has a unique solution u* = (1,1,1,1)T € K. The control condition are
taken as follows: (1) Algorithm 2 in [32]: pg = 0.25, 1 = 0.70, &, = 0.65; (2) Algorithm 1: pg = 0.25, 1 =

0.70,xc = 0.65,en, = ﬁ, Pon = %,yn = m(lm. During this experiment, the initial points are

different and Dy, = ||xn —Vn|| < 10~*. The numerical results of these methods are shown in Tables 2-5.

Table 2: Example 4.2: numerical study of Algorithm 2 in [32] and up = u; = [2,-5,5, 2T,

Tter (n) ug uy us Uy
1 9.73621052092642  0.833094840825805  9.90241332280372  1.04929123705160
2 9.65398088222099  0.999443650015545  9.83074011956143  1.02908763007986
3 9.57174604515717  1.06492890311881  9.75920250955472  1.00888315702824
4 9.48955289901919  1.12923908105825  9.68783224607597  1.00001777899295
5 9.40743194326346  1.19231579167598  9.61664829940396  1.00000002980971
6 9.32539697955624  1.25416309375667  9.54565902708142  1.00000000018713
7 9.24345882537906  1.31478659951554  9.47487029657638  1.00000000011988
8 9.16162656381652  1.37419323423997  9.40428650097328  1.00000020053245
9 9.07990820317225  1.43239065856804  9.33391113866474  1.00000017038491
10 8.99831103926803  1.48938694679281  9.26374713071480  1.00000014610962
111 1.00031601484227  0.999707404385613  1.13272909195984  0.999967307570371
112 1.00031215935883  0.999714823249607  1.11242178130774  0.999968045673433
113 1.00030820768938  0.999722106421074  1.09260313929843  0.999968775268394
114 1.00030416718112  0.999729253535189  1.07326478974856  0.999969496171197
115 1.00030004508967  0.999736264410505  1.05439834405683  0.999970208192181
116 1.00029584834516  0.999743139236891  1.03599542429133  0.999970911118532
117 1.00029157777940  0.999749866096390  1.01804760355120  0.999971604705314
118 1.00028704334254  0.999756607981979  1.00055874144751  0.999972257950801
119 1.00002617317537  0.999977974772264  1.00002397019683  0.999992761540142

CPU time is seconds

0.657361
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Table 3: Example 4.2: numerical study of Algorithm 1 and uy =u; = [2,-5,5, —2]T.

Iter (n) ug up us Uy
1 5.55377533757632  -2.90587269134480  8.61905463436968  1.72038166468790
2 4.41040024375028 1 7.45023669240132  1.19425608076334
3 12.3448991907237  -12.6397501083870  13.0658963027246  -13.2192576516318
4 3.05882604768791  -7.92358662619279  7.05918169098723  -2.21603141462490
5 2.13444665314296  -7.44999847685431  6.31036964537031  1.12023327884896
6 1.87015108945082 1.00000000097286 6.02864753785448  (0.955002424010157
7 1.46861344878822 1.15019734000242 5.43281104076976 ~ 1.00000000001322
8 2.05261045125816 -0.507408676818891  4.10590329281081  0.236813108691433
9 1.43898856735670  0.490171438084139  3.43815944442871 1.28802829936381
10 1.29986269980453  0.213085356892448  2.58372157493742  0.853687511480199
41 1.00004416092722  0.999975499519528  1.00001716683660  0.999986491695085
42 1.00003823749786  0.999978633212697  1.00001506391126  0.999988330027726
43 1.00003579248111  0.999980505234820  1.00001322064060  0.999989034148032
44 1.00003668241231  0.999980324093982  1.00001308096942  0.999988723923595
45 1.00004014710912  0.999978308970547  1.00001461600524  0.999987666312513
46 1.00004007642355  0.999977850272896  1.00001542714126  0.999987735088239
47 1.00003584694207  0.999980050168924  1.00001399157339  0.999989050797591
48 1.00003405336513  0.999981402563276  1.00001267126779  0.999989569857342
49 1.00003483208481  0.999981190052566  1.00001263286680  0.999989305033961

CPU time is seconds

0.218463

Table 4: Example 4.2: numerical study of Algorithm 2 in [32] and up =u; =[1,-2,5, —4)T,

Iter (n) w Uy us Uy
1 8.77637333455425  -0.0495715784342590  9.29094270258555  0.811840145149117
2 8.69495843974052  0.997670568432512  9.21911519294898  0.993720619633674
3 8.61358693872012 1.06067800577058 9.14744366755259  0.999984362800348
4 8.53228969180900 1.12238972162512 9.07596267735889  0.999999968846574
5 8.45108721657438 1.18280447433853 9.00468628126089  1.00000020030451
6 8.36999399345207 1.24192670810562 8.93362315817494  1.00000016812645
7 8.28902146271176 1.29976325291497 8.86277934051403  1.00000014262042
8 8.20817933122734 1.35632219180389 8.79215937750138  1.00000012236522
9 8.12747622756739 1.41161229504697 8.72176691752843  1.00000010618077
10 8.04692006065515 1.46564271291772 8.65160502630982  1.00000009284194
91 1.00031401521149  0.999711293014288  1.12206970860473  0.999967693819351
92 1.00031010862601  0.999718641089626  1.10201854920601  0.999968427501599
93 1.00030610969925  0.999725853261276  1.08245168429949  0.999969152580824
94 1.00030202573472  0.999732929257881 1.06336073020762  0.999969868869467
95 1.00029786389858  0.999739869024494  1.04473729773544  0.999970576173761
96 1.00029362989013  0.999746673790074  1.02657308709375  0.999971274140246
97 .00028932639364 0.999753330048160  1.00885960830576  0.999971962732758
98 1.00014344006196  0.999865399336672  1.00024238576235 0.999967034603878
99 1.00001368001678  0.999988955179276  1.00001158885806 0.999996120420831
CPU time is seconds 0.438657
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Table 5: Example 4.2: numerical study of Algorithm 1 and uy =u; =[1,-2,5, —4]T.

Iter (n) w up us Uy
1 3.62540316591384  -4.50907358998138  6.32280270247068  -0.00324645702473703
2 2.35551832614327  1.00000000005651 5.05780638110935 -0.698371567191649
3 1.71910447671045  0.953160264334062  4.29177164937510 0.999999999525121
4 1.15470777752108  0.895315463559908  3.59372641421376 0.999999983377171
5 1.13296432437644  0.650962900197076  2.75601344318112 0.902777544700774
6 1.23231081634727  0.698699138712538  2.24361021384599 0.932339788593485
7 1.09676723997533  0.938983693943763  1.99524423852901 1.01664900928582
8 1.06998496490214  0.914461755684416  1.67181167392322 0.988172769212471
9 1.10337085979123  0.897210465543632  1.39018023991409 0.981585822559744
10 1.06931881399759  0.948386311174497  1.22427628816323 0.995433685763384
33 1.00003232233466  0.999983095332643  1.00001083828621 0.999990015035678
34 1.00003157023173  0.999983454013759  1.00001064467299 0.999990250646380
35 1.00003082551930  0.999983859831028  1.00001036357615 0.999990479905837
36 1.00003052571655  0.999984045978129  1.00001021378732 0.999990569779100
37 1.00003025202721  0.999984177903946  1.00001014388048 0.999990654787794
38 1.00002964901522  0.999984471374164  1.00000997843332 0.999990843128007
39 1.00002905083912  0.999984794582010  1.00000975810614 0.999991027421348
CPU time is seconds 0.160578

Example 4.3. Suppose that the non-linear complementarity problem of Kojima-Shindo while the feasible

set X is

Let the mapping 8 : R* — R* is defined bXL

Algorithm 1: pg =0.35, 1 = 0.33,x = 0.53,en =

K={ueR*:1<u; <5 i=1,23,4}.

S(u) =

14w 4+ U3+ wy —4uruzuy
U1 + Uy +usz + Uy —4uuguy
w4+ up +uz +ug —4ugupuy

u; + Uy +u3z + ug —4ujusus
It is easy to see that § is not monotone on the set X. By using the Monte-Carlo approach [7] it can be shown
that 8 is pseudomonotone on XK. This problem has a unique solution u* = (5,5,5,5)". Actually, in general,
it is a very difficult task to check the pseudomonotonicity of any mapping & in practice. We here employ
the Monte-Carlo approach according to the definition of pseudomonotonicity: Generate a large number
of pairs of points u and v uniformly in X satisfying 8(u)T(v—u) > 0 and then check if $(v)T(v—u) > 0.
The control conditions are taken as follows: (1) Algorithm 2 in [32]: po = 0.35,u = 0.33, ¢, = 0.53; (2)

1 —
(m+1)2’ Pn =

1

100 _
(n+1)2'YTL - (m+2)

During this experiment,

the initial points are different and Dy, = |[xn —Vn|| < 10~% The numerical results of these methods are

shown in Tables 6-9.

Table 6: Example 4.3: numerical study of Algorithm 2 in [32] and up =u; =[1,-1,3, 5T,

Iter (n) wq Uy usz Wy
1 -34.4858669275805  51.8664403130701  74.7007514676511  81.6555636007234
2 -34.7655055354728  52.7053561367472  75.5396672913282  82.4944794244005
3 -68.6885783093673  54.9801618868864  49.8539261662733  48.7706022828314
4 17.3186243752486  21.2315776206067  33.0214233757886  35.6941859283492
5 2.14464032966519  3.41342758196463  6.08695506300084  6.57660634608289
6 2.16077834343589  3.42336001727149  5.00079945477229  5.00277316956197
7 2.17693740637592  3.43332429093693  5.00000861166124  4.99999726228770
8 2.19314690959707  3.44336852111214  4.99999946975626  4.99999956233048
9 2.20940684182298  3.45349275161455  4.99999955360422  4.99999955283736
10 2.22571727346680  3.46369703796100  4.99999959252883  4.99999959253525
89 4.86520623565335  4.99999982676687  4.99999982676687  4.99999982676687
920 4.88890753296478  4.99999983165645  4.99999983165645  4.99999983165645
91 4.91260767205413  4.99999983609968  4.99999983609968  4.99999983609968
92 4.93630665260868  4.99999984001939  4.99999984001939  4.99999984001939
93 4.96000446723282  4.99999984294752  4.99999984294752  4.99999984294752
94 4.98370113286901  4.99999999990961  4.99999999990961  4.99999999990961
95 4.99997372263069  5.00000260496717  5.00000260496717  5.00000260496717
96 4.99999974352490  4.99999988910880  4.99999988910880  4.99999988910880
CPU time is seconds 0.498705
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Table 7: Example 4.3: numerical study of Algorithm 1 and up =u; =[1,-1,3, 5T,

Tter (n) w up us3 Ug
1 -22.4790198515975  45.1962163525125  61.2227868529569  64.3371909274850
2 -22.7250625769091  45.8890698132465 61.9364390512654  65.0528149718569
3 -46.9191743963588  45.3948805004849  49.2573891717001  50.2790369811032
4 4.76470808480016  31.6637577598404 6.57170133017410 0.238787400016093
5 4.82937349335325  4.99939226879006  5.01026963319225 0.366396789829221
6 34.3710564606067  34.4227198682972  34.4353964718562  0.629949296125400
7 45.0594866095192  45.1112124144806 45.1239165658566  1.91644510896386
8 50.4501740621952  50.5022462269367 50.5150352890470 -1.97169151358552
9 50.5314043274895  50.5834595574629  50.5962444601586 -2.00626829664043
10 50.6403242132421  50.6917607820349  50.7043937855899  -5.12057188697462
39 5.00534491845521  5.00534300138664  5.00534228567228  4.98393420214921
40 5.00382749328779  5.00382612764508 5.00382561779860  4.98850257752182
41 5.00271869976732  5.00271773349804 5.00271737275274  4.99183705482842
42 5.00190964154940  5.00190896479704  5.00190871213941  4.99426819503386
43 5.00132055408830  5.00132008712633  5.00131991279145  4.99603731806545
44 5.00089307847857  5.00089276321315 5.00089264551241  4.99732055470556
45 5.00058462738082  5.00058442128729  5.00058434434462  4.99824621008654
46 5.00036429098967  5.00036416273020 5.00036411484598  4.99890728946919
47 5.00021838609581  5.00021830930436  5.00021828063514  4.99934498398791
48 5.00014354541464  5.00014349500391 5.00014347618363  4.99956947666068
CPU time is seconds 0.232178

Table 8: Example 4.3:

numerical study of Algorithm 2 in [32] and vy =w; = [-1,2,-3, 4T,

Iter (n) w uy us Uy
1 -6.20601542924621  40.0843112633838  48.1337650982707  46.6230007187220
2 -6.34498204992797  40.5012111254306  48.5506649603177  47.0399005807689
3 -12.9307982468928  40.0487124082963  47.5003319282679  46.0967916997756
4 -12.8245110997443  40.1793368929725  47.6269383722835  46.2241156086185
5 -33.1769125028857  34.7884817072125  37.8166900961878  37.2122205719181
6 -3.63715262714896  20.5019731319843  -1.76185029487043  2.54576398430683
7 1.04302948168927  5.05452389604395  1.10650198176853  2.54725466388794
8 1.04978285120354  5.00006058170198  1.11279404365063  2.54921548696884
9 1.05658705719584  4.99999076271743  1.11913985722867  2.55121489498328
10 1.06344317268371  4.99998642519517  1.12554051292081  2.55325387465541
71 4.59862733756248  5.00000320217875  4.61146934022478  4.99999682258005
72 4.66305529670103  4.99999994825175  4.67571532974269  5.00000005125787
73 4.72840120415464  5.00000000060611  4.74088184600983  4.99999999898082
74 4.79467821219419  4.99999999981385  4.80698200476301  4.99999999983888
75 4.86189966048480  4.99999999985196  4.87402910964953  4.99999999985158
76 4.93007907865535  4.99999999986557  4.94203665454547  4.99999999986557
77 4.99908430943714  4.99994852203121  5.00068438967529  4.99994852203121
78 4.99998796497466  5.00000039194907  5.00001096999677  5.00000039194907
79 4.99999982724761  5.00000000655933  5.00000015919175  5.00000000655933

CPU time is seconds

0.6462847
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Table 9: Example 4.3: numerical study of Algorithm 1 and uy =u; =[-1,2,-3, 4T,

Tter (n) ug up us Uy
1 67.7657143133604  76.7145530819899  119.464591876179  136.782073520191
2 -68.2650687067241  78.1919764133559  120.945690214610 138.263931342072
3 -112.028480196941  102.736419249501  68.7617248229671  59.8025934358457
4 10.0905654923274  7.52762193553885  48.8773488496240 59.7184201585889
5 1.58599071741342  0.271536323838546  5.42220385209038 5.83759718234703
6 1.76489239217402  0.956593352840844  5.01190765954745  4.97568499729916
7 18.9241448354569  -5.26396384315423  18.9282891809255 19.1336306496812
8 19.1267857198680  -5.33218756241530  19.1290503062070  19.3344556330365
9 19.1362728432230  -6.71061680639647  19.1381744023155 19.3158660670749
10 13.8198984213228  -14.2428711989199  13.8195679016292  13.7892140927893
29 5.00036606449632  4.99890329629848  5.00036604809619  5.00036452257377
30 5.00029614550570  4.99911277307117  5.00029613224497  5.00029489874547
31 5.00024019269176  4.99928042449310  5.00024018194207 5.00023918201651
32 5.00021568341312  4.99935386554261  5.00021567376480 5.00021477628717
33 5.00022114499712  4.99933751266914  5.00022113510826  5.00022021525583
34 5.00023906491462  4.99928382965716  5.00023905422789  5.00023806015776
35 5.00024676624015  4.99926074961903  5.00024675521250  5.00024572943005
36 5.00023803185504  4.99928690765120  5.00023802122102 5.00023703205387
37 5.00022237747575  4.99933380427636  5.00022236754428 5.00022144372719
38 5.00020993400317  4.99937108540127  5.00020992463042  5.00020905278423
39 5.00020466823032  4.99938686331783  5.00020465909544  5.00020380937576
CPU time is seconds 0.136686
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