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Abstract

In this paper, we obtain coupled fixed point theorems in complex partial metric spaces under the different contractive
conditions. Examples are provided to support our results.
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1. Introduction

In 1992, Matthews ([8, 9]) introduced the notion of partial metric space as a part of the study of deno-
tational semantics of data flow programming languages in computer sciences and also extended Banach
contraction principle in this space. Subsequently, many authors reported its topological properties and
obtained a number of fixed point theorems (for more details and references, we refer to [6]). Azam et al.
[3] introduced complex valued metric spaces and established the existence of common fixed point theo-
rems of rational type contractions. Recently, Dhivya and Marudai [5] introduced complex partial metric
space and established the existence of common fixed point theorems under the contraction condition of
rational expression. Bhaskar and Lakshmikantham [4] introduced the concept of coupled fixed point.
Ciric and Lakshmikantham [7] investigated some more coupled fixed point theorems in partially ordered
sets. Aydi [2] proved some coupled fixed point results for mapping satisfying different contractive con-
ditions on complete partial metric spaces. Also, Shatanawi et al. [13] extended the results of Aydi [2] in
partial metric spaces. For more results obtained in this direction, we refer to ([1, 11-13]).
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2. Preliminaries

Let C be the set of complex numbers and z;,z; € C. Define a partial order < on C as follows: z; < zp
if and only if Re(z;) < Re(zz), Im(z1) < Im(zp). It follows that z; < z; if one of the following conditions
is satisfied:

(C1) Re(z1) = Re(zz), Im(z1) < Im(zy);
(C2) Re(z1) < Re(zp), Im(z1) = Im(zy);
(C3) Re(z1) < Re(zp), Im(z1) < Im(zy);
(C4) Re(z1) = Re(zp), Im(z1) = Im(z,).

In particular, we write z; 3 z» if z1 # 2z and one of (C1), (C2), and (C3) is satisfied and also we write

z1 < z; if only (C3) is satisfied. Notice that

(@) 0 =z 3 2z, then |z1] < |z2];
(b) z1 = zp and z; < z3, then z1 < z3;
(c) 0 < a<bandz <2z, then az; < bz,.

We collect some definitions with examples.

Definition 2.1 ([3]). Let X be a non-empty set. A mapping d. : X x X — C is called a complex valued
metric on X if it satisfies:

(de1) 0 =X del(zq,20), forall z1,z0 € X and d¢(z1,22) =0 & 21 = 29;
(dc2) delz1,22) = de(z2,z1), for all z1,z5 € X;
(de3) delz1,22) = delz1,23) + de(z3,22), for all zq, 25, 2z3 € X.

Then, (X, d.) is called a complex valued metric space.
Example 2.2. Let X = C be a set of complex number. Define d. : X x X — C by

(i) delz1,22) = Ix1 —xal +ily1 —yal;
(i) dc(z1,22) = €*lzy — 25|, where z; = x1 +iy1, 20 = x2 + iy, 0 < 0 < 5.

Then, (X, d.) is a complex valued metric space.

Definition 2.3 ([8]). A partial metric on a non-empty set X is a function o : X x X — R™ such that for all
P, q,TEX

(01) p=4q <= o(p,p) =0o(p,q) =0o(p,q);

(02) o(p,p) < olp, q);
(03) G(p, CI) = U(qu);
(04) o(p,q) < o(p,q) <olp,r)+o(r,q)—ofr,T).

Then, the pair (X, o) is called a partial metric space. Note that if o(p, q) = 0, then from (c1) and (02),
P = q, however the converse may not be true.
Moreover, if 0 is a partial metric on X, then the function ds : X x X — R™ defined by

ds(p,q) =20(p,q) —o(p,p) —0olq,q)
is a metric on X.

Example 2.4 ([8, 9]). Let X = R" and function o : X x X — R™ be defined by o(p, q) = max{p, q}, for all
P, q € X. Then, (X, 0) is a partial metric space.

Example 2.5. Let X ={0,1,2} and function 0 : X x X — R* be defined by
0(0,0) =0(1,1) = 0(2,2) = 1; 0(0,1) =0(1,0) = 0(0,2) = 0(2,0) = 2; 0(1,2) =0(2,1) = 3.

Note that (01), (02), and (03) are easy to verify. For (o4), we have the following cases.
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Case (i): Forp=q, o(p,q) = 1.

Case (ii): Forp=0,q =1,
2=0(0,1) < 6(0,2) + 0(2,1) — 0(2,2) = 4.

Case (iii): Forp =0,q =2,
2=0(0,2) <0(0,1)+0(1,2) —0c(1,1) =4.

Case (iv): Forp=1,q=2,
3=0(1,2) < 0(1,0)+¢(0,2) —c(0,0) = 3.

Then, (X, o) is a partial metric space.

Definition 2.6 ([5]). A complex partial metric on a non-empty set Y is a function o. : Y x Y — C* such
that for all p,7,s € Y:

(0c1) 0 <X 0c(p,p) = 0c(p, 1) (small self-distances);

(02) 0c(p,T) = 0c(r,p) (symmetry);

(0c3) oc(p,p) = 0c(p, 1) = 0c(r, 1) & p =7 (equality);
(0c4) oc(p, 1) 2 oclp,s) +0c(s,m) —oc(s,s) (triangularity).

Then, (Y, o) is called a complex partial metric space and in short, we write CPMS.

For the complex partial metric o¢ on Y, the function o} : Y x Y — C* given by ot (p, ) = 20.(p, 1) —
oc(p,p) —oc(r, 1) is a (usual) metric on Y. Each complex partial metric 0. on Y generates a topology Tg,
on Y with the base family of open o-balls {Bg (p,€) : p € Y, e > 0}, where By (p,e) ={r € Y:oc(p,7) <
oc(p,p)+e} forallpeYand0<eeC™ .

Note that a complex valued metric space is a CPMS. But a CPMS need not be a complex valued metric
space. We discuss the following examples for complex partial metric spaces.

Example 2.7 ([5]). Let Y = [0, c0) endowed with complex partial metric o : Y x Y — C* with o.(p,q) =
max{p, q}(1 +1), for all p,q € Y. Obviously (Y, o.) is a complex partial metric space. Note that o.(p,p)
p+ip #0, for all p # 0. Therefore, (Y, o) is not a complex valued metric space.

Example 2.8. Let Y = R and function 0. : Y x Y — C* be defined by oc(p,q) ={lp —ql + T}et®, for all
p,q €Y, where T > 0,0 < 0 < 7. It may be noted that o¢(p,p) = tel® £0, forallp € V. Obviously, one
can verify that o, satisfies (o.1), (0.2), and (0¢3) hold. For (o.4), we obtain

oc(p, q) =(lp — ql + Tle'®
={(p—7) + (r—q)| + Te®
={lp —rl+Ir— gl + e
—(lp =+t +{r—al + 7} —7)e'®
=0c(p,7) +0c(r, q) —oc(r,7).
Therefore, (Y, o) is a complex partial metric space.
Example 2.9. Let X ={0,1,2,3} and 0. : X x X = CT by
0c(0,0) =0¢(1,1) = 0¢(2,2) = 0c(3,3) = €'7;
0¢(0,1) =0¢(1,0) = 0¢(0,2) = 0¢(2,0) = 0¢(0,3) = 0¢(3,0) = 2¢'¢;

0c(1,2) =0¢(2,1) = 0¢(1,3) = 0¢(3,1) = 0c(2,3) = 0.(3,2) = 3¢,

where 0 < 0 < 7. One can verify that (c.1), (0¢2), and (o.3). We verify (o.4) with the following cases.
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Case (i): Forp=q e X, oc(p,q) = e'°.

Case (ii): Forp =0,q =1,r € {2,3}, we obtain

2 = 0(0,1) < 0c(0,1) + 0c(r,1) — oc (1, 1) = 4e™.

Case (iii): For p =0,q =2,r € {1, 3}, we obtain

2e'® = 0.(0,2) < 0c(0,7) + 0c(1,2) — 0c (1, 1) = 4e'®.

Case (iv): For p =0,q = 3,r € {1, 2}, we obtain

2e'% = 0¢(0,3) X 0c(0,1) + 0¢c(r,3) — oc (1, 7) = 4e'®.

Case (v): Forp =1,q =2,r €{0,3}, we obtain

3e% = 0.(1,2) < 0c(1,7) + 0c(1,2) — oc (1, 7) = 3¢t (or, 5e0).

Case (vi): For p =1,q = 3,7 € {0,2}, we obtain

?)eie = GC(]-I 3) j Gc(lr T) + Oc¢ (Tla) — O¢ (T,T) = 3ei9 (OT‘, 561'.9)‘
Case (vii): For p =2,q =3,r € {0, 1}, we obtain

3¢t = 0.(2,3) < 0c(2,1) + 0c(1,3) — 0c (1, 1) = 3¢9 (o1, 5¢19).
Therefore, (X, 0¢) is a complex partial metric space.

Definition 2.10 ([5]). Let (Y, o.) be a complex partial metric space.

(1) A sequence {yn}in (Y, 0.) converges to p € Y, if for every 0 < e € C* there is N € IN such that for all
n > N, we get yn € By, (p, €). Then p is said to be a limit of {y,}, which is denoted by lim, ;oo yn =p
or, yn — Pp.

(2) A sequence (yn) in (Y, o) is called Cauchy if there is a € C* such that for every € > 0 there is N € IN
such that for alln,m > N, [oc(yn,ym) —al < €.

Definition 2.11 ([5]). Let (Y, o.) be a complex partial metric space.

(1) (Y, o) is said to be complete if every Cauchy sequence {y,} in Y converges, with respect to 15, to a
point p € Y such that o.(p,p) = lirg 0c(Yn,Ym)-

n,m—oo

(2) A mapping H:Y — Y is said to be continuous at pg € Y if for every € > 0, there exists & > 0 such that
H(Bo. (po,d)) C Bo. (H(po), €).

Lemma 2.12 ([5]). Let (Y, o) be a complex partial metric space. A sequence {yn}in (Y, o) converges top € Y if

and only if oc(p,p) = limn 00 0c (P, Yn).

Lemma 2.13 ([5]). Let (Y, o) be a complex partial metric space. A sequence {yn} is Cauchy sequence in (Y, o),

then {yn} is Cauchy in a metric space (Y, ol).

Lemma 2.14 ([10]). Let (Y, o) be a complex partial metric space.

(1) A sequence {yn} is Cauchy sequence in (Y, o) if and only if {yn} is Cauchy in a metric space (Y, ok).

(2) (Y, 0c) is complete if and only if (Y,of) is complete. Moreover, limn 00 05 (y,yn) = 0 & oc(y,y) =
limp 00 O¢ (y, yn) = hmn,m—)oo Oc (yn/ym)'

Definition 2.15. Let (Y, o) be a complex partial metric space. Then an element (p,r) € Y x Y is said to be

a coupled fixed point of the mapping F: Y x Y — Y if F(p,r) =p and F(r,p) = .

In this paper, we also extend the coupled fixed point results of Aydi [2] and Shatanawi et al. [13] in
complex partial metric spaces.



M. Gunaseelan, M. S. Khan, Y. M. Singh, K. Tas, J. Math. Computer Sci., 24 (2022), 91-102 95

3. Main results

Theorem 3.1. Let (Y, o) be a complete CPMS. Suppose that the mapping \p : Y x Y — Y satisfies

Oc (II)(P, q),ll)(‘l‘, s)) = ko (P/T) +10c(q,5),

forall p,q,v,s € Y, where k and 1 are non-negative constants with k +1 < 1. Then \p has a unique coupled fixed
point.

Proof. Choose po, qo € Y and set p1 = W (po, qo) and q1 = P(qo, po). Continuing in this process and setting
Pns1 =V(pn,qn) and qni1 = P(gn, pn), we obtain

Oc(pn Pr+1) = Oc(W(Pn-1, dn-1), W(Pn, qn)) = koc(Pn-1,Pn) +10c(dn-1,qn),
which implies that
|0 (Pn, Prs1)l S Kloe(Pr—1,Pn)l + Uoc(qn-1, qn)l. 3.1)
Similarly, one can prove that
0 (qn, gn 1)l < Kloc(qn-1,qn)l+ Uoc(Pn—1,Pn)l- (3.2)
From (3.1) and (3.2), we get

loc (pn/pn+l)| + |Uc(an qn+l)| < (k+ l)(|0—c(qnfl/ qn)| +lo¢ (pnfl/pn)n
= o‘(|0c(qn—1/ qn)| +lo¢ (pn—lzpn)|)/

where o« = k+ 1 < 1. Also, we obtain

klo¢ (pn/ pn+1)| + l|0‘c (qu/ qn+1)|/ (33)

loc (pn+1/pn+2)|
| k|Uc(qn/ qn+1)| +l|0'c (pn/pn+1)|- (34)

loc (qn+1, qn+2)

NN

From (3.3) and (3.4), we obtain

|Gc (pn+1/pn+2)| + |Gc(qn+1z qn+2)| < (k+ U(|Gc(qnz qn+1)| + |Uc (Pn,PnH)D
= «(loc(qn, gni 1)l +loc(Pn, Prr1)l)-

Repeating this way, we obtain

0€(|Uc(Qn71, qn)| + o (Pnfl,Pn)U
0(2(|0—C(qn—2/ Qn71)| + |Uc (pn—ernfl)D

loc (pn/pn+1)| + |Gc(an qn+1)| <
<

N .-

o (loc(qo, q1)l + o (po, p1)l)-
Now, if |0c (pn/pn—o—l)‘ + |0c(qn/ qn+1)| = sn, then
Sn < asp_q <o < s,

If sp = 0, then |oc(po, p1)l + |0c(qo, 1) = 0. Hence po = p1 = P(po, do) and qo = g1 = ¥(qo, po), which
implies that (po, qo) is a coupled fixed point of . Let sp > 0. For each n > m, we have

Oc(Pr,Pm) 2 0c(Prn,Pn-1) + 0c(Pn-1,Pn—2) — Oc(Pn—1,Pn—1)
+ 0c(Pn—2,Pn—3) + 0c(Pn—3,Pn—4) — Oc(Pn—3,Pn—3)
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+- o+ o (Pmr2, Pmat) + Oc(Pmst, Pm) — Oc (Pm+1, Pmt)
= 0¢ (pn/ pn—l) + 0¢ (pn—lr Pnfz) + -+ 0c (Pm+1, Pm)/

which implies that

oc(Pn, Pmll < loc(Pr, Pr-1)l +loc(Prn1, Prn2)l+ - +loc(Pms1, Pm)l.
Similarly, one can prove that

0c(dn, qm)l < loc(dn, qn-1)l+loc(dn-1, gn-2)[+ - +loc(dmi1, Gm)l-
Thus,

loc (P, Pm)l Floc(qn, qm)l < Sn—1+Sn—2+Sn—3+--+5sm

m

o
(™ o™ a™)sy < 1

so—~0, n— oo,

which implies that {pn} and {qn} are Cauchy sequences in (Y, o). Since the complex partial metric space
(Y,0.) is complete, there exist p,q € Y such that {pn} - p and qn — qasn — oo and o.(p,p) =

limn—mo Oc (P, pn) = limn,m—mo Oc (p'ru pm) = O/ 0-C(q/ q) = liHln—)oo Gc(q/ qn) = lirnn,m—)oo Uc(an qm) =
0. We now show that p = \(p, q). We suppose on the contrary that p # P (p,q) and q # P(q,p) so that

0 < oc(p,P(p,q)) =l and 0 < oc(q,¥(q,p)) =1, then

L = oc(p,¥(p,q)) 2 oc(p,Prs1) + 0c(Pny1, PP, q))
= 0c(P, Prnt1) T oc (Y (pn, qn), L (p, q))
= 0¢ (pranrl) +koe (pnrp) + lGc(qn/ q)/

which implies that
|11| < |Uc(p/pn+1)| + k|Gc(pn/p)| + uo-c(qn/ q)|

Asn — oo, [l1] < 0 which is a contradiction, therefore |o.(p,P(p,q))| =0 = p = V(p, q). Similarly we
can prove that ¢ = {(q,p). Thus (p, q) is a coupled fixed point of {. Now, if (g, h) is another coupled
fixed point of 1, then

oc(p,g) = oc(P(p,q),P(g,h)) < koc(p,g) +1lo(q, h).

Thus,
oe(pg) < ——0e(q,h)
c\P,9g _17k0‘c q,n),
which implies that
1
loc(p, g)l < mbc(q/h”- (3.5)
Similarly,
1
oela, )] < 1 loc(p, gl (36)

From (3.5) and (3.6), we obtain

e loem o)l Hoel@ W, (11 ) (oep, 9)l +loela, ) <.

Since k + 1 < 1, this implies that |o¢(p, g)| + |oc(q, h)| < 0. Therefore p=gand q=h = (p,q) = (g, h).
Thus 1 has a unique coupled fixed point. O

|Uc(p/ g)‘ + |0-C(q/h)| <
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Corollary 3.2. Let (Y, 0.) be a complete CPMS. Suppose that the mapping \ : Y x Y — Y satisfies

oc(W(p, q),W(r,s)) = 5 (oc(p, 1) +0clq,s)), (3.7)

N

forallp,q,r,s €Y, where k is a non-negative constant with k < 1. Then \p has a unique coupled fixed point.

Example 3.3. Let Y = [0, c0) endowed with the usual complex partial metric o.: Y x Y — [0, 00) defined
by oc(p,q) = max{p,q}(1+1). The complex partial metric space (Y, o.) is complete because (Y, o}) is
complete. Indeed, for any p,q €Y,

0¢ =20¢(p, 1) — 0c(p,p) — oc(r, 1) = 2max{p, q}(1+1) — (p +ip) — (g +1iq) =p — gl +ilp — ql.

Thus, (Y, 0.) is the Euclidean complex partial metric space which is complete. Consider the mapping
P: Y xY — Y defined by P (p, q) = %1 For any p,q,g,h € Y, we have

oe(W(p, q), b(g ) = = max{p +q, g+ h}(1 +1)

12
= %[max{P, g} +max{q, h}l(1+1) = %[Gc (p,u) +0clq, ],

which is the contractive condition (3.7) for k = . Therefore, by Corollary 3.2, 1\ has a unique coupled
fixed point, which is (0,0). Note that if the mapping P: Y x Y — Y is given by P(p,q) = %, then ¥
satisfies the contractive condition (3.7) for k = 1, that is,

oc(P(p,q),¥(g, h)) = s max{p +q,g+h}(1+1)

< = [max{p, g} + max{q, h}](1+1)

=N =N

= —[oc(p,g) + 0c(q, W)L

N

In this case, (0,0) and (1,1) are both coupled fixed points of 1\, and, hence, the coupled fixed point of
is not unique. This shows that the condition k < 1 in Corollary 3.2 and hence k 4+ 1 < 1 in Theorem 3.1
cannot be omitted in the statement of the aforesaid results.

Theorem 3.4. Let (Y, o) be a complete CPMS. Suppose that the mapping \p : Y x Y — Y satisfies

ac(W(p,q),¥(r,s)) = koc(b(p, q), 1)+ loc(W(r,s),p),

forall p,q,r,s € Y, where k and 1 are non-negative constants with k + 21 < 1. Then \p has a unique coupled fixed
point.

Proof. Choose po, qo € Y and set p1 = P(po, qo) and q; =P(qo, po). Continuing in this process and setting
Pn+1=Y(pn,qn) and qn+1 = P(qn, pn), we obtain

oc (P, Pnt1) = Oc(W(Pn-1,qn-1), V(Pn,qn))

= koc(W(pn-1,9n-1),Pn) +loc($(pn, qn), Pn-1)

= koe(pn,Pn) +10c(Pns1,Pn-1)

= koe(pn,Pn+1) +loc(Pn+1,Pn-1)

= koc(pn, Pnt1) + Uoc(Pr+1,Pn) + 0c(Pn, Pn-1) — 0c(Pn, Pn))
(

=< koc(pn, pn+1) + (o (Pn+1, pn) + O0¢ (pn/ pn—l))

l

<
S 1—(k+1) Oc (pnzpnfl)z
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which implies that

l
loc(Pn, Pn+1)l < mbcﬁ)mpn—lﬁ- (3.8)
Similarly, one can prove that
10c(qn, gni1)l < mbc(qm qn—1)l- 3.9)

From (3.8) and (3.9), we obtain

|Gc (pn/pn+1)| + |O—c(qn/ qn+1)| < (|GC (pnrpnfl)‘ + |Gc(qn1 qn71)|)

1—(k+1)
= 0€(|0c(Pn,Pn71)\ + |Uc(qn/ qn,1)|),

where o = 1— L < 1. Also,

(k1)
|0 (Prt1, Prt2)l < mmc (P, Pr—1)l, (3.10)

1
loc(qn+1, gn2)l < mhc(‘hu qn—1)l- (3.11)

From (3.10) and (3.11), we obtain

|Gc (pn+1/pn+2)| + |Gc(qn+1/ qn+2)| < (|Gc (Pn,Pn71)| + |Gc(qn/ qnfl)”

1—(k+1)
= «f|o¢ (pn/pnfln + |Gc(qn/ qn—1)|)~

Repeating this way, we obtain

0¢(|Uc(]9mpn71)| + |Gc(an qn71)|)
062(|0c(CIn—2, qn71)| + |Gc (pn—Z/pnfl)D

|Gc (Pn/Pn+1)| + |Gc(qnz qn+1)| <
<

< a(loc(qo, q1)| + loc(po, p1)D).
Now, if [0¢ (P, Pnt1)l+10c(dn, Gn+1)| = sn, then
Sn S XSp—1 <0 < (anO-

If sp = 0 then |o¢(po, q1)| + [0c(qo, q1)] = 0. Hence po = p1 = W(po, qo) and qo = q1 = (qo, po), which
implies that (po, qo) is a coupled fixed point of . Let sp > 0. For each n > m, we have

oc(Pr,Pm) 2 0c(Pr,Pn-1) + 0c(Pn-1,Pn-2) — 0c(Pn-1,Pn-1)
+ 0c(Pn-2,Pn-3) + 0c(Pn-3,Pn—4) — 0c(Pn-3,Pn-3)
+ 4 0c(Pmr2, Pmst) + 0c(Pmst, Pm) — 0c(Pmt1, Pmr1)
= 0c(Pn,Pn-1) + 0c(Pn-1,Pn—2) + -+ 0c(Pm+1,Pm),

which implies that

loc(Pr, Pm)l < loc(Pr, Pr—1)l +l0c(Prn—1,Pn-2)l+ - +loc(Pm+1, Pm)l-
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Similarly, one can prove that
‘Uc(qn/ qm)| < |Uc(qn/ qn—1)| + |Gc(qn—1/ qn72)| +oet |Gc(qm+1/ qm)|
Thus,

|0-c(pnrpm)|+|0-c(anqm)| Sn—1+Sn—2+8Sn-—3+:-+5sm

m

_ _ o
< (a4 om 2+~-+ocm)30<1 so—0, n— oo,

which implies that {p,} and {qn} are Cauchy sequences in (Y, o). Since the complex partial metric space
(Y,0.) is complete, there exist p,q € Y such that {pn} - p and qn — qas n — oo and o.(p,p) =

limn—wo Oc (P, pn) = hmn,m—)oo Oc (pn/ pm) = 0; Gc(q/ q) = limn—>oo Gc(q/ qn) = liInn,'m—)oo Gc(qnz qm) =
0. We now show that p = 1\ (p, q). We suppose on the contrary that p # P (p,q) and q # P(q,p) so that

0 < oc(p,w(p,q)) =l and 0 < oc(q,P(q,p)) =1z, then

L = 0c(p,W(p, q)) 2 0c(p, Pnt1) + 0c(pnr1,W(p, q))

= 0c(P, Prns1) +0c (W (pn, qn), Y(p, q))

= Uc(p pn+1) + ko (P (pnr qn)/ )+10c(11’(p/ q)/pn)
(p

= 0c(p, Pn+1) +koc(Pns1,P) +loc(W(p, q), pn),

which implies that

Ul < loe(p, prs1)l FKloc(pn, P)l+ Uoc (W (p, q), pr)l-

As n — oo, [l1] < 0 which is a contradiction, therefore [o.(p, W (p,q))| =0 = p =VP(p, q). Similarly, we
can prove that q = \(q,p). Thus (p, q) is a coupled fixed point of . Now, if (g, h) is another coupled
fixed point of 1, then we obtain

oc(p,g) = oc(W(p, q), V(g h)) = kac(¥(p, q), g) +1o(b(g, ), p).

Thus,

(1—=(k+1U)oc(p,g) 20,
which implies that

(1= (k+1loc(p,9)l <O. (3.12)
Similarly,

(1—(k+1)loc(q, h)] <O. (3.13)
From (3.12) and (3.13), we obtain

(1= (V) (Joe(p, 9)l +loc (q, )] <.

Since k + 1 < 1, therefore |o.(p, g)| + |oc(q, h)] =0 and hence, p=gand g =h = (p,q) = (g, h). Thus,
1 has a unique coupled fixed point. O

From Theorem 3.4 with k =1, we get the following corollary.
Corollary 3.5. Let (Y, o) be a complete CPMS. Suppose that the mapping \p : Y x Y — Y satisfies
O—C(ll)(p/ q)ﬂl’(r/ S)) j k(O—C(ll)(p/ q)rT) + O—C(w(rls)/‘p))/

forall p,q,r,s € Y, where k is a non-negative constant with k < % Then \p has a unique coupled fixed point.
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Theorem 3.6. Let (Y, o) be a complete CPMS. Suppose that the mapping \p : Y x Y — Y satisfies

O—C (ll)(p/ q)lll)(r/ S)) j TmaX{GC (p/ T)/ O—C(q/ S), O-C (ll)(p/ q)lp)/ GC (.Ll)(rl S)/T)}/
forallp,q,r,s € Y, where r € [0,1). Then \p has a unique coupled fixed point.

Proof. Choose po, qo € Y and set p1 = P (po, qo) and q1 = P (qo, po). Continuing this process, set pn+1 =
V(pn, gn) and gni1 =P (qn, pn). Then,

Oc(Pn+t1,Pns2) =0¢ (P (Pn; adn), V(Pn+1, qnt1))
=r max(cc (pn/ pn—i—l)/ Oc (qTLI qn—i—l)/ Oc (ll)(pn/ Qn), pn)/ Oc (ll)(pn—HI qn+1)/ pn+1)
=rmax(0c(pn,Pn+1), 0c(dn, qn+1), Oc(Pnt1,Pn), Oc(Pnt2, Prr1))

=<rmax(0c¢(pn, Pn+1), 0c(qn, dnt1)),

which implies that
|0 (Pr+1, Prt2)l < Tmax{[oc (pn, Pr+1)l,[0c (qn, dna)l) (3.14)
Similarly, one can prove that
0c(qn+1, qn+2)l < Tmax{loc(gn, qn+1)l [0c (Pn, Pra)lk (3.15)
From (3.14) and (3.15), we get
max{|o¢ (Prn+1, Pn+2)l, [0c(dnt1, gni2)l} < Tmax{loc(qn, gni1)l,[0c(Pr, Pl

Continuing this process, we obtain

< rmax{|oc(gn_1, qn)l, [0c (Pn—_1,Pn)l}
< 2 max{|oc(qn_2, qn_1)l, loc(Prn_2,Pn_1)}
< rn max{|0—C (qOI ql)|/ |GC (pOI pl)‘}

max{|0c (pn/ Pn+1 ) ,loc (an qn+1)|}

Therefore
lim max{|6c (Pn, pn+1)|/ |Gc (qn/ qn+1)|} - O/
n—oo
which in turn gives
lim [o¢(pn,Pn+1)l =0and lim [oc(qn, qn1)l =0.
n—oo n—oo
For each n > m, we have

oc(Prn,Pm) 2 0c(Prn,Pn-1) +0c(Prn-1,Pn2) —0c(Pn-1,Pn-1)
+0c(Pn—2,Pn-3) + 0c(Pn-3Pn-4a) — 0c(Pn-3,Pn-3)
+- o+ 0c(Pma2,Pmr1) + 0c(Pmat, Pm) — 0c(Pma1, Pmy)
= 0c(Prn,Pn1) + 0c(Pn-1,Pn-2) + -+ 0c(Pm+1, Pm),

which implies that

loc(Pr, Pm)l < loc (P, Pr1)l +l0c(Pn_1,Pn-2)l+ - +loc(Pm+1, Pm)l
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As n, m — oo, we obtain

lim [oc(pn, pm)l=0.

n,m—o0

Similarly, one can prove that
Jim |oc(qn, qm)l =0,

which implies that {pn} and {qn} are Cauchy sequences in (Y, o). Since, complex partial metric space
(Y,0.) is complete, there exist p,q € Y such that {pn} - p and qn — qas n — oo and o.(p,p) =

limn o0 Oc (P, pn) = hmn,mﬁoo Oc (pn/ pm) =0, 0'c(q/ q) =limn Uc(q/ qn) = lirnn,nlﬁoo cyc(qn/ qm) =
0. We now show that p =1 (p, q). Now,

oc(p,¥(p,q)) 20c(p, Prn+1) +0c(Pnr1,¥(p, q))
=0c(p,Pnr1) + 0c(W(pn, qn), ¥(p, q))
20c(p, Pnt1) + rmax{oc(pn, ), 0c(qn, q), 0c (W (Ppn, qn), pn), oc (W (p, q), P)}
=0¢(p, Pn+1) + rmax{0c(pn, P), 0c(dn, 4), Oc(Pn+1,Pn), 0c($(p, 9), P)},

which implies that

loc(p, W (p, Q) <loc(p, Prs1)l +rmax{loc(pn, Pl loc(dqn, @l loc(Prt1, Pnll loc(W(p, ), )}

Asn — oo, [oc(p,P(p,q))l < rloc(W(p, q),p)l. Since v € [0,1), therefore [oc(p,V(p,q))| =0 = p =
P(p, q). Similarly we can prove that q =1(q,p). Thus (p, q) is a coupled fixed point of \p. Now, if (g, h)
is another coupled fixed point of 1, then

oc(p,g) = oc((p, q),W(g, h)) 2rmax{oc(p,g), oc(q, h), oc(W(p, q),p), oc(b(g, h), g)}
=rmax{oc(p, g), 0c(q,N), oc(p,p), 0c(g, 9)}-
Since o¢(p,p) = oc(p,g) and o.(g,g) = oc(p, g), we have
oc(p,g) 2 rmax{oc(p,g), oc(q )}, loc(p,g)l < rmax{loc(p, g)lloc(g, h)[} (3.16)
Similarly, we can prove
loc(g, M) < rmax{oc(p, g)l, loc(q, h)I}. (3.17)
From (3.16) and (3.17), we have

max{|oc(p, g)l,loc(q, h)[} < rmax{|oc(p, g)l,loc(q, h)[}.

Since 0 < v < 1, we have max{|o.(p,g)l,loc(q,h)|} = 0 implies that o.(p,g) = 0 and o¢.(q,h) = 0
Therefore, p =gand q=h = (p,q) = (g, h). Thus, P has a unique coupled fixed point. O

Corollary 3.7. Let (Y, o) be a complete CPMS. Suppose that the mapping  : Y x Y — Y satisfies
oc(W(p, q), (1 s)) X aoe(p, 1) +boc(q,s) +coc(b(p, q), p) + doc(b(r,s),1),

forall p,q,v,s € Y, where a,b,c and d are non-negative constants with a+b +c+d < 1, then \ has a unique
coupled fixed point.

Proof. The proof follows from Theorem 3.6. Note that
aoc(p, ) +boc(q,s) +coc(b(p, q),p) + doc(P(r,s),7)
< T max{Gc (p/ T), GC (q/ S)r 0—C (ll) (p/ q)/p)/ GC (lp(rr S), T)},
wherer=a+b+c+d< 1. O]
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Example 3.8. Let Y = [0, c0) endowed with the usual complex partial metric o.: Y x Y — [0, c0o) defined

by oc(p, q)

= max{p, q}(1 +1). The complex partial metric space (Y, 0.) is complete because (Y, o) is

complete. Indeed, for any p,q €Y,

ot =20¢(p, 1) — 0c(p,p) — oc(r, 1) =2max{p, q}(1+1) — (p+ip) — (q +iq) = [p — gl +ilp — q.

Thus, (Y, o) is the Euclidean complex metric space which is complete. Consider the mapping P: Y x Y —
Y defined by VP (p, q) = w. For any p,q,g,h € Y, we have

oe(W(p, ), b(g,h)) = = max{lp — ql, Ig — R}(1 +1)

2
~ Smax(p—a,q—p,g—hh—g)1+{
= %max{p, q,9,h}(1+1)
= 2 max{oe(p,g), 0 (q, )
< 5 max(oe(p, 9), e (a, 1), 0 (b(p, 4),p), 0 (g, ), )

Thus, 1V has a unique coupled fixed point. Here, (0,0) is the unique fixed point of .
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