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Abstract

In this paper we introduce a bivariate of q-Durrmeyer variant of generalized Bernstein operators by using Pélya distribution.
The convergence rate of these operators is examined by means of the Lipschitz class and the modulus of continuity. Furthermore,
we obtain a Voronovskaja type symptotic formula, error estimation in terms of the partial modulus of continuity and Peetre’s
K-functional.
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1. Introduction

In the last decade, the application of g-calculus in the approximation theory, mechanics and physics
has been one of the main research areas. In approximation theory applications of g-calculus was initiated
by Lupas [12], who first introduced the q-Bernstein polynomials. Another g-based Bernstein operator was
introduced in 1997 by Phillips in [15]. Thereafter, many authors studied new classes of q-generalized op-
erators and established many interesting properties. Some important results in this direction are mention
in the papers [1, 2, 4,5, 7,9, 11, 13, 14, 16, 17]. Details regarding the definitions and notions of g-calculus
can be found at [3].

In 2008, Gupta [8] introduced the g-Durrmeyer operators Dy, 4(f) and studied some approximation
properties of such operators. For f € C[0,1],x € [0,1],n € IN,0 < q < 1, operators introduced by Gupta
[8] are defined as follow:

n 1
an (f;x) =M+ 1]q Z q_kpn,k(q/ X) JO pn,k(q/ qt)f(t)dqtr (1-1)
k=0
where
n kn—k—l .
priclgx) = ()% TT (1—a).
s=0
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It is proved that for q = 1, the operators defined by (1.1) reduce to the well known Bernstein-Durrmeyer
operators.
Stancu [17], by means of the probabilistic methods, introduced and investigated a linear operators

S'™) which maps the space C([0,1]) onto itself and it’s defined by

)= Waxlomh <1‘i> ,
k=0

where
. n—k—1 .
IT (z1+mi) T (1—2z1+jn)
n | i=o0 j=0
Wnk(z1,m) = [ K }

n—1 /

l:[o (z1 +ms)

with 1 being a parameter which may depend only on the natural number n. If n is non-negative, then
these operators preserve the positivity of the function h.

Nowak [14], introduced the g-variant of the Lupas operators based on Pélya distribution. For h € C(I)
with I =1[0,1], 1 > 0, and 0 < q < 1, the operators introduced by Nowak are defined by

[kl]
[ml] q

Lihq(hiz1) Z Py iy (ZDR(—=E), (12)

k=0

where pTT]nl,kl (z1) is the Pélya distribution with density function given by

klfl mlfklfl A
H (Zl+n[i]q) H (1_Zlq]+n[j]q)
e[ ] £
my Kk kq m;—1
g HO (z1 +nlslq)

As special cases, this class contains the following three well-known sequences.
(i) Forn =0, operators defined by (1.2) reduce to the well known g-Bernstein operators, introduced by
[14].
(ii) For q =1, operators Ly q(h;z1) reduce to Bernstein-Stancu operators introduced by [4].
(iif) Forn =0 and q =1, operators defined by (1.2) reduce to classical Bernstein operators.

In [10], the g-Durrmayer type modification of operator (1.2) was introduced and studied by Gupta et al.
The g-Durrmeyer type operator based on Pélya distribution was defined by

1
Qan am, (NGz1) = [my + 1] g, Z q_klpml K Zl)mel,kl(qltl)h(tl)dqltlr (1.3)
0
where
kl—l [ﬂq1 ml—kl—l [ﬂql
) 11 <u+ e ) I1 (1_”+ P )
[y Tqy (W) = my j=0 1 j=0 1
Pk T K a ni—1 i) ’
1 q1
jI;[O (u—i—[ ”ql)
and o
mi—K1—
m
Pml,kl((ht) = |: kll :| qlltk1 H < q{Jrl )
qi j=0

In order to prove Lemmas 1.2 and 2.1, we will establish the following statements for operators defined
by (1.3).
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, 7}, 7 € IN the following statements holds

Lemma 1.1. For each positive numbers Cs (q1) > 0,s ={0,1,
1
(my +1] 1/[ ]
it L, , Zl KL ™ (ex,;21),

(mqlqy

le,ql (erlz’l) [ml +T+ 1 q
1°

where ex(z1) = 2L and 3 L 1) mylgl = [my + g, [mq +2lg, - - [my + 1],
k1=0
Proof. Indeed, we have
[ 1] 1 1
Dmy,q; (€r;21) = M1 +1] g Z q, klpml K, (z1) mel K (dit1)er(t1)dq, ta
k1=0 0
1
[(mulq, kg +7]
= [my +1] 4 et (z1)q) o L
qlklzo ! m1k1 1 [kl]ql![ml‘i‘r‘f'l]ql!
Using [s + kilq, = [slq, + q7[kilq,, we obtain
[kq + 1]q, ! 4 :
EkT? = [ky + g, k1 +2lg, - [k +1lq, = [ [(Islg, + a5 kalq,) = > Csrlan)lkaly,,
s=1 s=1
where Cs+(q1),s =1,2,...,1 are the constants independent of k;. Hence
1 mq 1
milq ) [mq + 14, ! fmilq
le,qi (er;z1) = [y + 7+ 1]1q1' :Opml ki Z1 Szl Cs,r le)[kﬂ

[mq +1] 1/[m
! ql ZCST‘ q1 [ml]zll—ml q1 ql(es;zl)-

[mq+1+1]g,! =
Lemma 1.2 ([10]). The g-Durrmayer operators defined by (1.3) satisfy the equalities

1
. [mq]
i) Dm, gl (eg;z1) =1;
1
qilmilq z1+1

if) Dy, di (e1;21) = Tt
iii)

1 1 [m1]3 q3 1 21(1_21)

Q[ml]ql (mylq, €00;21,22) = qi1 11 <Z 1 + n )

o s (€207 21, 2) (1+ [mylq, )My + 2] q, [my + 3] 1z e, | [milq,
q1(2q1 + 1)Im4lq, 21 q1+1
+
[ml +2]q1[m1+3}q1

[ml + z]ql[ml + 3]q1

Axlqr, 1/Imulq,; z1)

iv)
1 51013
o q;m4] 1
Dinial (es0;21,22) = 5 La 5 Z o
[T Ima + i+ 2)q, [1(1+ g, /imilg,) <=0 @
(a3 +3q7 +2q7) 3
+ L 1 5 L = <21(21+1/[m1]q1)—i—zl(l—zl)/[ml]ql))
(1+[mlg,) 'Ho[ml +i+2q
(g1 +39% +4q3 +3q}) il q,z1 N 1+2q1 +203 +2q5
2 2 ’
H[ml +i+2]q1 .]:[O[ml —I—i—I—Z]ql

i=0
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V)
e
Dm,,q1 (€s0521,22)
q7imilg, 1 i AL (q1,1/Imulq,521)
-3 3 [mq]k
[Ty +1i42g, [T+ [{lg,/milg,) k=0 Lan
i=0 i=0
(q +q§+2q7] +4q} +2q) 13 1 i Ax(q1,1/[milq,;21)
3 2 [my]k
[Ty +i+2lg, [T(1+[ilq,/[mlq,) =0 Lan
i=0 i=0
(@3 +4q*+792 +99% +9q7 +5q%) [my 2
= 1 <zl(zl+1/[mﬂq1)+zl(1—zn/[mﬂq1))
(14 [malq,) _Ho[ml +i+2]q,
1=
. (a1 +4af + 847 +12qf + 1247 + 99 +5q]) malq,z1 | (1+31 + 503 + 747 + 641 + 447 +249)
3 3 ’
'HO[ml +1+2]q, -Ho[ml +1+2]q,
1= 1=
where

z1(z1 +1/Imulq, ) (z1 + 214, /[mulq,),

( [m] ) = z1(
A1(q1;1/[malg,;z1) = zi(
Az(q1;1/Imalq;z1) = z1(1 — z1) (1 — 2], 21),
AS(q;1/[mulq s z1) = zi(z1 +1/[mal g, ) (21 + [Z]ql/[mﬂql)(zl + [Blq, /Ml q,),
As(qi;1/mulq;z1) = z1(1—z1)(z1 + 1/l q,) (21 + 2y /il ) (g + 291 +3),
A3(q;1/mulq;z1) = z1(1—2z1)(z1 + 1/l q,) (g3 +3CI1 +3)z1(z1 +1/mulq,)
—

Z]ql(ll +1/[milq, — [21q,21 (1 + ql/ milq,))),
A3(qu;1/[mulqz1) = z1(1 —z1) (21 + 1/[mulq, ) (21 g, 21 (8] g, 21 — g1 —2) +1—q1/[mul g, ).

The aim of paper is to study properties of these operators, the study of the uniform convergence, as
well as rate of convergence in terms of the Lipschitz class function. Furthermore, we obtain a Voronovskaja
type symptotic formula, error estimation in terms of modulus of continuity and Petree K-functional.

2. Construction of the Bivariate q-Durrmeyer-Pélya operators

In what follows, let I = [0,1],I? = I x I and {qm,} be the sequences of real numbers such that 0 < qm, <
1

D (mylqm,

1, im qm, =1and lim q¢m' =a,a € [0,1),i=1,2. Further, let &;,(z1) = M1, qmy ((u—zl)z,qml,zl)

mi— 00 mi—00

1
and Om,(z2) = sz ;:é (V—ZQ)Z,qu,ZZ). Let 331[::]321 : C(I) — C(I),1 = 1,2 defined for each positive

integers my, my and 0 < qm,, qm, < 1, and any h € C(I), g € C(I), respectively by

1
% mq %
milqm — m
Dyl (z1) = My + g, Y qmip o™ (2 )mel K (qmy t)N(t1)dq,, t, (2.1)
k,1:O 0
1
% 2 %
DI (hy2g) = Mo+ 1g,, Y qrlEpre™ (2 )mez o (Amat2)R(t2)dg, o (22)
k2:0 0
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]

The parametric extension of (2.1) and (2.2) are the operators @ml,qml Dmzdm . (I?) — C(I?), defined

qmq 7~ M2,qm,

for each positive integers m;, m and h € C(1?), as follows:

1
z1, milqm ! _ 1 m
le,q}n? ! (h Zl) — [ml +1]qm1 Z qmllqpmllljl ! ( )me] k1(qm1t1)h(tllv)dqmlt1/
k1:0 0
Z2, [mz qmy 7k2 1‘4m2 i
Dmagm, - (22) =M +1q,, Z A mz,kz (22) | Pma ko (qmyt2) MW, t2)d g, to.
k2 0 0

Motivated by Gupta et al. [10], for h € C(I?) and 0 < qm,,9m, < 1, we construct the bivariate
extension of the univariate q-Durrmeyer operators based Pélya distribution for each positive integers
my, my as follows:

1 1 . 1
tmilqm; (milqm, —ky., M1lam,; 2lqm,
@ml,mz,qml,qmz (h;z1,22) = [y + 1]qm my +1] qmz Z Z qm qmz pml k1 (z )pmz ko (z2)
k1=0ko=0

(2.3)

11
Jmel,kl qm t1)Pmy k, (qmy t2) (1, t2)dg,, t1dg,,, to.
00

In what follows, let ey; : 2 — R, eij(z1,22) = z}z;, (z1,22) € 12,(1,j) € NO x N0 with i +j < 4 be the
two dimensional test function. Further, we give some lemmas.

Lemma 2.1. The bivariate q-Durrmayer operators based on Pélya distribution defined by (2.3), satisfy the equalities

%
(mq] le (mylqm, . 4.
i) le,mz,qml,qmz (eo0;z1,22) = 1;

1
Tmilam, q [my]q qmy [Milgqm, z1+1
11) ) mp my my amy .

M1, Mo G, Gy (€105 21, 22) = i 2 gm,
iii)
ol Tl mil? g 1 —
m. [mz]qm qm my Zl(]- Z’l)
D o ? (ex0;21,22) = : z1(z1 + +
o )= T Tmalqy i + 2 g i+ 3lgm, A )t il
qm, (2qm, +1)malg,, 21 qm, +1
[ml +2]qm1 [ml +3]qm1 [ml +2]qm [ml +3]qm1
1
mylam, qm malqm qmy [Milgm, 21+1 gm, [(M2lgm, 2241
iv) gml'm2}qm1'qm22 (e11;21,22) = ][m1+2]q1nl ?mz-F;]qfnz /
1 1
™lams M2 dms qm, (M2l qm, z2+1
%) ®mf,§1;qu,3m§ (eo1;21,22) = W
vi)
h—Tol— mol? g 1 —
my; Malgm qm, 1Mz 22(1—1z3)
Dot oG (€025 21,22) = : z2(zp + +
A dm = (Malq, )Mz + 2lq,, (M2 + 3., [mz]qmz) (Malq,,
qmz(zqmz+1)[m2]qmzz2 qm, +1
[m2+2]qmz[m2 +3]qm2 [m2+2]qm [m2+3]qm2
vii)

et
le [mZ]Qm.Z .
@ml,mz,qml,qm2 (e30;21,22)
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o q?’ﬂq [ml]?]ml 1 2 qm1/ ]qml;Zl)k
T2 2 Z ml]q
[Tl + i+ 2lgy,, T+ Bla, /Imalg,,) &0 ™
1= 1=
(A, + 305, +20%, )Ml
my my y my qmy <21(Zl+1/[m1]qml)+Z1(1—Z1)/[m1]qm])>
(1+[milq,,,) ,Ho[ml +i+2q,,
1=
2 2 7
[10my +i+2lg,, [T0m +i+4+2]g,,
i=0 i=0
viii)
Tmylqm, [ ]1
gmll,ﬁg,lqu,g?z (ea0;21,22)
Gy, 1 i Ai(dm,, 1/l ;21)
-3 3 ' [mq]k
1_[0 my +1+2]qm Ho(l + h]qml/[ml]qml) k=0 am
1= 1=
6 2 7 4 8 2 9 )[ ]3 2 .
(q mq + qm1 + qm1 + qm] + qm1 ml qml 1 Ak(qmlrl/[ml]qmlzzl)
3 ) 2 Z [ml]k
'Ho[ml +1+2]qm1 H qml/[ml}qml) k=0 am
i= i=
(g3, +4q%., +7¢%, 998, +9q7, +5q%, )miJ3
+ my my my 3m1 my my q 1 <Zl(21+1/[m1]qml)+Z1(1—Zl)/[m1]qm1)>
(1+ [ml]qml) H [my +i+2]qm1
i=0
+ (qml +4q%l’11 + Sq?r’nl + 12q%’n,1 + 12q?n1 +9q16111 +5an1)[ml]qm1Z’1
3
H[ml‘i‘i‘f'z]qml
i=0
L (L4 3qm, 4505, 760, +6m, +40m, +2d%,).
3 7
H[ml +i—|—2]qm1
i=0

where Ai(qm,; 1/[m1]qm1;zl) and A} (qm,, 1/[m1]qm1;zl) i=1,2,3 are defined in Lemma 1.2.

Proof. This lemma follows easily while applying previous lemmas, as well as taking into account the
definition of q-Durrmeyer-Pélya operators (2.3), and obtains the following indentities:

1 1 1 1
(milqm; Mm2lgm, milgm malgm, (0. .
:Dml,mz,lqm],qmz (600; Zl/ZZ) - ®m1 qml (1 Zl)ng,qmz (1/ ZZ)/

1 1
(m1lqm; (Malqm, . mylqmy malqm,
CDTTL],TTLz,qm],qmz (610/ Z1, Z’Z) - le,qml (LL, Zl)gmz qm, (]— ZZ)
1 1 1 1

(milgm; M2lqm, . milgm; 2. malqm,
Dy, miy e rns, (€20:21,22) = Dy qmt (U5 21) Dy qme (1522);

1 1 1 1
milqm; M2lqm, . mylqmy m2lqm,
gml,mz,qml,qmz (e11,21,22) = le qm (w; Zl)©m2 dm, (v; 22);

éi 1
lqm; Mmalqm, . mlqm, qm1 . malqm, .
©Tn.1 mM2,qmy,dm, (601121122) gml qmy ( ’ 1)©m2 qm, ( 122)1
1 1 e

milgm, Mmalqm, . lamy (4. Tmalqm, (2.
le mM2,qmy,dm, (eOZIZl/ZZ) le qm, ( s 1)©m2 qm, ( /ZZ)~
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Lemma 2.2. For operators defined by (2.3), the following identities hold true
7[m1+2}qm1 )z1+1 .

(le [mqum]
s

[mq+2] qam,

1
milqm, qm1 malqm, . N
1) Dy mogm,, am, (t—21,21,22) =

ii)
1 1
Dmpmalaman? (t—21)% 21, 22)
) <1+ (Imulg,,, DMl ah, 2qm, [mﬂqml>z%
(14 [milg,,, ) mi +2lg,, M1 +3]q,, [my +2lq,,,
. < 2[m1]%1m1q13m N qm; (2qm, +1)[mulq,, B 2 > .
(1+[mlq, )i +2]g,, M1 +3lg,,,  [mi+2]g, [mi+3]g,, [mi+2q,

qm; +1
* 2y [+ 3]
[ +2lq,,, [mu Am;

(sz [mz]qmz - [m2+2}qm2 Jzo+1 .
[m2+2]qm2 ’

%%
Qm] [mZJQmZ . o
111) le my, qml qu (S _Z2/Z1/Z2) —

iv)
Tlams Talamy
m m
Dy mam ane (s —22)% 21, 22)
Qm2([m2]qm271)[m2]2qm2 43,

=11
( * (1+ [mZquz)[m2+2]qm2 [m2+3}qm2

Z[mz]%]m qi’nZ
+ - +
(14 [malg,,, )m2 +2lq,, M2 +3]g,,, [ +2]
X qm, +1
[my +2]qm2 [my +3]qm2

Lemma 2.3. For 0 < qm, < 1,1 =1,2,21,2, € [0,1] and my, mp > 3, we have

2q my [mz] q my 2
Z3
[(mo + 2] dm,

2

qmz(ZQm2+1)[m2]qm2 . z
[m2+2]qm2 2

sz [mz + 3]Qm2

1 1
. (milqm, molq
) Dy maam, ams (t—21)%21,22) < sy 62 (z1);
1 1
(milqm, [molq
11) le mnzl,lqml,q?:lzz ((s —22)2} ZLZZ) < mé%z (z2),
3 V2 (z1) = 21(1 —2), and 5%112( ) = V(z2) + m, V2 (zp) =

where 8%, (z1) = P?(z1) + T+ 2y

22(1 — Zz).
Corollary 2.4. Taking into account Lemma 2.2, we get the following limits as follows

1 1
lam; milq
[m ]quml m“l”qml,qTfl (t—z1;21,22) =1—(a+1)zy,

lim
mp—0o0
1 1
. lgm, [malqm
TT‘lelglOO [ ]quQmZ mzquz qm22 ( —Z2; Zl/ZZ) = 1 - (a+ 1)22/
1 1
m fmy]
rmameant (t—21)%21,22) = 3271(1 - 1),

Tnlllgloo [ml]qm1®m1 mi,qmy,dmy
l [ ]l
q malq 2. _
[ml]qml®m2 m"z‘zqm2 dmy (t—21)%21,22) = 325(1 — 20).

lim
My —00
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3. Degree of approximation

In what follow, we prove a convergence theorem for these operators, as well as Voronovskaja type
theorem.

Theorem 3.1. Let (qm,) be the sequences of real numbers such that 0 < qm, < 1, and li§ qm, = 1,i=1,2
myi{—00

1
tlam; malgm,

Then, the sequences {@ml M2y dm, Amg (TG zl,zz)} converge to h(z1,zp) uniformly on 12 for each h € C(I2).

1 1
. lgmy malqm . .
Proof. By Lemma 2.1, ml%£%2%w®ml mzlqml qmi = eyj(z1,22) uniformly on I?. The proof of uniform
convergence is then completed by applying a Volkov Theorem [18]. O

Theorem 3.2. For h € C(1?), we have

mp—0o0

1 1
: my [M1lqm
lim [mylq,, (©m1 Mg iy (1521, 22) —h(zl,Zz))
3
=(1—(a+Dz)hl, (z1,22) + (1 = (a+Dz2)h, (21, 22) + E{Zl(l —z1)Nz,2,(21,22) + 22(1 — 22)hzy2, (21, 22) 3,

uniformly on 12.
Proof. For z1,z; € 12, by the Taylor’s expansion formula, we have
h(t,s) = h(z1,22) + h}, (21, 22) (t — 21) + 7, (21, 22) (s — 22)
+ % (W . (z1,22)(t —21)* + 2z 2, (21, 22) (t — 20) (s — 22) + hY ., (21, 22) (s — 22)°}

+9(t, 8521, 22) ((t—21)2 + (t—22)2),

1 1
lqmy milgm;

for h € I? where ) (t, s;z1,2z2) € C(I?) and lim P(t,s;21,22) = 0. Applying @ml MGy Ay (h; z1,27)

(t,5)—=(z1,22)
on above Taylor’s expansion formula, we can write

fW
Dy miyiam, am: (ML, 8);21,22)
1 1
fmq]
= h(z1,22) + W, (21, 2) Dy (t —21); 21, 22)

1 1 1 1

mylqm, (M) 1 [yl [my)
+ 12, (21, 22) Dy s, amy (8 = 22);21,22) + 5 { My, (21, 22) Dyt iy (8= 21)% 21, 22)

1 1 1

1
[mqlq q [my] 2
+ 20, (21,2) D, ﬁi’}lqu am: (t—=21)(s = 22); 21, 22) + 1], (21, 2)Dm mflqu,g’ﬂlll ((s—22)%21,22)}

1 1
milgm,; Mmilqm
+(t, S}erZZ)lel,mhlqmll,qmll (((t— Zl)z +(t— 22)2)221/ Z3)

1

mylqm
= h(z1,22) + 1, (21,22) Dy qmt ((t—21);21,22)

1
mqlqm 1 [mqlgqm
+h,(21,22)Dmy qm (s —22);21,22) + E{hlzllzl (21,22) Dy qm ((t—21)% 21, 22)

+2h1122 (le Zz)@ml 3211 ((t Zl) Z1, ZZ)le 3211 ((S _ZZ);Z'l/ ZZ)

1 1

mylgm, (milgm; Milqm,

+ 1, (21,22) Dy gt (s —22)% 21, 22)} + (L, 8521, 22) Dy iy . (8 —21) + (£ —22)); 21, 22).
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Using the Cauchy-Schwarz inequality, we have

1 1 1 1 1/2
mqlq [mqlq 2 2 mqlq mqlq 2 .
Dy myiam am (t—=21)% + (t—22)%);21,22) < {Sml,m"l}qml,q"ﬁl (W=(t, 8;21,22),21,22)}

2
1 1

(mq] fmq]
x {me,ﬂl"f}qu,a";ﬁ ((t—z1)*+ (t—22)*); 1, Zz)} :

Hence, by using Theorem 2.4, we get

N R
i fmalq,, (91[1?3,]%?}(]:?}3?1 (h;z1,25) — h(21,22)>
(1 —(a+1)z1)f, (21,22) + (1 — (a+ 1)zp)h7, (21, 22)
+5 {21(1 —z)h} , (21, 2) + 22(1—22)h] (21, 22) },
which leads us to the required result. O
For h € C(I?) and & > 0, the complete modulus of continuity for the function h(z;,z) is defined by
w(h;81,82) = sup{lh(w,v) —h(z1,22)| : (W), (z1,22) € I, Ju—z1] < &1, v — 22/ < 82,

and its partial modulus of continuity with respect to z; and z, are respectively given by

U(h;8)= sup sup {|h(x1,22) —h(xa,22)l},
0<22<b [x1—x2/<5

D(h;s)= sup  sup {h(z1,y1) —flz,y2)lh
0<z1<a ly1—y2l<d

Now, we obtain the rate of convergence of the approximation by the bivariate operators (2.3) defined by
means of modulus of continuity of the functions.

Theorem 3.3. Let h € C(1?) and (qm,) be a sequence of real numbers such that 0 < qm, < 1, and lign qm; =
my{—00

<4 1/ ‘/
w< m1+2qm] S, m2+2qm2 Om, ZZ)

where &, (z1) and dm,(z2) are defined by Lemma 2.3.

1,i=1,2. Then, for all (z1,z,) € 12, we have

mylgm, qm1 molgm, sz
Dy madm, am, (1 21,22) —h(z1,22)

1 1
my [Malqm
Proof. By the linearity and monotonicity of the operators @m an 1728 (W20 75), we have
y y y P 1, M2,qmy,qm,

1 1

(milgm, Mm2lgm,
Dmimadm,,dam, (1 21,22) — h(z1, 22)

1 1
[mq] [mq]
< Dm,, S{?qmj an? (IN(t1, t2) —h(z1,22)]; 21, 22).

Taking into account the property of monotonicity of w(h; dm,, dm,), we get

1 1

(milqm; Mm2lgm,
Dmy,ma,qm, qmg (121, 22) —h(z1, 22)

1 1 1

1
mylqm; Ma2lgm, 1 (mylqm; Mmalgm, .
< \/6m1 Z’l \/‘sz Zl > ( ml,mzlqml qu (1 2’112’2) + 6 (Z )gml,mz,lqml,qmz (|t1 _Z1|121122)
my 1
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1 1 1 1

milgm; Malqm, o 1 (milgm; M2lqm, .

X (gml,mz,qml,qmz (1/ Z1, ZZ) + 5 (Z )@m1,m2,qm1,qm2 (|t2 _ZZ|/ 21, ZZ) .
my 1

Then, by using the Cauchy-Schwarz inequality, we have

\/6m1 Zl \/6m2 Z1

. ) 1/2
x |14 ——— {le am ((t1 —21)2;21,22)}

\V/Oom,

. . 1/2
X 14+ — {sz cq]:z ((tz _Z2)2}ZI/ZZ)}

/Om,

Finally, choosing 6, = dm,(z1) and dm, = dm,(22), we reach the desired result.
We continue by recalling the definition of the Lipschitz class for bivariate function of f. For 0 <y <1,
the Lipschitz class Lip, (v) for bivariate case is as follows:

1 1

(milgm; Malqm,
gml,mz,qml,qmz (h; z1,22) — h(z1, 22)

o
Li h:|h(t,t h(z,zp)| < L ,
puly)i= { s it )~z 2 < L

where 1 = (t1,t2), s = (21,22) in I? and ||r — s|| = {(tl — 212+ (to — zz)z}l/z is the Euclidean norm.

Theorem 3.4. Suppose that h € Lip; (v). Then, for every (z1,z2) € 12, we have

1/2
L 3 3
< 62 762 .

(Z1 +12)Y/2 { [ml +2]le ml(Zl) + [mz +2]qm2 mz(Zz)}

1
mylqmy (Mmilgm, (o
:Dml,mz,qml,qmz (hl Zl/ 22) - h(z‘ll Z‘Z)

Proof. Take vy = 1. Then, for h € Lip, (v) and for each z;,2z, € 12, using the monotonicity and linearity of
operators, we have

1 1

milgm; Milqm,
Dmy,marqm, am, (W 21,22) —h(z1,22)

1 1
m1lqm, milq
< Diny,mordmy dmg (M1, t2) = h(z1,22)]; 21, 22)

1 1
Tl ilam, [[r — sl '
< L@m1,m2,Qm1,Qm2 <(||T|| Tz +Z2)1/2,Zl,22
L Telamy Tiilamg
= ~Mdamg Mildm, el
= (Zl +Z2)1/2©m1 m2,qmy, qm, (HT SH/Zl/ZZ)/

where v = (t1,12) and s = (z1, z2). Using the Cauchy-Schwarz inequality and Lemma 2.1, we obtain

1
m1lqmy Mm1lqm,
©m1,m2,1qm1,qm2 (hl Zl/ZZ) - h(le ZZ)

L 1 1 1/2
[mllq [Tll]q )
S m {:DTm,mﬂzl}qml,qn:f2 (” T—s || /ZLZZ)}

1/2
L m D) ﬁ 2
< m {le,qmi ((tl —121) 21/22) +©m2 qmi ((tz —23) 121122)
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o L 3
S (zy +20) 12 [my +2lg,,,

52, (z1) +

3 1/2
— .
[mZ + Z]qmz myp (ZZ)}

Secondly, let 0 <y < 1. Then, for h € Lip, (v) and for each z,z, € 12, we get

q [m ]q
le mrrzllqml1 q:?z (h;z1,22) —h(z1,22)| <

Now, applying the Hoélder’s inequality with u; =

1 1
1lamy Tilam,
gml,mz,qm],qmz (h;z1,22)

L
————<9
(z1 +Zz)”/2{

(214 20)v/?

—h(z1,22)

Y/2
(H T—s ‘2121122)}

1 1
mylqm; Milgm,
mM1,M2,qmq,9m,

1 1
qmy [milq
©m1 m“;lqml q:zzz (|h(t1/ tZ)

h(z1,22);21, 22)

L
Tamy Frilam [[r — [
L@ml 11121qml qu2 <( )Y/Z'le Z

lIrll + 21 + 22
1 1
L [ml]CIml [mllqmz

™M1, M2,qmy,qm,y (Ilr—sllY; z1,2z2) .

= and Uy = and Lemma 2.1, we get

2
2—y’

/2
L Ty ) o )
< m {@ml,(]mi ((tl —Zl) Z1,Zz) +©m2 qmi ((t2—22) ,21,22)
/2
L 3 3
(21 +2)1/2 {[m1+2]qml m (21) [ma + 2], m, (72)

which leads us to the required result.

Theorem 3.5. Suppose that h € CY(12). Then, for every (z1,z) € 12, we have

1 1
(mylqm, milgm,
©m1/m2/qm1/qm2 (h" Z1, ZZ)

- h(er ZZ)

where dm, (z1) and dm,(z2) are defined by Lemma 2.3.

Proof. For (z1,22) € I be a fixed point, we obtain,

t

gH h'Z,l ”C(I b

61112 (ZZ)/

) \/er Iz, Nl

to

hity, t2) — hiz1, 22) = Jh;l(rl,tz)dn + J W, (z1,72)dry, for (t1,t2) € I2

Z1

z2

Applying the operator defined in (2.3) on both sides, we obtain

1 1
qm, milq
gml mTqml,qui (h(t1, t2); 21, 22)

—h(z,22) =

t

Jhﬁ(ﬁ,‘tz)dTl;ZLZz

Z1

%;
@ qml [m1]Qm2
M1, M2,qmq,9m,

t2

i
J h,,(z1,12)dr2; 21, 22

Z2

1 1
milam; M1lgm,
+ gmlsz/qm]/qmz
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Now, by using sup-norm on 12, we get

t t
!’ /
[ oy taln| < [ [ ) lant <R e - 21
z1 Z
and
t 1%
! / !/
[ etz raians < [tz il <R, fie o, e -2l
43 zy

By using these inequalities, we have

1 1

fmq] fmy]
Dy maqm, ans (A1, t2);21,22) — h(z1, 22)

t 1%
milgm,; Mmilqm, l . milqm, qm1 mylqm, / ) 3.1
< Dmymoqm, dmy hy (1, t2)dt);, 21,20 | 4+ Dmymaqm,,dme h,,(z1,12)dr2| ;21,22 3-1)
Z1 )
—— i
(mq] qmy [my] qmy

< hzl 2 Dmy,qm, (It1 — 21121, 22)+ || h22 2 Dmy,qm, (It2 — 22521, 22).

1
Hence, applying Holder inequality, Lemma 2.3, and considering that @mﬁ;{? q[:ll]qq”;fz (1;21,22) =1, we get

qm]

1 1 1 1/2
@ml am (It —z1lz1,22) < {leqml ((t1 —21)% 21, 22) X le o (1/‘21,22)} <{dm, (z)}2. (B2)

Analogously,

1 1 1 1/2
friglamm Talam - 1/2
Dyt (It2 — 221521, 22) < {@mf,;mi ((t2—22)%21,22) X D, Smi (1;21,22)} <y (22)}%. (3.3)

Combining equations (3.1)-(3.3), we obtain

1

(milqm, milgm
CDﬂll,TTl.z,lq ml’q m22 (h; Zl/ Z'Z) - h(zll ZZ)

<R, Tleqe) fSm ()4 0 ey /Sms(z2).

This completes the proof. O

2th d'h
Z i7s az i e C(

Let C%(I4p) be the space of functions h such that b), (1 =1,2). The norm on the space
C?(I14p) is defined as

IR e =l +Z 122,
€ an) 0 T HC Ha) 0z11 Cllay) /)

For h € C(I4p) and & > 0, the Peetre’s K-functional and the second modulus of smoothness are defined
respectively as

H oth
ab) aZ‘Zi

Kibio) = _inf {1 h=g e 81 g llci}
gec?(Iq
and
wa(h;0) = sup || h(z1 +2u,z2 +2v) —2h(z1 +u, 22 +Vv) + h(z1, 22) || c(1,4)
VU228
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where || - ||¢(1,,) is the sup-norm. It is known that ([6], page 192) there exists a positive constant L that is
independent of 6 and h, such that

K(h;8) < L{wa(h; &) +min(1,8) [| h|lc(1,,)}-

Below, we prove the following order of approximation of q-Durrmeyer-Pélya operators to the function
h € C%(1?) by K-functional.

Theorem 3.6. Let h € C(I?). Then we have estimates

1 1
qmy [malq
le mnglqml an:lzz (h' Z‘l/ZZ) h(zll ZZ)

< L{wz (h/ \/}\ml,mz,pl,pz(qnlz dn,s 21, ZZ))

+min{1/nm1,m2,p1,pz(qm1/ qmzlz'l/ZZ)} H h ||C(Iab) } +w <h \/(uml _21)2 + (sz _2'2)2> ’

qul [mlerl]qml Zl+(1+[2]qm1 ‘xl)aml quz [m2+p2]qm2 Zr+ (1+[2]qm2 Oéz)bmz

[z}qml ([m1+1}qm1+[31) 4 sz - [Z}qmz([m2+1]qm2+f32)

where Uy, = , and

MNmy,mo (h; Admys 9mys Z1, 2) = 5m1 + 61112 + (uml - 21)2 + (sz - ZZ)Z-

1 1
my] m
Proof. We consider modified operators ’Dml ,if;lqmz g‘:f defined by

1 1 1 1
A milam; Mmalqm, (mylqm; Mmalgm,

Dmy,ma,qm, dmg (1621, 22) = Dmymaqm,,qms (121, 22) + h(z1,22) —h(Um,, Vi, ), (34)

1 1 1 1
mylqm, [malq = milgmy Imalq
where z;,z; € 12. From (3.4) and by Lemma 2.1, we have ’Dml m"zllqml q:é (1;21,20) =1, @ml,m";}qml,q:‘é (u—
1 1
. A Milgmy malgm,
Z‘l/Zl/Z‘Z) - 0 and ©m1 mp, qml qmz(

—29;21,22) = 0. Using the Taylor’s theorem for g € C2(1%), we may

write
69(21,22) J azg(ﬂ/U)
— = — — — 7d
glw,v) —g(z1,22) oz (Wu—z1)+ [(u—m) oz 0
z1
09(z1,2) [ 0%008) -
g(z1,22) 4 079(x,
+ on (v—2)+ J(v &) 282 dé.
z
1 [ ]]
Applying the operator ’Dml ﬂ{?q :12 2,:12 on both sides of the above equation, we get
~ il qmy lamy
momsamedne (9(W,V);21,22) — g(21, 22)
1 u P L 1 v
= Tmylqm, molqm a ,Z m; Malqm, Z’/Ev
- TTll1 1?'121‘411112 gmzz J(u_n)gé:]]zﬂdﬂrllf Z2 + le fnzlqmlz,;mi J'( Ev)a(aé)da/ Zl/ ZZ)
V4 Z2
e e " 2 tm 2
y alam, 0°g(n,z) . 0°g(z1,M)
o | |- iz, z) |~ [ (-

Z1 Z1
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[ S | v 5 Vmy )
milqm, Malqm. 0 E,,Z 0 Z,E,
+©m11,1212,1qm12,gm22 J(v_a)ga(ézl)da;ZLZZ) — J (vmz—a)ga(g’; )dE.
V%) %)
On the other hand, since
[ 9%gnz) [ 22g(n, )
gm, z2 agm, zz
J(uﬂ)anzdn < J|(uﬂ)|'aT]2 dn
z1 zZ
T 229(n, z2)
gm, z2
<l gl || u—nl|=—55=]dn| <[l g llc2(r2) (w—22),
0
z1
and analogously
Um,
0%g(n, 22)
| (= ZE 2 an | < (e, =217 1 g e
zZ
we conclude that
~ Tl gl
Dimy,mitdm, dne (9521,22) — 9(21,22))‘
1 1 2
ilams Tmalam 0°g(n, z2)
g gmllﬁqnz}qmlzlgmzz J(u_n) anz dn ;Zl/ZZ)
z1
s 92g(z1,m) Flam alamy 0%g(&,21)
, milqm, Malgm 7 ~1
+ J (um1_n)T§dn +©m11,1212,1qm12,3m22 J(v—é)aazdn 121,22
z1 z (3.6)
Vﬂlz az ( E') 1
Z1, milam,
+ J (vmz—ﬁ)%dﬁ < {@mlllc‘l*mi ((u—z1)2;21,22) — (um, —21)2)} g Hcfﬂ)
z

1
mylqm.
+ {@m;,gmi ((v—zz)2;21,22) + (Vm, —22)2)} g Hcflz)

< {8my +8m, + (Um, —21)* + (v, —22)°} [ g 212
:nml,mz(h;qm]/ qm2121/Z’2) H g HCZ(IZ) .

On using Equation (3.4), we see that

1 1
A Milgmy malqm,
D 1 2

1
. Tty Tty
My, Mo, qmy (TG 21,22)| < D

g m1,M2,qmq,qm, (h,'Zl,ZZ) + |h(Zl,ZZ)| + |h(um1/\’m2)| g 3 ” h HC(IZ) . (3‘7)

Hence in view of (3.6) and (3.7), we have

1

1
(mylqm, malgm, .
lermZIqm]rqmz (hl 21112) - h(leZZ)

1 1
~ [my] [my]
Dy maam, ans (W21,22) —h(z1,22) + M (Um,, Vim,) — (21, 22)

1 1
A milqm; Malqm, .
gmlzmququz (h_ 9121/12)

1 1
A Milgmg malgm, .
Dmy,ma,dm,,dm, (g;21,22) — g(z1, 22)

N

+
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+19(z1,22) — h(z1, 22)| + [h(Um,, Vin,) — h(z1, 22)]

1 1
A ylgmy malqm, .
Dmimdm, am, (9521,22) — (21, 22)

< 4 H h— g HC(Iab) + + |h(um1rvm2) _h(21122)|

< (41m=g ) Fmyms(h dmys dmsr21,22)) 11 9 llc ) +w (h wuml—zn%(vmz—w)

g 4K (h;nm1,m2,p1,p2 (qm1/ szl Z1, Z’Z <h/ \/ uml - Zl (sz - Z2)2>

< L{wz <h/ \/nml,mz,p1,p2(qm1/ dm,s 21, ZZ))

+min{1/nm1,m2,p1,p2(qm1/ qdm,, 21, 2)} || h ||C(12) } +w <h \/(U—ml _Zl)z + (sz _12)2) .

This completes the proof. O

Theorem 3.7. If h(z1, zp) has continuous partial derivatives aah and 2 az , as well as w1 (h/zl; 8) and w! (hzz, d)

denotes the partial modules of continuity of g and 21, respectively, then holds the inequality

62’

1

1
@ 1lqmy m2lgm,
my,

Madm, dma (5 21,22) — M (21, 22)| < MiAm, (21) + M2Am, (22)

( Zl’ m1 ]-+ TTll +w le mz 1+\/ TT‘LZ

az <My, (0<2z1 €a0< 2z <Db),and

qmz [Tnz]qrn2 7[m2+2]qm2

where My, My are the positive constants such that ’% < My,

qmy Tﬂ-l]qﬁ-Ll [m1+2]qml

1 _ 1
7\m1 (Zl — ) [m1+2]€h-n. Z1 + [m1+2]qm1 7 Amz (22) - [m2+2qu2 1 + [m2+2}qm2 .
Proof. From the mean value theorem we have
h(ty, t2) —h(z1, z2) = h(ty, z2) — h(z1, 22) + h(ty, t2) — h(ty, 22)
oh(&y, oh(zq,
— (t—21) (&1,22) (- 2) (21, &)
azl aZZ
oh(zy, oh(&1, oh(zy,
(4 —2) (z1,22) bt —21) (&1,22)  Oh(z1,2,)
621 all all
oh(zy, oh(zq, oh(z1,
(ty— 25) (z1,22) (t—22) (z1,&)  0h(z,2,) ,
622 aZZ alz
where z; < &1 < t1 and zp < &, < t;. By using the above identity, we get
1 1 1 1
my M2lam Tmlqm, Malam, Oh(zq,z
Dmmamint (W21, 22) — (21, 22) = Doy il <(t1 zn(a;lz), 1,.7.2)
1
Trlamy Tlamy Oh(&1,z2)  Oh(z1,22) )
FDmimadm am, <(t1 —a) < 0z 0z G

1 1
milgm, Malgm, oh(z1,22) .
+©m1,m2,qm1,qm2 (t2 _2’2) aZz 721,22

1 1
milam, malam oh(z1, &) 0Oh(zy,22)
+©m1l,gmz}qu,gm§ ((tz—lz) < o om ;21,20 | .
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Hence,

1 1

milgm; [Malqm, .
©m1/m2/qm1/qm2 (hlz’llZ’Z) _h(21,22)

1 1
D (mylqm; m2lqm,

0h(z1,2,)
— m1,M2,qmy,9dm, ((tl _Zl);21/Z2)

621

h ‘

Oh(&1,22)  Oh(z,2,)
azl 621

1 1

(milqm, m2lgm,
+ Dy, maqmg dm, | 11121
1

fmq] [m,]
Dimymidm ame (t2 —22);21,22)

7 Z1, ZZ)
7Z1, ZZ)

1
Mm1lgm; Mm2lgm, milqm, Mmalqm
< M1 Dy mogm, am (11 —21);21,22) | + M2 | Dmymysqm,,am, (12 —22)521, 22)

oh(zy,
N ‘ (z1,22)
322

Oh(z1, &)  Oh(z, zo)
alz aZQ

1 1
(mylqm, m2lgm,
+ Dy, ma g dmy | 112 — 22|

1

1
Tilamy Tmilam, 1)y lt1 —z1l
+®m1fm2rlqmqum22 (|t1 _Zl| LU( )(h2116m1) < + 1 721,22

dmy
71 Trglame [ty — 25|
11q mylq 1 ’ 2 — 22
R (oo 0 (132 11) ),
my
since |&1 —z1| < [t1 —z1] and &, — 25| < [tp — z2|. Using last inequalities, we have
1 1
[ml]q [mz]q
®m1,mnzl,1qml,qﬁ22 (h/ Zl/ZZ) - h(er ZZ)

1 1
(mylgm; m2lgm,
< M1 Dy myqm, amy (11 —21)521,22)

i 1 1 1
(milqm; Mm2lgm, . (mylqm; M2lgm, .
+ M2 :Dml mz,lqml,qmz ((tz _Z2)121/ZZ) ( (h21/6 )le,mz,lqml,qmz (|tl _Zl|121122)
w (hzl;éml) [mﬂlqml [mz]lqmz 2 w®@ milam, m2lqm,
t 5 Omimagm,dm, <|t1 —z1 ;Zl,Zz> (Ney; Sm) Dy e, (It2 = 221521, 22)
my
2 I 1 1
w! )(hzzl 6mz) milqm; Mma2lgm, 2.
t s Omumaam.am, (2 2l2122).
ma

Now, applying the Cauchy-Schwarz inequality

1 1 1 1
lqmy malqm, . lqmy [malqm, .
le,mzrqmqumz (h’ Zl/ZZ) _h(z’l’ZZ) Ml lelmZ/QmVsz ((tl _Zl)/ Z1, ZZ)

1 1
QTI‘Ll [1T12qu2 .
+Ma @ml,mz,qml,qm2 ((t2 —22);21, 22)

. 1/2
/ mylgm 2
+ MM, 8m)] Dy (61— 210)%521,22)

;8my) _ Terlamy
+ +©m1,3m1 ((’El - 21)2}21122>
. 1/2
/ Ty >
+ 0@, 8my) 4 Dy ((tz—Zz) ;21,22)
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I /6 ) 1m 2
b B gy T ((tz—Zz) ;Z1,Zz>-

By choosing 8m, = 0m,(z1) and 8m, = 6m,(22), we have

milqm, ]qm [mZ]Qm
911111,1112,1qml,qmz2 (h;z1,22) —h(z1,20)| < Ml}\ml (z1) + MZ}\mz(ZZ)

( Zl, m1 1+ \/ +w Zz;émz)(l_{— V 61112)

This completes the proof. O
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