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Abstract

In this note, we introduce and discuss the notion of group seminearrings along with few of its characteristics. Firstly, we
provide the method of construction of group seminearrings. Then, we introduce different types of ideals of group seminearrings.
Finally, we introduce and discuss the group seminearrings homomorphism and amalgamation maps.
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1. Introduction

Group ring is the amalgamation of two very important and basic algebraic structures, i.e., a finite
multiplicative group and a ring. Group rings are first introduced by Aurthur Caylay in 1854. Actually,
elements of group ring are in the form of linear combinations of elements of ring and that of group which
are involved in the construction of group ring. Elements of group ring has close resemblance with the
elements of polynomial rings with single indeterminate. The difference is that if in a polynomial ring
we replace the variable along with its powers by the elements of group and replace coefficients with the
elements of the ring then they become elements of group ring. Group ring is a unique algebraic structure
which is defined and explained in the literature along with its numerous characteristics. Group ring
behaves like a ring as its elements satisfying all the axioms of ring but has a unique structure due to
its unique construction. Similarly, zero divisors and units of group rings are also very unique. Cohen
discussed and explained in detail the zero divisors of group ring [2]. Different types of unit elements of
group ring are introduced by Cox et al. in [3]. Structure of group rings and the group of units of integral
group rings have been introduced and discussed comprehensively in [8]. Primary group rings have been
explored in [1]. Few applications of grouprings towards cryptosystem were explored in [7]. For more
details about group rings, we refer to [2-4]. Group nearring is the further generalization of group ring
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which is introduced and discussed extensively in [10]. Le Riche et al. [10] defined a group nearring in
a very special way which is similar to that of matrix nearrings. Group nearring is a subnearring of a
nearring M(RS) which is the set of endomorphisms of a group RE. At this point, RS is the direct sum
of elements of additive group (R, +) of nearring R. Furthermore, number of copies in RS is equal to the
order of finite multiplicative group. The elements of group nearring are generated by the function [r, g,
where r € S, g € G, defined by ([r,gl(1))(h) = ru(hg) for all p € S¢, h € G. Eventually, we define a
group seminearring by using the similar approach used for defining group nearring by Le Riche et al.
[10]. Different types of ideals of grouprings are discussed in [5, 6]. For group nearrings one can consult
[5, 6,10, 11].

Group rings have been generalized in terms of group nearrings [10] and group semirings [9]. In this
manuscript, we introduce and discuss the notion of group seminearrings along with few of its charac-
terizations. Firstly, we introduce the method of construction of group seminearrings. During this, we
follow the method similar to that of group rings and group nearrings. However, we observe that a group
seminearring is different structure as compared to that of group rings and group nearrings. Then, we
introduce different types of ideals of group seminearring. Finally, we discuss group seminearrings by
applying some structure preserving mappings.

2. Construction of group seminearrings

In this section, first we provide the method of construction of group seminearring and then we discuss
its various basic properties. We begin with the following definition.

Definition 2.1. Let S be a seminearring with identity 1, and G be a finite multiplicatively written group
and S© represents the cartesian direct sum of semigroup (S, +) and number of copies in SG is equal to the
order of G. Elements of S are indexed by the elements of group G. Let M(S©) denotes the seminearring
of all mappings of a semigroup S€ to itself. For some functions in M(S®), we define the following
notations.

(i) The function < 1,g >, where T € S, g € G, defined by (< 7,g > (1))(h) = Tu(g 'h) for all u € SS,
heG.
(ii) The function [r, g], where r € S, g € G, defined by ([r, gJ(p))(h) = ru(hg) for all p € SG, hed.

It is notable that the set {< r,g >: 1 € S, g € G} generates a sub-seminearring of M(SE) and we denote
it by S < G >. Similarly the collection {[r,g] : r € S, g € G} generates a sub-seminearring of M(SC) and
will be denoted as S[G]. Actually these sub-seminearrings are our group seminearrings. However, if we
replace (i) of Definition 2.1 with (i') the function < r,g >, where r € S, g € G, defined by (< 7,g >
(w)(h) = ru(gh) for all u € SS, h € G, then, we can easily conclude that: if G is an abelian group then
we have S < G >= S[G]. On the other hand, we show that if G is not an abelian group then there does
exist a natural isomorphism between two sub-nearsemirings S < G > and S[G] of M(S€).

Theorem 2.2. Group seminearrings S < G > and S[G] of M(SC) are same if group G is abelian otherwise they are
isomorphic to each other, i.e., S < G >= S[G].

Proof. Let G be an abelian group w.r.t multiplication, then for all p € SG, h € G, we have (< T,g >
(W)(h) = ru(gh) = ru(hg) = ([r, gl(n))(h). This implies that both S < G > and S[G] are equal. On
the other hand, if we consider G a nonabelian multiplicative group then we show that there is a natural
isomorphism between S < G > and S[G]. For this, let ¢ : R® — RC be a function defined by (¢(p))(hy) =
(d(n)(g192) = ulg2g1) = u(hy), for all u € S© and hy, hy, g1, g2 € G. Then, it can be easily shown that
¢ € Aut(RC). It is notable that ¢ = e which implies ¢! = ¢. We have to show that the automorphism
say ¢* of M(SG) maps S < G > onto S[G]. Consider ¢p*(< 1,9 >) = ¢(r,g)dp 1 = < 1,9 > ¢. For all
we S hy e G, wehave (¢ <1,9>d)u)(h) = (¢ <79 >du)(9192) = (¢ < 1,9 >)u(g2g1) = (¢ <
T,g >)u(ha) = ¢(ru(hag)) = rd(nlhag)) = (ru(ghz) = (I, gl(1))(h2). Hence ¢*(< 1,9 >) = [r, gl for all
r € S,g € G. Hence, this implies that $*(S < G >) = S[G]. O
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On the other hand, if we keep carry on with Definition 2.1, then we can deduce the below result which
is similar to that for group nearrings.

Theorem 2.3. Group seminearrings S < G > and S[G] of M(S©) are isomorphic to each other.
Proof. Similar to that of group nearring [10, Theorem 2.2]. O

Let S[G] be a group seminearring constructed from a seminearring S and a finite multiplicatively
written group G. As S is always a subring of a group seminearring it means if S is a left seminearring
then S[G] will be the left group seminearring. Similarly, if S is right seminearring then S[G] is right group
seminearring.

Corollary 2.4. Let m be the order of a group seminearring S and n be the order of a group G. Then, the group
seminearring S[G] is of order [R|IG! = m™.

Example 2.5. Let S = {0, a, b, c, d} be a right nearsemiring with the operations tables given below.

+]10|a|b|c|d||. |O]la|b|c|d
0O|0|la|lb|c|d||0]O0|O0O|0O]|0O]O
alala|b|d|d al/0ja|b|b|d
b/b|b|lb|d|d||b|0O|a|b|b]|d
c|lc|d|d|lc|d||c|0|la|b|b]|d
d|d|{d|d|d|d||[d|0O]a|b|b|d

Let R = {0, a,b} be a sub-seminearring of S and we will construct here a group seminearring using
seminearring R and group G = C, = {x : x? = e}. As RC represents the cartesian direct sum of order of
G copies of (R,+) so here we have R¢ = {(0,0)(0,a)(0,b)(a,0)(a,a)(a,b)(b,0)(b,a)(b,b)}. We construct
our group seminearring by function ([r, g](n))(h) = rp(hg) for all u € RG,h € G. For understanding,
we check it, i.e., for any p = (0, a) and h = 0, we have ([b,x](0,a))(e) = b(0,a)(ex) = (b.0, b.a)(x) =
(0, a)x ={0e+ ax}x = 0(e.x) + a(x.x) = 0x + ae = ae + 0x € R[G]. Clearly, we have 9 choices for pu. Hence,
by the above corollary, the order of group seminearring is [R||¢/ =32 =9.

Lemma 2.6. Let S[G] be the group seminearring. Let v,s € S, g1,92 € G, then following holds for every value of
the parameters.

(1) [r, g1lls, g2] = [rs, g192l;

2) [r,gl+[s, gl =[r+s,gl.

Proof. Let u e SG and h € G. Then by the definition of a group seminearring, we have

(1) ((Ir, g1lls, g2} (1)) (R) = ([r, gul([s, g2l (W))) (h) = 7([s, g2J (1)) (hgr) = rs(p(hg192)) = ([rs, grgal(p))(h).

(2) Similarly, (([r, gl + [s, g])(n))(h) = [r, gl()(h) +[s, gl(n)(h) = ri(hg) + sp(hg) = (r+s)u(hg) = [r+
s, gl(1)(h). O

The above lemma is also valid for < r,g >, wherer € S and g € G.

Lemma 2.7. Let S[G] be group seminearring, R[G] a group nearring, and RG a group ring, then:

(i) SIG] = RI[G], if seminearring S is replaced with nearring R;
(ii) SIG] = RG, if seminerring S is replaced with standard ring R.

Now we introduce few more terminologies regarding the elements of group seminearring, i.e., gener-
ating sequence, complexity and support of the elements.

Definition 2.8. Let S[G] be a group seminearring and « € S[G] and there exist a finite sequence of elements
of S[G], i.e., o1, x2,..., 0tn, such that oy = «, for all 1 < i < n. This finite sequence is called generating
sequence for the element «.
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Remark 2.9. One of the below conditions must be satisfied for a generating sequence of an element o €
SIG].

(i) oy =Is,g] forsomes € S, g € G.
(i) oy = o + oy for some k and 1, where 1 < k, 1 < i.
(iii) oy = oo for some k and 1, where 1 < k, 1 < 1.

Definition 2.10. Complexity of an element of a group seminearring is the length of generating sequence
of minimum length for that element. The complexity for any « € S[G] is denoted by c(«).

Remark 2.11. Complexity of an element can be either equal to 1 or greater then 1, i.e., for all « € S[G] we
have always c(x) > 1. We have c(«) = 1 iff « = [r, g] for some r € S, g € G. Moreover, for c(a) > 1, we
have either o; = o + 1 or & = oty.orp with c(oge), c(e) < e(oy).

Definition 2.12. The support of any element of S€ say pu € S€, is denoted by supp(u), and is defined as:
supp(p) = {x € Glu(x) # 0} S(G) is the collection of elements of SS which has finite support and S(G) ig
the subgroup of S°.

Theorem 2.13. S(S) is a faithful S[G]-module.

Proof. It is immediate from [10, Theorem 2.5 ]. O

3. Ideals of group seminearrings
In this section we provide the theory of ideals of group seminearrings.

Definition 3.1. Let S be a seminearring. A subset L C S is said to be an ideal of S, if either LS C L or
SLCIL.

Here we will introduce and discuss different types of ideals of group seminearring S[G]. Let S[G] be a
group seminearring constructed from a seminearring S and a finite multiplicatively written group G. As
we have discussed earlier that seminearring S is always a subring of a group seminearring S[G], so we
may explore the ideals of group seminearrings. We denote the ideal of any group seminearring S[G] by
I[G] or simply IG.

Theorem 3.2. Let I C S be an ideal of seminearring S. Then 1G C S[G] is an ideal of a group seminearring, where
IG ={Z4egrgh|rg € Lhe G}

Proof. 1t is clear that the subset IG of a group seminearring is closed with respect to the addition op-
eration. Further to this, let & = Zjcgrgg € SIG] and B = Zgegigh € IG. Then we have af3 =
(ZgeaTgg)(Zgegigh) = deG(rgig)(gh). Since [ is an ideal of a seminearring S, we have r4ig = jg € [,
and since G is a multiplicative group so gh = k € G. Hence, we have &3 = Zgcgjgk € IG. Which implies
that IG is an ideal of a group seminearring SG. O

Corollary 3.3. Let IG C SG be an ideal of a group seminearring, then ((SG)/(1G)) = ((S/1))G.

Definition 3.4. Let IG be an ideal of a group seminearring S[G]. Then IG is said to be a prime ideal if one
of the following holds:

(i) if [rq, gllrp, W] € IG, then either [r, g] € IG or [rp, h] € IG, where 1,1, € Rand g, h € G;
(ii) for any two ideals JG and KG of a S[G] if (JG)(KG) C IG, then either ]G C IG or KG C IG.

Definition 3.5. Let IG be an ideal of a group seminearring S[G]. Then IG is said to be a weakly prime
ideal if for any two ideals JG and KG of a S[G], if 0 # (JG)(KG) C IG then either JG C IG or KG C IG.

Theorem 3.6. Let 1G be a weakly prime ideal of a group seminearring S[G] which is not prime. Then (1G)? = 0.
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Proof. Let (IG)? # 0, we will prove that IG is a prime ideal. Let for any «, § € S[G], we have af € IG. If
0 # af} then by the definition of weakly prime ideal we have either o« € IG or 3 € IG. We assume that
af = 0. Let a(IG) # 0. For any v = Lgegigh € IG say av = (Z4egTg9)(Zgecigh) = Lgeg(rgiglgh =
Lgeasgk # 0. Then, we have 0 # av = (P +v) € IG which implies that either o« € IG or (B +v) € IG.
Hence, € IG or 3 € IG. So, we assume that «(IG) = 0 and similarly we can assume that 3(IG) = 0.
As (IG)? = 0 so there exist v,n € IG with vi # 0. Then, we have 0 # v = (x +v)(B +1) € IG, so this
implies that o« +v € IG or 3 +n € IG, which implies « € IG or 3 € IG. Hence IG is a prime ideal. O

For any ideal I of seminearring S there exist some ideals of the group seminearring S[G] denoted by
["and I* and can be constructed from the ideal I of a seminearring S which is directly involved in the
construction of SG.

Definition 3.7. Let S[G] be a group seminearring constructed from a seminearring S and a finite multi-
plicatively written group G. Let I C S be an ideal of S, then:

(i) I is an ideal in S[G], where IT =1d < [i,e] :1 € 1 >;
(i) I* is an ideal in S[G], where I* = (I¢ : S¢) =v € S[G] | v(S€) C IS.

For the two ideals defined above the ideal I*T C I*.
Theorem 3.8. Let I be any ideal of a seminearring S. If I'™ is nilpotent in S[G], then 1 is nilpotent in S.

Proof. Let I be a nilpotent in S[G], then for any k € N, we have (I)* = 0. For any iy,1is,13,...,ix € I,
we have [ij,el.[iy, el.[iz, €] ..., [ix, e] = [i1i2i3...,1k, e] = 0. This implies that ([i1izi3...,ik, eJy)h =0 =
(i1i2iz..., ik )pu(he) = 0 = (i1iziz..., 1k )pu(h) =0, for all p € RS and h € G. Particularly, for the function
i(h) =1, we have i1isi3...,ix = 0. Hence, we have proved that I is a nilpotent ideal in S. O

Lemma 3.9. For any ideals 1, ] and X of a seminearring S, if JK C I, then J*K* C I*.
Theorem 3.10. Let S be a seminearring and 1 be any ideal of S and if I is prime in S[G], then so is Lin S.

Proof. Let I be an ideal of seminearring S and I be an ideal of S[G]. Let I'* be a prime ideal and also let
] and K be any two ideals of S such that , K I. Since ] £ I = J© € Tand K ¢ I = K* ¢ 1. This implies
that JTK* ¢ I. Since an ideal I is prime in S[G] and J*K* ¢ I, it means JK ¢ I (by the above lemma).
Hence I is a prime ideal of S. O

Corollary 3.11. Let S[G] be a group seminearring constructed from seminerring S and a finite multiplicatively
written group G. For any ideal 1 of S, the maps I — 1T and 1 — I* are injective.

Theorem 3.12. Let A : R[G] — S[G] be a group seminearring homomorphism. If 1G is a prime ideal of S[G], then
A"Y(IG) is a prime ideal of R[G].

Proof. Let ap € A~H(IG) it means A(«xB) € IG = A(«) € IG or A(B) € IG. As IG is a prime ideal of S[G]
which implies & € A=1(IG) or € A~}(IG). Thus A~(IG) is a prime ideal of R[G]. O

4. Group seminearring homomorphism

Let R and S be two seminearrings and 1 be an epimorphism between them say n : R — S. Let
G be finite multiplicatively written group then clearly RG and S¢ denote the cartesian direct sum of
(R,+) and (S,+) of order of G copies, respectively. Let w : R¢ — S€ be an epimorphism defined by
w(n)(g) = w((n(g)) for all g € G. For seminearrings R and S and finite multiplicative group G, R[G] and
S[G] are two corresponding group seminearrings, respectively.

Lemma 4.1. Let w : RS — SS be an epimorphism and let for any w,v € RS if w(u) = w(v), then for all
M € R[G], w(Mu) = w(Mv).
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Proof. We use the concept of induction to prove this lemma. Let A = BC, then clearly we have ¢(B), c(C) <
c(A). Let w™!: S¢ — RE be the inverse mapping of w, such that for any p € S¢, w'w(p) = B. Then
clearly for all p € RG, we have w(p) = w(ww (). So, by using induction hypothesis for all p € RE,
we have w(fp) = w(BPww 1 (K)). As w(u) = w(v), so w(Apn) = w(BCu) = w(Bww 1 (Cv)) = w(BCv) =
w(Av), hence proved. O

We can easily define an epimorphism between two group seminearrings, let R[G] and S[G] be the two
group seminearrings, then A : R[G] — S[G] defined by A(A)(B) = w(Aw~(B)), where p € SC, is a group
seminearring epimorphism.

Theorem 4.2. For any two seminearrings R and S if n : R — S is an epimorphism, then A : R[G] — S[G] is also a
ring homomorphism of group seminearrings.

Proof. Let A : R[G] — S[G] is defined by A(A)(B) = w(Aw~!(B)), where B € SS. So, for any L, M € R[G]
we have,

i) AM+N)(B) = w((M+N)w ' (B)) = w(Mw ™ (B) +Nw™'(B)) = w(Mw™'(B)) + w(Nw () =
AM)(B) +AN)(B);
(i) AMN)(B) = w((MN)w ™' (B)) = w((Mw 'wN(w™B) = AM)(wNw 1 (B)) = AM)AN)(B).

The group seminearring homomorphism presented in the above theorem is an epimorphism.

Remark 4.3. If ker 1 = 1, then for group seminearring epimorphism, i.e.,, A : R[G] — S[G], we have
kerA =1* = (p© : R6) ={A € RS | Au C ) for all u € RE}.

Note that if kern = 1 is any ideal of R, then kerA = 1{* will be the ideal of group seminearring R[G].

Augmentation map has been defined and discussed in the context of group rings and group nearrings,
we initiate the notion of augmentation map for group seminearrings. It is actually a map from a group
seminearring to a seminearring which is involved in the construction of a group seminearring.

Definition 4.4. Let S[G] be a group seminearring, then vy : S[G] — S defined by y([r,g]) = v(Zgegsq9) =
Lgegsg = [r,1] is called augmentation map for group seminearring.

The kernel of augmentation map consists of all those elements of S[G] say a, where a = Z4cgTgg such
that y(a) = v(ZgegTrgg) = 0. The kernel of augmentation map is an ideal and it is called augmentation
ideal and it is represented by A.

Lemma 4.5. Let S[G] be a group seminearring constructed from a seminearring S and a finite multiplicatively
written group G. For an augmentation map vy, if A is the augmentation ideal of S[G], then we have ((S[G])/ A) = S.

Lemma 4.6. The augmentation ideal in group seminearring S[G] is generated by the element {[1, gl —[1, e]|g € G}.

5. Conclusion

In this article, we have introduced and discussed the notion of group seminearrings and provided few
of its characteristics. We have provided the method of construction of group seminearrings and different
types of ideals of group rings are also explored. At the end we have introduced the concepts of group
seminearrings homomorphism and amalgamation maps. At the base of the results obtained in this note,
one can discuss the concepts related to group rings in the setting of group seminearrings.
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