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Abstract

In this article, we adopt fixed point method and direct method to find the solution and Intuitionistic fuzzy stability of 3-
dimensional cubic functional equation

9(2wy +u +uz) =3g(wy +uz +uz) + g(—u1 +uz +uz) +2g(ug +uz) +2g(ug + uz) —6g(ug —uz) —69(us —ugz)
—3g(uz +u3) +29(2u; —uz) +29(2u; —u3) —18g(uq) —6g(uz) — 6g(u3).
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1. Introduction

The first stability problem was established by Ulam [29] in 1940. He raised a question “Is there an exact
homomorphism close to approximate homomorphism?”. An answer of Ulam problem was given by Hyers
[15] in Banach spaces. Since then, the stability problems have been studied by several mathematicians.

In 1965, Zadeh [30] initialized the theory of fuzzy sets. Through the classical learning of Zadeh, there
has been a large work to find fuzzy illustration of academic notions. Later on, various generalizations
and extensions of Hyers’ result were established by Rassias [22, 23], Gavruta [13], and Rassias [24] in
different versions for the Cauchy (additive) functional equation f(x +y) = f(x) + f(y) in Banach spaces.
Since then, the stability problems of various functional equations on miscellaneous normed spaces have
been extensively investigated by a number of authors; for instance, see [1-5, 7, 8, 11].

Authors [4, 9, 21] pointed out that a fixed point alternative method can be successfully used to solve the
Ulam problem. The fixed point method in the study of the stability of functional equations firstly appears
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in [12]. In order to have more knowledge on the various stability problems of functional equations see
[18-20, 25-27]. Jun et al. [16] introduced the following functional equation

g2u+v)+gRu—v) =2g(u+v) +2g(u—v) +12g(u) (1.1)

and explored its ordinary solution and Hyers-Ulam stability respectively. The functional equation (1.1)

is called cubic since g(u) = cu? is its solution. Many authors introduced the new types of functional

equations which is cubic and one of the type of 3-dimensional cubic functional equation

g(2u1 + Uy +LL3) = 3g(u1 + Uy +u3) + g(—u1 + Uy +LL3) —l—29(u1 +up)
+2g(u +usz) —6g(u —u2) —6g9(11 —u3z) —3g(up +us) (1.2)
+2g(2u; —up) +29(2u; —uz) —18g(uy) —6g(u2) — 6g(Uu3)

and introduced by Park et al. [14].

Preliminaries and definitions
Definition 1.1 ([10]). Let L* be any set and the order relation <; - defined by

L* = {(w,u2) : (ug, u2) € 0,1)* and wy +up <1},
(ul/uZ) gl_* (v1/V2) < w < Vi, U2 2 V2, v (ulruZ)/ (v1/v2) € L*.

Then the ordered pair (L*, <1+) is a complete lattice.

Definition 1.2 ([6]). An intuitionistic fuzzy set A, in a universal set U is an object
Aop ={loalu),va(u)) | wel}

forallu e U, o4(u) € [0,1] and v 4(u) € [0, 1] are called the membership degree and the non-membership
degree, respectively, of u in Ay, and furthermore, they satisfy 0.4 (u) +v4(u) < 1. We denote its units by
O+ =1(0,1) and 1+ = (1,0).

Definition 1.3 ([6]). A triangular norm (t’-norm) on L* is a mapping T : (L*)?> — L* satisfying the
following

e (boundary condition): T(u, 11+) =w;

e (commutativity): T(u,v) = T(v,u);

e (associativity): T(u, T(v,w)) = T(T(u,v), w);

e (monotonicity): u <+ u’ and v <p« v/ = T(u,v) <p- T(u/,v').

If (L*, <1+, 7) is an Abelian topological monoid with unit 1; -, then L* is said to be a continuous t’-norm.

Definition 1.4 ([28]). A negation on L* is any decreasing mapping N : L* — L* satisfying N(Or+) = 1«
and N(1p«) =0p-. f N(N(u)) =u for all u € L*, then N is called an involutive negator.

Definition 1.5 ([28]). Let « and 3 be membership and non-membership degree of an intuitionistic fuzzy
set from U x (0, 00) to [0,1] such that &, (t) + .. (t") <1 for all u € Uand t’ > 0. The triple (U, Py,p,T)
is said to be an intuitionistic fuzzy normed space (IENS) if U is a vector space, T is a continuous t’-
representable and P, g is a mapping U x (0, 00) — L* satisfying the following

TFN1. rpaf,(u 0) = Op-;

IFN2. Poplu,t’) =11 < u=0;

IFN3. T(xﬁ(cut) Pu ( ,ﬁ) for all ¢ # 0;

IFN4. Py p(u+v,t' +s ) > T(Pop(u, t’),Po,p(v,s") forallu,v e Uand t’,s’ > 0.
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In this case, Py, p is called an intuitionistic fuzzy norm. Here, Py g (u,t’) = (o (t'), Bu(t)).

Definition 1.6 ([28]). A sequence {u,}in an IENS (U, P4 g, 7T) is called a Cauchy sequence if for any ¢ > 0
and t’ > 0, there exists mg € N such that

ich,[’.’) (um - um//t/) > L*(NS (a)l E),\V/ m, m/ = my,
where N is the standard negator. The sequence {1, } is said to be convergent to a point u € U if
iPoc,B (um — u,t’) — Ty«

as m — oo for every t’ > 0. An IENS (U, P4 g, T) is said to be complete if every cauchy sequence in U is
convergent to a point u € U.

In this article, we adopt fixed point method and direct method to find the solution and Intuitionis-
tic fuzzy stability of 3-dimensional cubic functional equation (1.2) in intuitionistic fuzzy normed space
(IENS).

2. General solution

In this segment, we find the solution of the functional equation (1.2) in intuitionistic fuzzy normed
spaces.

Theorem 2.1. Let U and V be real vector spaces. The mapping g : U — V satisfies the functional equation (1.1)
forallu,v € Wiff g: U — V satisfies the functional equation (1.2) for all uj, up, uz € U.

Proof. Let g: U — V satisfies the functional equation (1.1). Putting (u,v) = (0,0) in (1.1), we get g(0) = 0.
Substituting (u,v) = (0,v) in (1.1), we get

g(=v) =—g(v)

for all v € U. Therefore g is an odd function. Replacing (u,v) by (u,0), (u,u), and (u, 2u), respectively in
(1.1), we get
g(2u) =2%g(u), ¢(3u) =3%g(u), and g(4u) =4’g(u)

for all u € U. In general for any positive integer c, we have
glew) = c*g(u)
for all u € U. Putting (u,v) = (uy, uz +uz) in (1.1), we get
92w +uz +uz) —2g(wg +uz +uz) = g(—2ug +up +uz) +2g(wg —uz —us) +12g(wy). (2.1)
Again putting (u,v) = (uz +uz, —2u4) in (1.1), we get
4g(—w1 +uz +us) +4g(wr +uz +uz) — 92w +uz +us) —6g(uz +uz) = (2w +uz +uz)  (2.2)
for all ug, up, uz € U. Substituting (2.2) in (2.1), we get
9(2w +uz +u3) —3g(wr +uz + u3) = g(—u1 +uz +uz) —3g(uz + uz) + 6g(u1). (2.3)
Now putting (u,v) = (up,2uy) in (1.1), we get

4g(uw +up) —4g(ug —up) —6g(u2) = g(2uy +up) — g(2u; —uy). (2.4)
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Replacing (u,v) by (u3,2uy) in (1.1), we get
4g(w; +us) —4g(w —us) —6g(us) = g(2u1 +u3) — g(2uy —u3). (2.5)
Adding (2.4) and (2.5), we get

4g(ur +up) —4g(wg —up) +4g(w +usz) —4g(uw —uz) — 6g(uz) —69(U3)

(2.6)
—g(2uy +up) + g(2u; —uz) — g(2u; +u3) +g(2wg —uz) = 0.
Again adding (2.3) and (2.6), we get
g(2u1 + Uy +U.3) = 3g(u1 + Uy +LL3) -+ g(—u1 + Uy +U.3)
—3g(uz +us) +6g(ur) +4g(w +u2) —4g(u; —up) 2.7)
+4g(u; +us) —4g(wg —uz) —6g(U2) —6g(U3) — g(2U1 + ) '
+g(2u; —up) — g(2ug +u3) + g(2ug —uz).
Replacing (u,v) by (—uy, up) in (1.1), we get
—g(2u +up) = g(2u; —up) —2g(ug —up) —2g(ug +up) —12g(wy). (2.8)
Replacing (u,v) by (—uy, u3) in (1.1), we get
—g(2u +u3) = g(2u; —uz) —2g(u; —uz) —2g(ug +usz) —12g(wy). (2.9)
Adding (2.8) and (2.9), we obtain
—g(2u +uz) — g(2ug +us) = (2w —uz) —2g(w —uz) —2g(ug +u2) —2g(ug —ug) 2.10)

+g(2u; —u3) —2g(u; —uz) — g(ug +u3) —24g(w).
Substituting (2.10) in (2.7), we have

g(2u; +up +usz) =3g(ug +up +uz) + gl—ug + ux +u3) +2g(ug +up) +2g(wy
+u3) —6g(u; —up) —6g(ug —uz) —3g(uz +uz) +2g(2u; —uy)
+2g(2u; —u3) —18g(w1) — 6g(u2) — 69(u3)

for all uj,up,uz € U. Conversely, let g : U — V satisfy the functional equation (1.2). Substituting
(ug,up, uz) = (0,u2,0) in (1.2), we get

g(—u2) = —g(uz)
for all up € U. Therefore g is an odd function. Replacing (u, up, uz) by (u,v,0) in (1.2), we have
g2u+v)—2g(2u—v) =5g(u+v) —7g(u—v) —69g(u) —9g(v). (2.11)
Again replacing (uy,uz,u3) by (u,0,—v) in (1.2), we have
g2u—v)—2g(2u+v) = —7g(u+v) +5g(u—v) —6g(U) +9g(v) (2.12)

for all u,v € U. Adding (2.11) and (2.12), we get our results. O
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3. Stability results

In this segment, we present the generalized Ulam-Hyers stability of the functional equation (1.2) in
intuitionistic fuzzy normed spaces using direct method. Now, we use the following notation for a given
mapping g: U — V

Dg(ug, up,uz) = g(2ug +up +u3) —3g(uwg +up +uz) — gl—uwg +u +us)
—2g(u +u2) —2g(wy +uz) +6g(u; —un) +6g(u; —uz) +3g(u2 +us)
—2g(2uy —up) —2g(2u; —uz) + 18g(wy) + 6g(uz) + 6g(usz).

Theorem 3.1. Let y € (—1,1). Let U be a linear space, (2, P’ «,3,T) be an IFNS, h : U — Z be a mapping with
0< (2%)y < 1, for some T > 0,

P’ %8 (h(271,0,0), &) >+ P o (T N(11,0,0), €) 3.1)
forallu € Uand e > 0 and
lim P’ o p(h(2Y ™1y, 2Y ™y, 2Y ™ug), 273 ™e) = 11 (3.2)
m—00

forall uy,up,uz € Uand e > 0. Assume that a mapping g : U — V satisfies the inequality
Pop(Dglug, uz,us), e) =+ Py p(hlug, ug, uz), €). (3.3)

Then the limit

(2¥™u)

Po,p(Qlu) — QZYSm ) — 11 as m—00,e >0

exists for all w € U and the mapping Q : U — V is a unique cubic mapping satisfying (1.2) and

Pop(g(w) —Q(u), e) >+ (R(w,0,0),3e2> — ) (3.4)
forallu e Uand e > 0.
Proof. Firstly, assume y = 1. Replacing (11,12, u3) by (u,0,0) in (3.3), we get

Po,p(39(2u) —24g(u), ) >1+ P’ p(R(1,0,0),¢)

for all u € U and ¢ > 0. Replacing u by 2™u in (1.2) and using (IFN3), we have

2m+1u €
P ((27 Y g2mu), £) 21 P (h271,0,0)0) 5
Again using (3.1), (IFN3) in (3.5), we find
g(2m+1u) 13 €
Ta,ﬁ(T_g(zmu)/ ﬂ) > g)/oc,ﬁ(h(ulofo)l Tim) (36)
It is simple to check from (3.6), that
g2™+tlu)  g(2™u) € €
jD0(,[3 23(m+1) - 23m 7 2423111) >L* g)loc,ﬁ (h(u/ 0/0)/ Tim) (37)
holds for all u € U and ¢ > 0. Replacing ¢ by t™¢ in (3.7), we obtain
g2™+tlu)  g(2™u) et™
Pop (stmrty — gam qggem) 21 V(0,00 ¢ (39)
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for all u € U and ¢ > 0. It is simple to see that

g(2™u)
23m

192" g(2'y)
—9W =2 s T (3.9)

for all u € U. From equations (3.8) and (3.9), we get

g(2™u)

P gmo1_TE
b (Comm — 90 I 35t 59

i 9RYW) g(2tu) T
) 2]_* Tln;O {TP (X,B( 23(i+1) - 231 /3(231".23) )} (310)

21+ Tin;al{y/a,ﬁ (h(u/ 0/ O),E)} > :P/O(,[S(h(u/ 01 O)/ 5)

for all u € U and ¢ > 0. Replacing u by 2™y in (3.10) and using (3.1), we get

g2mtm'y)  g(2™'u) o, T , €
fPoc,[s( 23(m+m’) - 23m’ ,2_-1110 W) > P oc,ﬁ(h(u/ 0,0), W) (3.11)
forallue U, ¢ >0, and m, m’ > 0. Replacing ¢ by T™'¢ in (3.11), we get
g(2mtm'y)  g(2™'u) ;1 T
P ( B T gem s Temt 5 1o5) >t Plap(h(1,0,0),€) (3.12)
forallue U, ¢ >0, and m,m’ > 0. Using (IFN3) in (3.12), we get
g(2™t™u)  g(2™'u) £
Toc,[&( Blmtm) | pam 5) >+ fP/(X,B(h(u/ 0,0), W) (3.13)

i=m’ 24231

forallue U, &>0 and m,m’>0.Since 0 < 7 < 2%and I ()" < oo. Thus {g(zzsiu)} is a Cauchy

sequence in V. Since (V, Py g, T) is a complete IFNS, the sequence converges to some point Q(u) € V. So,
define the mapping Q : U — V by

g(2¥™u)
2v3m

Pap (Qlu) —

)—>1L* as m—>o00, €¢>0

for all u € U. Letting m’ — 0 in (3.13), we obtain

g(2mu)

£
:P(Xrﬁ ( 23m - Q(U)/ E':) >+ fP,og,ﬁ (h(u, 0, 0),

m—1 _tie
i=0 2423t

) (3.14)

forallu € U and ¢ > 0. Letting m — oo in (3.14), we find
Po,p(g(u) — Q(u), &) =1+ P o 5(h(1,0,0),3e(2° — 7).
To show Q satisfies (1.2), replacing (uj, Uz, uz) by (2™uy, 2™uy, 2™uz) in (3.3), respectively, we get

1
Pa,p (237“1139((2"1111,21“112, 2™ug), €) =1+ P (h(2Mug, 2™, 2™ ug), 25 ™) (3.15)

for all uy, up,uz € U and ¢ > 0. Now,

P (Q(2u1 +uz +u3) —3Q(ug +up +uz) — Q(—ug +uz +u3)
—2Q(w +u2) —2Q(ug +uz) +6Q(u; —uz) +6Q(u; —uz)
+3Q(uz2 +u3) —2Q (2w —u2) —2Q(2u; —uz) +18Q(wy) +6Q(u2) +6Q(us), €)

1 €
g(2™(2u; +up +u3)), ﬁ)’

2]_* ‘I{Toc,ﬁ (Q(Zul +'LL2 +'LL3) — 237“1



J. Jakhar, R. Chugh, J. Jakhar, J. Math. Computer Sci., 25 (2022), 103-114 109

P (—3Q (W + w2 +us) + 53 ! 5-39(2™ (U1 4 Uz + u3)), 283)
Paup (= Qw1 + 12 4 ) + 592" (—t + 2 +w3)), ),
Paus (—2Q(u + uz) + 53-20(2™ (2Q(w +12), 53),
P (~2Q u1+u3)+23ing(2m(2Q(ul+u3)J,§),
Py (6QUuws — w2) — 5 69(2™ (w1 —w), 53),
Paup (6Q11 —115) — 5506912 (11 — ), ), @16
P (3QUuz +15) — 53392 (w2 + 1)), ),
P (—2Q(201 —w2) + 532027 (21 —w2)), ),
Peo (~2Q(201 — ) + 352002 2w —w3)), ), Pap (18QMur) — 53 180(2™ (i), ),
Pao (6Q12) — 73569(2™ (1)), 25), Pae s (6Qu) — 5 69(2™ (), ),
ﬂ>(,¢[3(23m g(2™(2ug +up +uz)) — 1m3g(2m(u1+u2+u3))
S 92 o w +us)) — 5 20(2™ (2Q(w 1)) — 53-29(2™ (2Q(u + us))
F o 60(2™ (w1 —u2)) 73 69(2™ (w1 — ) + 2 39(2™ (w2 +us)
1

1
237m29(2m(21l1 —us))

692 (w2) +

- 237m29(2m(2u1 —up)) —

+ o 180027 () +

sm69(2™ )}

for all uy,up, uz € U and & > 0. Using (3.15) in (3.16), we obtain

Pa,(Q2u1 +uz +u3z) —3Q(ug +uz +ug)
— Q(—uw +uz +u3) —2Q(ug +u2) —2Q(uwy +u3) +6Q(ug —uy)
+6Q(u; —u3) +3Q(uz +u3) *ZQ(Zul —u2) —2Q(2u; —us)
+18Q(w) +6Q () +6Q(us), &) 1+ T{lre, 1rs, Ir-, 1rs, Irs, 1ps, 1,
Toe, Toe, Toe, Trs, s, Tee, P oo p (R(2™ 1y, 2™, 2™ ug), 29™ e )}
> Plop (R(2™uy, 2™ up, 2™ ), 25 e)

(3.17)

for all uj,up, uz € U and & > 0. Letting m — oo in (3.17) and using (3.2), we observe that
Po,p(Q2u1 +u +u3) —3Q (w1 +up +u3) — Q(—ug +up +uz) —2Q(wg +up)

—2Q(u; +u3) +6Q(u —u2) +6Q(ug —usz) +3Q(uz +uz) —2Q (2w —uy)
—2Q(2u; —uz) +18Q(w) +6Q(uz) +6Q(uz), e) = 1+

for all uy,up, uz € U and ¢ > 0. Using (IFN2) in the above inequality, which gives

Q(2u1 +uy+ugz) = 3Q(u1 +u +u3) + Q(—U.l +up +ug) + 2Q(u1 +1uy)
+2Q(w +u3) —6Q(u —uz) —6Q (g —uz) —3Q(uz +us)
+2Q(2u; —uz) +2Q(2u; —uz) —18Q(ug) — 6Q(uz) — 6Q(us)
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for all uy,up,uz € U. Hence Q satisfies the cubic functional equation (1.2). In order to show Q(u) is
unique, let Q’(u) be another cubic mapping satisfying (1.2) and (3.4). Hence

P Q) ~ Q') ) = P p (L) - Q2T
2m om om Jom
> ‘I{Po"ﬁ(Q(zi%mu) — 9(23mu), %)IP“,B (9(23mu) _ Q £3mu), %)}
> P(IX,B (h(Zmu, 0,0), 3(2]“)82(23_T))

32™)e(28 —1
2].* Péc,f) (h(u/ 0/ O)/ (;i‘m))

for all u € U and ¢ > 0. Since

Umm o > om = 09,

we get

. 3(2™)e(23 — 7

UM o00Pg g (N1, 0,0), %) =1r-
Thus,
Pa,p(Q(u) —Q'(w), €) =1r-

for all u € U and € > 0, hence Q(u) = Q’(u). Therefore, Q(u) is unique. For y = —1, we can show the
result by a similar method. This completes the proof of the theorem. O

From above theorem, we have the following corollary concerning the Hyers-Ulam-Rassias and JMRas-
sias stabilities for the functional equation (1.2).

Corollary 3.2. Assume that a function g : U — V satisfies the inequality

Pop(® I3 qlluill*,e),

>«
ch,B(Dg(uLuZ;uB),ﬁ) 2L { P&,g@(”‘z’:llluiHs +Z?:1HU1||3S)15)

for all wy,up,uz € Uand ¢ > 0, where d,s are constants with & > 0. Then there exists a unique cubic mapping
Q : U — V such that

Pip(® [[ul®3e2° —2%),  s#3,
Pop(Dglug, up, uz), €) >+ { P(’X,Z(f)HuiH% 3e[25 —2ms)), s#£ 2
«, / !

m

forallw € UWand e > 0. If we define

552 uil|®
g, Up, ug) = LY
blur, uz, ua) {6m%_1||ui||s+6Z§_1||ui||35),

S

then the corollary is followed from above theorem, by taking T = { 23§

4. Stability result for the functional equation: fixed point method

In this segment, we examine the generalized Ulam-Hyers stability of the functional equation (1.2) in
IFNS using fixed point method. Now, we recall the fundamental results in fixed point theory.
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Theorem 4.1 (The alternative of fixed point, [12])). Suppose that for a complete generalized metric space (U, T)
and a strictly contractive mapping T : U — W with Lipschitz constant L. Then, for each given element u € U,
either

T(T™w, T ) =00, ¥V m >0,

or there exists a natural number mq such that

(1) t(T™u, T™ ) < oo for all m > my;

(2) The sequence (T™u) is convergent to a fixed point vk of T;

(3) v is the unique fixed point of T in the set V ={v € U : t(T™u,v) < oo};
4) t(vk,v) < ﬁfr(v, Tv) forallv e V.

Proof. For proving the stability result, we define: &; is a constant such that

2, ifi=0,
‘Ei_{ 1 ifi=1,

and A is the set such that A = {pju: U — V, u(0) = 0} O
Theorem 4.2. Let g : U — V be a mapping for which there exist a function h: U3 — 2 with the condition

lim Pg g (h(Eqw, Ejug, Efus), £57e) =11
foralluy,up,uz € U, & > 0 and satisfying the inequality
Po,p(Dglug, up,uz), €) 21+ Py p(h(ug, up, uz), €) (4.1)

forall ug,up,uz € U, & > 0. If there exists L = L(i) such that the function
1. u
u—vyu) = gh(E,O, 0)
has the property
1
o (Lgz V(&) €) = Ppv(u)e) 4.2)

foralluw € U, e > 0, then there exists unique cubic function Q : U — V satisfying the functional equation (1.2)
and

forallue U, &>0.

Proof. Let T be a general metric on A, such that
T(H/V) = lnf{M € (OIOONPO(,B (H(u) - V(u)/ 8) 21 P(/x,f)(’Y(u)/ ME),LL € u/ € > 0}
It is simple to verify that (A, T) is complete. Define T : A — A by
1
T(p(w) = Zzul&iu)
&

for all u € U. For u,v € A, we have t(u,v) < M,

Pop (1) —v(u), &) >1+ Pg p(v(u), Me),
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(Eiu)  v(&u)
P(X,B ( = Ev% - Ev% 4 8)
Pop (Tr(w) —Tv(u), e) >+ Py p(v(u), MLe),

=
T(Tr(u), Tv(u), &) < ML,
<

>+ Pl (Y(Ew), MEe),

for all u,v € A. Therefore T is strictly contractive mapping on A with Lipschitz constant L. Replacing
(u1,u2,u3) by (u,0,0) in (4.1), we obtain

Poc,[i (39(2u) - 249(11—)/ E) 21_* P(/x,[?) (h(u/ O/ O)/ 5)- (43)
Using (IFN2) in (4.3), we obtain

P (9(22;) —g(u), &) >~ P(’X/B (h(u,0,0),24¢) (4.4)

with the help of (4.2), when i = 0, it follows from (4.4), we get

2u
Paop 9 —gu), ) 1. Pl (ylu) Le),
1(Tg,g) <L=L"=1"1 (4.5)
Replacing u by 7 in (4.3), we get
u u
P“;B(g(u) _239(5)/8) 2].* (/)(,13 (h(EIOIO)I‘?)E) (4:.6)

with the help of (4.2) when i = 1, it follows from (4.6), we get
u
Pap (9(u) —2°g(5) &) Z1- Peg(v(w),e),
(g, Tg) <1=1=11"1, 4.7)
Then from (4.5) and (4.7), we can conclude
1(g,Tg) <L'' < oo.

Now from the fixed point alternative in both cases, it follows that there exists a fixed point Q of 7 in A

such that

g(&"u)
&

limm—o00Po,pl( —Qu), e) = 1=

forallu e U, &> 0. Replacing (uy,up, uz) by (&1ug, Eiup, Eiuz) in (4.1), we get

1
Pop (55 Dg(Eiur, Eiuz, Eiug), €) >1- Ph g (h(Eiu, &z, Eius), €M)

3m
&

for all uj, up, u3 € U and ¢ > 0. By proceeding the same procedure as in the above theorem (3.1), we can
show the function Q : U — V satisfies the functional equation (1.2). By fixed point alternative, since Q is
unique fixed point of T in the set

I'={g € Alt(g, Q) < o0},

hence Q is a unique function such that

Pa,plg(u) —Q(u), ) =1+ Pg gy(u), Me)
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forallu e U, ¢ >0, and M > 0. Again using the fixed point alternative, we obtain

1 -t -t
< — < —— — >« P/ —_—
T(gr Q) S 1_LT(9179)1 T(Qz Q) S 1_L1 P(x,ﬁ(g(u) Q('LL), 8) =L Pa,B(Y(u)I 1_]_5)
forallu e U, ¢ > 0. This completes the proof of the theorem. O

From above theorem, we have the following corollary concerning the stability for the functional equa-
tion (1.2).

Corollary 4.3. Assume that a function g : U — V satisfies the inequality

Pop (EX_q[luill® €),
Po,p(Dglug, uz, uz)) ;{ o, BLETi=1
. b (ET g i [* 4+ 294 sl €)

for all wy,up,uz € Uand ¢ > 0, where ¢, s are constants with ¢ > 0. Then there exists a unique cubic mapping
Q : U — V such that

25+2

Lo (Elulls, Fse),  s<3ors>3,
P‘xzﬁ (g(u) - Q(u)l E) >L* { (,X,B 3s 235?%4& 3 3
oc,ﬁ(‘zﬂ”uH 55 ams€), S < g 0TS > o

foralluw e Uand e > 0.
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