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Abstract
In this paper, we consider unified Gould-Hopper based Apostol-type polynomials and investigate some of their formulas

including several implicit summation formulae and some symmetric identities by the series manipulation method. Moreover,
we acquire several new results for unified Gould-Hopper based Apostol-type polynomials using appropriate operational rules.
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1. Introduction

Apostol [2] introduced a class of the familiar Bernoulli numbers and polynomials when he studied
the Lipschitz-Lerch Zeta maps and developed multifarious fundamental relations of these numbers and
polynomials. Since Apostol’s time, Apostol type numbers and polynomials in conjunction with diverse
extensions have been introduced and examined by many mathematicians, for example, by Khan [7], Luo
et al. [21–23], Luo [16, 17, 19], Ozarslan [24, 25], Pathan et al. [28–30], see also the references cited therein.

The Apostol-Bernoulli polynomials B(α)
n (x; λ), the Apostol-Euler polynomials E(α)n (x; λ), and the Apostol-

Genocchi polynomials G(α)
n (x; λ) of order α ∈ C, are defined via the following exponential generating

functions (see [7, 11–14, 16, 17, 19, 24, 25, 28–30]):(
t

λet − 1

)α
ext =

∞∑
n=0

B
(α)
n (x; λ)

tn

n!
, (1.1)
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(|t| < 2π when λ = 1; |t| < |log λ| when λ 6= 1)

(
2

λet + 1

)α
ext =

∞∑
n=0

E
(α)
n (x; λ)

tn

n!
(1.2)

(|t| < π when λ = 1; |t| < |log (−λ)| when λ 6= 1)

and (
2t

λet + 1

)α
ext =

∞∑
n=0

G
(α)
n (x; λ)

tn

n!
(1.3)

(|t| < π when λ = 1; |t| < |log (−λ)| when λ 6= 1) .

It is noted that setting λ = 1 the polynomials given in (1.1) to (1.3) reduce to the classical counterparts (cf.
[7, 16, 17, 19, 24, 25, 28–30]):

B
(α)
n (x; 1) := B(α)

n (x), E(α)n (x; 1) := E(α)n (x) and G(α)
n (x; 1) := G(α)

n (x).

When α = 1, we obtain

B
(1)
n (x; λ) := Bn(x; λ), E(1)

n (x; λ) := En(x; λ) and G(1)
n (x; λ) := Gn(x; λ),

which are, respectively, classical Apostol-Bernoulli polynomials, Apostol-Euler polynomials, and the
Apostol-Genocchi polynomials.

Also, in special cases,

B
(1)
n (x; 1) := Bn(x), E

(1)
n (x; 1) := En(x) and G(1)

n (x; 1) := Gn(x)

are called usual Bernoulli, Euler and Genocchi polynomials, respectively.
In recent years, a unification of the Apostol type Bernoulli, Euler, and Genocchi polynomials

Y
(α)
n,β(x;k,a,b) of order α are considered as follows (cf. [14, 24](

21−ktk

βbet − ab

)α
ext =

∞∑
n=0

Y
(α)
n,β(x;k,a,b)

tn

n!
(1.4)

(1α = 1; k ∈ N0; a,b ∈ R \ {0}; α,β ∈ C).

One can see the reference [14, 24] for the details about the existence of the polynomials Y(α)n,β(x;k,a,b).

Note that the polynomials Y(α)n,β(x;k,a,b) include Apostol type Bernoulli, Euler, and Genocchi poly-
nomials:

Y
(α)
n,λ (x; 1, 1, 1) := B(α)

n (x; λ), Y(α)n,λ (x; 0,−1, 1) := E(α)n (x; λ)

and
Y
(α)
n,λ (x; 1,−1, 1) :=

1
2
G

(α)
n (x; λ).

The Appell polynomials An(x) [3] for g (t) are defined by the following generating function:

1
g (t)

ext =

∞∑
n=0

An(x)
tn

n!
, (1.5)

where g(t) has the following expansion:

g(t) =

∞∑
n=0

gn
tn

n!
, g0 6= 0.
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The Appell class includes several significant sequences such as the Euler, Genocchi, and Bernoulli
polynomials and their several generalized forms, cf. [1–4, 7–31] and also see the references cited therein.

The Gould Hopper polynomials H(m)
n (x,y) are defined by the following generating function [6]:

ext+yt
m

=

∞∑
n=0

H
(m)
n (x,y)

tn

n!
, (1.6)

which are solutions of the generalized heat equation

D

Dy
f(x,y) =

Dm

Dxm
f(x,y) and f(x, 0) = xn.

Also, we note that
H

(2)
n (x,y) := Hn(x,y) and Hn(2x, 1) := Hn(x),

where Hn(x,y) are two variable Hermite polynomials and Hn(x) are the classical Hermite polynomials
[1, 5–7, 10, 24, 28, 34].

Inspired by the significance of the bivariate special functions in applications, the 2-variable general
polynomials pn(x,y) are defined by the following exponential generating function [9]:

extφ(y, t) =
∞∑
n=0

pn(x,y)
tn

n!
with p0(x,y) = 1, (1.7)

where φ(y, t) has the following series expansion

φ(y, t) =
∞∑
n=0

φn(y)
tn

n!
with φ0(y) 6= 0. (1.8)

In view of generating function (1.6), the Gould Hopper polynomials (1.6) are the members of the 2-variable
general polynomials.

The Gould-Hopper-Appell polynomials HA
(m)
n (x,y) [4, 9] (or known as the 2D Appell polynomials)

and the Hermite-Appell polynomials HAn(x,y) [10], are given by the following generating functions:

A(t) exp(xt+ ytm) =

∞∑
n=0

HA
(m)
n (x,y)

tn

n!
(1.9)

and

A(t) exp(xt+ yt2) =

∞∑
n=0

HAn(x,y)
tn

n!
. (1.10)

The polynomials pn(x,y) are quasi-monomial [5, 35] under the action of the following multiplicative
and derivative operators:

M̂p = x+
φ
′
(y,Dx)

φ(y,Dx)

(
Dx :=

D

Dx
and φ

′
(y, t) :=

D

Dt
φ(y, t)

)
(1.11)

and
P̂p = Dx. (1.12)

Most of the properties of families of polynomials known as quasimonomial can be deduced by utiliz-
ing operational rules related to the appropriate derivative and multiplicative operators. The notion of
quasimonomiality has been exploited within varied contexts to cope with isospectral problems [32] and
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to work the relations of new families of special functions, see [5]. According to the monomiality principle
and in view of Eqs. (1.11) and (1.12), we have

M̂p{pn(x,y)} = pn+1(x,y) and P̂p{pn(x,y)} = npn−1(x,y). (1.13)

Now since the pn(x,y) are quasi-monomial, the properties of these polynomials can be derived from
those of the multiplicative and derivative operators M̂p and P̂p respectively. In fact, we have

M̂pP̂p{pn(x,y)} = npn(x,y), (1.14)

which gives the following differential equation satisfied by pn(x,y):(
xDx +

φ
′
(y,Dx)

φ(y,Dx)
Dx −n

)
pn(x,y) = 0. (1.15)

Since p0(x,y) = 1, the pn(x,y) can be clearly as:

pn(x,y) = M̂n
p {p0(x,y)} = M̂n

p {1},

which means that the generating function of the pn(x,y) can be cast in the following form

exp(M̂pt){1} =
∞∑
n=0

pn(x,y)
tn

n!
, (1.16)

which gives the generating function (1.7). It can readily be confirmed that

[P̂p, M̂p] = 1.

For an arbitrary complex or real parameter λ and k ∈ N0, the numbers Sk(n, λ) is defined by means
of the following exponential generating function, cf. [33]:

∞∑
k=0

Sk(n, λ)
tk

k!
=
λe(n+1)t − 1
λet − 1

, (1.17)

which, for λ = 1, reduces to the power sum Sk(n, 1) := Sk(n). Several symmetry identities for the
B
(α)
n (x; λ), E(α)n (x; λ) and G(α)

n (x; λ) involving a generalized sum of integer powers Sk(n, λ) are derived in
[28, 33].

In this paper, we consider unified Gould-Hopper based Apostol type polynomials and investigate
some of their properties including several implicit summation formulae and some symmetric identities
by series manipulation method. Moreover, we acquire several new results for unified Gould-Hopper
based Apostol type polynomials by means of appropriate operational rules.

2. On unified Gould-Hopper based Apostol type polynomials

The generating function of the 2-variable general-Appell polynomials is provided by replacing x by
multiplicative operator M̂p of the pn (x,y) in (1.5):

1
g (t)

exp
(
M̂pt

)
=

1
g (t)

extφ(y, t) =
∞∑
n=0

pAn(x,y)
tn

n!
. (2.1)

The polynomials pAn(x,y) are quasimonomial with respect to the following multiplicative M̂p and
derivative P̂p operators (cf. [9]):

M̂pt = x+
φ′ (y,Dx)
φ (y,Dx)

−
g′ (Dx)

g (Dx)
(2.2)
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and
P̂p = Dx. (2.3)

In order to generate unified Gould-Hopper based Apostol type polynomials, replacing x by the mul-
tiplicative operator M̂p in (1.4), we have(

21−ktk

βbet − ab

)α
exp(M̂pt) =

∞∑
n=0

Y
(α)
n,β(M̂p;k,a,b)

tn

n!

and (
21−ktk

βbet − ab

)α
extφ(y, t) =

∞∑
n=0

Y
(α)
n,β(x+

φ′ (y,Dx)
φ (y,Dx)

−
g′ (Dx)

g (Dx)
;k,a,b)

tn

n!
. (2.4)

Thus, we give the generating function for the unified Gould-Hopper based Apostol type polynomials

pY
(α)
n,β(x,y;k,a,b) as follows(

21−ktk

βbet − ab

)α
extφ(y, t) =

∞∑
n=0

pY
(α)
n,β(x,y;k,a,b)

tn

n!
. (2.5)

We remark that (2.4) and (2.5) gives the operational representation between Y
(α)
n,β(x;k,a,b) and

pY
(α)
n,β(x,y;k,a,b).
In order to frame the unified Gould-Hopper based Apostol type polynomials within the context of

monomiality principle, we provide the following theorem.

Theorem 2.1. The polynomials pY
(α)
n,β(x,y;k,a,b) are quasimonomial with respect to the following multiplicative

and derivative operators

M̂pA = x+
φ
′
(y,Dx)

φ(y,Dx)
+
αk(βbet − ab) −αβbDxe

Dx

Dx(βbet − ab)
, (2.6)

and
P̂pA = Dx. (2.7)

Proof. Consider the relation
Dx{e

xtφ(y, t)} = t{extφ(y, t)}, (2.8)

and differentiating (2.5) partially with respect to t, we find(
x+

φ
′
(y,Dx)

φ(y,Dx)
+
αk(βbet − ab) −αβbtet

t(βbet − ab)

){(
21−ktk

βbet − ab

)α
extφ(y, t)

}
=

∞∑
n=0

pY
(α)
n+1,β(x,y;k,a,b)

tn

n!
.

Since φ(y, t) is an invertible series of t, thus φ
′
(y,Dx)

φ(y,Dx)
has power series expansion of t. Hence, by (2.8), it

gives (
x+

φ
′
(y,Dx)

φ(y,Dx)
+
αk(βbeDx − ab) −αβbDxe

Dx

Dx(βbet − ab)

){(
21−ktk

βbet − ab

)α
extφ(y, t)

}

=

∞∑
n=0

pY
(α)
n+1,β(x,y;k,a,b)

tn

n!

which yields

∞∑
n=0

(
x+

φ
′
(y,Dx)

φ(y,Dx)
+
αk(βbeDx − ab) −αβbDxe

Dx

Dx(βbet − ab)

){
pY

(α)
n,β(x,y;k,a,b)

} tn
n!
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=

∞∑
n=0

pY
(α)
n+1,β(x,y;k,a,b)

tn

n!
.

Comparing the coefficients of t
n

n! in the last equation, we get(
x+

φ
′
(y,Dx)

φ(y,Dx)
+
αk(βbeDx − ab) −αβbDxe

Dx

Dx(βbet − ab)

){
pY

(α)
n,β(x,y;k,a,b)

}
= pY

(α)
n+1,β(x,y;k,a,b),

which provides the desired result (2.6) by (1.13).
By (2.5) and (2.8), we have

Dx

{ ∞∑
n=0

pY
(α)
n,β(x,y;k,a,b)

tn

n!

}
=

∞∑
n=1

pY
(α)
n−1,β(x,y;k,a,b)

tn

(n− 1)!
,

which means
Dx

{
pY

(α)
n,β(x,y;k,a,b)

}
= npY

(α)
n−1,β(x,y;k,a,b), n > 1,

which gives the claimed result (2.7) via (1.13).

We give the following theorem.

Theorem 2.2. For n being non-negative integer, the unified Gould-Hopper based Apostol type polynomials satisfy
the following differential equation(

xDx +
φ
′
(y,Dx)

φ(y,Dx)
Dx +

αk(βbet − ab) −αβbDxe
Dx

(βbet − ab)
−n

)
pY

(α)
n,β(x,y;k,a,b) = 0. (2.9)

Proof. Using (2.6) and (2.7) and in view of (1.15), the asserted result (2.9) can be readily obtained. So, we
omit the proof.

Now, we derive some summation formulae for unified Gould-Hopper based Apostol type polynomi-
als.

Here is the first summation formula for pY
(α)
n,β(x,y;k,a,b) as follows.

Theorem 2.3. The following implicit summation formula holds:

pY
(α)
q+l,β(z,y;k,a,b) =

q,l∑
n,p=0

(
q

n

)(
l

r

)
(z− x)n+rpY

(α)
q+l−r−n,β(x,y;k,a,b). (2.10)

Proof. We replace t by t + u and rewrite the generating function (2.5) as(
21−k(t+ u)k

βbet+u − ab

)α
φ(y, t+ u) = e−x(t+u)

∞∑
q,l=0

pY
(α)
q+l,β(x,y;k,a,b)

tq

q!
ul

l!
.

Changing x by z in the last equation and we can write

e(z−x)(t+u)
∞∑

q,l=0
pY

(α)
q+l,β(x,y;k,a,b)

tq

q!
ul

l!
=

∞∑
q,l=0

pY
(α)
q+l,β(z,y;k,a,b)

tq

q!
ul

l!
,

which gives

∞∑
N=0

[(z− x)(t+ u)]N

N!

∞∑
q,l=0

pY
(α)
q+l,β(x,y;k,a,b)

tq

q!
ul

l!
=

∞∑
q,l=0

pY
(α)
q+l,β(z,y;k,a,b)

tq

q!
ul

l!
.
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Using the following series manipulation formula
∞∑
N=0

f(N)
(x+ y)N

N!
=

∞∑
n,m=0

f(n+m)
xn

n!
ym

m!
,

we have ∞∑
n,r=0

(z− x)n+rtnur

n!r!

∞∑
q,l=0

pY
(α)
q+l,β(x,y;k,a,b)

tq

q!
ul

l!
=

∞∑
q,l=0

pY
(α)
q+l,β(z,y;k,a,b)

tq

q!
ul

l!
.

Now changing q by q−n, l by l− p and utilizing the lemma [34, p.100], we get

∞∑
q,l=0

q,l∑
n,r=0

(z− x)n+r

n!r! pY
(α)
q+l−n−r,β(x,y;k,a,b; )

tq

(q−n)!
ul

(l− r)!

=

∞∑
q,l=0

pY
(α)
q+l,β(z,y;k,a,b)

tq

q!
ul

l!
,

which is the desired result (2.10).

Corollary 2.4. Taking l = 0 in (2.10), we get the following result:

pY
(α)
q,β(z,y;k,a,b) =

q∑
n=0

(
q

n

)
(z− x)n+rpY

(α)
q−n,β(x,y;k,a,b).

Corollary 2.5. Replacing z by z+ x, we also obtain

pY
(α)
q,β(z+ x,y;k,a,b) =

q∑
n=0

(
q

n

)
zn+rpY

(α)
q−n,β(x,y;k,a,b).

Theorem 2.6. The following implicit summation formula

pY
(α)
n,β(x,y;k,a,b) =

n∑
m=0

(
n

m

)
Y
(α)
n−m,β(k,a,b)pm(x,y) (2.11)

is valid.

Proof. Using the definition (2.5), we have(
21−ktk

βbet − ab

)α
extφ(y, t) =

∞∑
n=0

pY
(α)
n,β(x,y;k,a,b)

tn

n!
=

∞∑
n=0

Y
(α)
n,β(k,a,b)

tn

n!

∞∑
m=0

pm(x,y)
tm

m!
.

Using the Cauchy product and comparing the coefficients of tn, we attain the asserted formula (2.11).

Theorem 2.7. The following summation formula holds:

pY
(α)
n,β(x+ z,y;k,a,b) =

n∑
s=0

(
n

s

)
zspY

(α)
n−s,β(x,y;k,a,b). (2.12)

Proof. Replacing y by y+ u and x by x+ z in (2.5) and then we get(
21−ktk

βbet − ab

)α
e(x+z)tφ(y, t) =

∞∑
n=0

pY
(α)
n,β(x+ z,y;k,a,b)

tn

n!
=

∞∑
n=0

pY
(α)
n,β(x,y;k,a,b)

tn

n!

∞∑
n=0

zsts

s!
,

Utilizing the Cauchy product and comparing the coefficients of tn, we obtain the claimed formula (2.12).
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Theorem 2.8. The following formula

pY
(α)
n,β(y, x;k,a,b) =

n∑
s=0

(
n

s

)
Y
(α)
n−s,β(y;k,a,b)φs(x) (2.13)

is valid.

Proof. By (2.5) to get

∞∑
n=0

pY
(α)
n,β(y, x;k,a,b)

tn

n!
=

∞∑
n=0

Y
(α)
n,β(y;k,a,b)

tn

n!

∞∑
s=0

φs(x)
ts

s!
.

Using the Cauchy product and comparing the coefficients of tn, we get the desired result (2.13).

Theorem 2.9. The following implicit summation formula holds:

pY
(α)
n,β(x− z,y;k,a,b) =

n∑
r=0

(
n

r

)
Y
(α)
n−r,β(−z;k,a,b)pr(x,y). (2.14)

Proof. From (1.7) and (2.5), we attain(
21−ktk

βbet − ab

)α
e(x−z)tφ(y, t) =

∞∑
n=0

Y
(α)
n,β(−z;k,a,b)

tn

n!

∞∑
r=0

pr(x,y)
tr

r!
,

which gives

∞∑
n=0

pY
(α)
n,β(x− z,y;k,a,b)

tn

n!
=

∞∑
n=0

n∑
r=0

Y
(α)
n−r,β(−z;k,a,b)pr(x,y)

tn

(n− r)!r!
.

which means the asserted result (2.14).

Here, we give some symmetry identities for the unified Gould-Hopper based Apostol type polynomials

pY
(α)
n,β(x,y;k,a,b). The results derived in this section are extensions of the previous results given by Khan

[7], Ozarslan [24, 25] and Pathan and Khan [28, 30].

Theorem 2.10. The following symmetric identity

n∑
m=0

(
n

m

)
dmcn−mpY

(α)
n−m,β(dx,dy;k,a,b)pY

(α)
m,β(cX, cY;k,a,b)

=

n∑
m=0

(
n

m

)
cmdn−mpY

(α)
n−m,β(cx, cy;k,a,b)pY

(α)
m,β(dX,dY;k,a,b).

(2.15)

holds for α,k ∈ N0 a,b ∈ R/{0} ; β ∈ C, x,y ∈ R and n > 0.

Proof. By (2.5), we observe that

Φ =

(
ckdk22(1−k)t2k

(βbect − ab)(βbedt − ab)

)α
ecdxtφ(y, cdt)ecdXtφ(Y, cdt)

=

(
ck2(1−k)tk

(βbect − ab)

)α
ecdxtφ(y, cdt)

(
dk2(1−k)tk

(βbedt − ab)

)α
ecdXtφ(Y, cdt)

=

(
ck2(1−k)tk

(βbect − ab)

)α
ecdxtφ(dy, ct)

(
dk2(1−k)tk

(βbedt − ab)

)α
ecdXtφ(cY,dt).
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We see that the expression Φ is symmetric in c and d. Therefore, we get

Φ =

∞∑
n=0

pY
(α)
n,β(dx,dy;k,a,b)

(ct)n

n!

∞∑
m=0

pY
(α)
m,β(cX, cY;k,a,b)

(dt)m

m!

=

∞∑
n=0

n∑
m=0

pY
(α)
n−m,β(dx,dy;k,a,b)

(c)n−m

(n−m)!p
Y
(α)
m,β(cX, cY;k,a,b)

(d)m

m!
(t)n

n!

and similarly

Φ =

∞∑
n=0

pY
(α)
n,β(cx, cy;k,a,b)

(dt)n

n!

∞∑
m=0

pY
(α)
m,β(dX,dY;k,a,b)

(ct)m

m!

=

∞∑
n=0

n∑
k=0

pY
(α)
n−m,β(cx, cy;k,a,b)

(d)n−m

(n−m)!p
Y
(α)
m,β(dX,dY;k,a,b)

(c)m

m!
(t)n

n!
,

which means the desired result (2.15).

Theorem 2.11. The following symmetric identity

n∑
m=0

(
n

m

) c−1∑
i=0

d−1∑
j=0

cn−mdmpY
(α)
n−m,β

(
dx+

d

c
i+ j,dy;k,a,b

)
pY

(α)
m,β(cX, cY;k,a,b)

=

n∑
m=0

(
n

m

) d−1∑
i=0

c−1∑
j=0

cmdn−mpY
(α)
n−m,β

(
cx+

c

d
i+ j, cy;k,a,b

)
pY

(α)
m,β(dX,dY;k,a,b)

(2.16)

is valid for α,k ∈ N0; c,d ∈ R/{0}; β ∈ C and x,y ∈ R and n > 0.

Proof. From (2.5), we see that

Ψ =

(
22(1−k)ckdkt2k

(βbect − ab)(βbedt − ab)

)α
ecdxtφ(y, cdt)

(ecdt − 1)2

(ect − 1)(edt − 1)
ecdXtφ(Y, cdt)

=

(
2(1−k)cktk

(βbect − ab

)α
ecdxtφ(y, cdt)

(
ecdt − 1
ect − 1

)(
2(1−k)dktk

(βbedt − ab

)α
ecdXtφ(Y, cdt)

(
ecdt − 1
edt − 1

)
=

(
2(1−k)cktk

(βbect − ab

)α
ecdxtφ(dy, ct)

c−1∑
i=0

edti
(

2(1−k)dktk

(βbedt − ab

)α
ecdXtφ(cY,dt)

d−1∑
j=0

ectj

=

c−1∑
i=0

d−1∑
j=0

(
2(1−k)cktk

(βbect − ab

)α
φ(dy, ct)e(dx+

d
c i+j)ct

∞∑
m=0

pY
(α)
m,β(cX, cY;k,a,b)

(dt)m

m!

=

∞∑
n=0

n∑
m=0

(
n

m

) c−1∑
i=0

d−1∑
j=0

cn−mdmpY
(α)
n−m,β

(
dx+

d

c
i+ j,dy;k,a,b

)
pY

(α)
m,β(cX, cY;k,a,b)

tn

n!
.

and similarly, we get

Ψ =

∞∑
n=0

n∑
m=0

(
n

m

) d−1∑
i=0

c−1∑
j=0

dn−mcmpY
(α)
n−m,β

(
cx+

c

d
i+ j, cy;k,a,b

)
pY

(α)
m,β(dX,dY;k,a,b)

tn

n!
,

which gives the desired result (2.16).

We now give another symmetric formula for unified Gould-Hopper based Apostol type polynomials
as follows.
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Theorem 2.12. The following identity

n∑
m=0

(
n

m

) c−1∑
i=0

d−1∑
j=0

cn−mdmpY
(α)
n−m,β

(
dx+

d

c
i,dy;k,a,b

)
pY

(α)
m,β(cX+

c

d
j, cY;k,a,b)

=

n∑
m=0

(
n

m

) d−1∑
i=0

c−1∑
j=0

cmdn−mpY
(α)
n−m,β

(
cx+

c

d
i, cy;k,a,b

)
pY

(α)
m,β(dX+

d

c
j,dY;k,a,b)

(2.17)

holds for each pair of integers c and d and n > 0.

Proof. Similar to the proof of the previous theorem, we obtain

Ψ =

∞∑
n=0

n∑
m=0

(
n

m

) c−1∑
i=0

d−1∑
j=0

cn−mdmpY
(α)
n−m,β

(
dx+

d

c
i,dy;k,a,b

)
pY

(α)
m,β(cX+

c

d
j, cY;k,a,b)tn

and

Ψ =

∞∑
n=0

n∑
m=0

(
n

m

) d−1∑
i=0

c−1∑
j=0

cmdn−mpY
(α)
n−m,β

(
cx+

c

d
i, cy;k,a,b

)
pY

(α)
m,β(dX+

d

c
j,dY;k,a,b)tn.

which provides the asserted result (2.17).

We lastly provide the following theorem.

Theorem 2.13. The following symmetric identity

n∑
m=0

(
n
m

)
cn−mdm+1

pY
(α)
n−m,β (dx,dy;k,a,b)

m∑
i=0

(
m
i

)
Si

(
c− 1; (

β

a
)b
)
pY

(α)
m−i,β(cX, cY;k,a,b)

=

n∑
m=0

(
n
m

)
cm+1dn−mpY

(α)
n−m,β (cx, cy;k,a,b)

m∑
i=0

(
m
i

)
Si

(
d− 1; (

β

a
)b
)
pY

(α)
m−i,β(dX,dY;k,a,b)

(2.18)

is valid for all integers c > 0, d > 0 and n > 0.

Proof. By (1.17) and (2.5), we see that

Ξ =
(22(1−k)ckdkt2k)αecdxtφ(y, cdt)(βbecdt − ab)ecdXtφ(Y, cdt)

(βbect − ab)α(βbedt − ab)α+1

=

(
2(1−k)cktk

βbect − ab

)α
ecdxtφ(y, cdt)

(
βbecdt − ab

βbedt − ab

)(
2(1−k)dktk

(βbedt − ab

)α
ecdXtφ(Y, cdt)

=

∞∑
n=0

pY
(α)
n,β (dx,dy;k,a,b)

(ct)n

n!

∞∑
n=0

Sn

(
c− 1; (

β

a
)b
)

(dt)n

n!

∞∑
n=0

pY
(α)
n,β(cX, cY;k,a,b)

(dt)n

n!

and similarly

Ξ =

∞∑
n=0

pY
(α)
n,β (cx, cy;k,a,b)

(dt)n

n!

∞∑
n=0

Sn

(
d− 1; (

β

a
)b
)

(ct)n

n!

∞∑
n=0

pY
(α)
n,β(dX,dY;k,a,b)

(ct)n

n!
,

which yields the desired result (2.18).



W. A. Khan, et al., J. Math. Computer Sci., 24 (2022), 287–298 297

3. Conclusions

In the presented paper, we have considered unified Gould-Hopper based Apostol type polynomials
and have investigated some of their properties including several implicit summation formulae and some
symmetric identities by the series manipulation method. Moreover, we have acquired several new results
for unified Gould-Hopper based Apostol type polynomials by means of appropriate operational rules.
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