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Abstract

In this article some applications of harmonic analysis are discussed in the field of Geometric Function Theory in the form
of a new class of meromorphic multivalent functions. A differential operator for these function have been used to define classes
of meromorphic multivalent functions in association with Janowski functions in symmetric points. Various geometric properties
like sufficiency criteria, growth theorem, convex combination, weighted mean for these functions have been evaluated for this
newly defined class.
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1. Introduction and definitions

Harmonic analysis have been utilized in the study of evaluating the solutions of fluid flow problems,
(see [4, 10]). For instance, in 2012, Aleman and Constantin [4] built a relation between harmonic mappings
and perfect flows of fluids. Recently, they have developed ingenious technique to solve the incompressible
two dimensional Euler equations in terms of univalent harmonic mappings. More specifically, the issue
of finding all solutions in which Lagrangian variables, defining the particle paths of the flow, presents
a labeling by harmonic mappings and is then used to solve an explicit nonlinear differential system in
Cn (for more details see [10]). With more applied sciences its significance is of prime importance. Some
of visible areas of latest interests for technologists would be quantum mechanics, signal processing, tidal
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analysis and neuroscience. Keeping the above in sight we investigate some of its properties in connection
with meromorphic multivalent functions in association with Janowski functions with Symmetric points.

A continuous complex valued function f = u+ iv is a harmonic function in complex domain D if both
u and v are real harmonic in D. For any simply connected domain D ⊂ C, we can write f = h+ g, where
h and g are analytic in D. We call h the analytic part and g the co-analytic part of f. A necessary and
sufficient condition for f to be locally univalent and sense preserving in D is that |h′(z)| > |g′(z)| in D, for
more details the reader is referred to [1, 2, 6, 7, 11–15, 17, 18, 29, 30].

Denoted by MH(p), the class of p-valent meromorphic harmonic functions f that are sense preserving
in the punctured open unit disc U∗ = {z ∈ C : 0 < |z| < 1} = U \ {0}, where U = {z ∈ C : |z| < 1} and f is of
the form

f = h+ g,

where

f(z) = h(z) + g(z) = z−p +

∞∑
n=1

an+p−1z
n+p−1 +

∞∑
n=1

bn+p−1zn+p−1. (1.1)

Also, we denote by MH(p) the class of p-valent (multivalent) meromorphic harmonic function f ∈
MH(p) and is represented by

f(z) = h(z) + g(z) = z−p +

∞∑
n=1

|an+p−1|z
n+p−1 +

∞∑
n=1

|bn+p−1|zn+p−1, |bp| < 1. (1.2)

Let F be a p-valent meromorphic harmonic function given by

F(z) = H(z) +G(z) = z−p +

∞∑
n=1

|An+p−1|z
n+p−1 +

∞∑
n=1

|Bn+p−1|zn+p−1, |bp| < 1.

The Hadamard product (or convolution) of F and f is defined by

(f ∗ F)(z) = z−p +

∞∑
n=1

an+p−1An+p−1z
n+p−1 +

∞∑
n=1

bn+p−1Bn+p−1zn+p−1, |bp| < 1.

Let f1 and f2 be two analytic functions in the open unit disk U = {z ∈ C : |z| < 1}. We say that function f1
is subordinate to f2 in U and write f1(z) ≺ f2(z) (z ∈ U), if there exists a Schwarz function ω(z), which is
analytic in U with ω(0) = 0 and |ω(z)| < 1 (z ∈ U), such that f1(z) = f2(ω(z)) z ∈ U. For more details see
[9].

In 1959, Sakaguchi [26] introduced and studied the class of starlike function with respect to symmetric
point in U. Further investigations into the class of starlike functions with respect to symmetric points can
be found in the articles [8, 24, 25, 28, 31–33].

Recently, Ghaffar et. al. [20], introduced and investigated a class of meromorphic starlike functions,
f ∈MH(1), with respect to symmetric point in circular domain which satisfies the condition

−
2zf′(z)

f(z) − f(−z)
≺ 1 +Az

1 +Bz
, where z ∈ U∗,

and −1 6 B < A 6 1.
In 2020, the authors in [19] further generalized the above class using a differential operator DH in

defining a class of meromorphic harmonic univalent functions, f ∈ MH(1), in Janowski domain that are
starlike with respect to symmetric point as,

−
2DHf(z)

f(z) − f(−z)
≺ 1 +Az

1 +Bz
,
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where −1 6 B < A 6 1 and DHf(z) = zh
′(z) − zg′(z), or equivalently∣∣∣∣∣ DHf(z) +

f(z)−f(−z)
2

BDHf(z) +A
f(z)−f(−z)

2

∣∣∣∣∣ < 1, (z ∈ U∗).

For more work on harmonic meromorphic multivalent functions see [3, 5, 16, 21–23, 27, 34] .
Now we shall consider the generalization of this class and define the class M∗∗H,p[A,B] as follows. Let

−1 6 B < A 6 1. Then the function f ∈MH(p) is in the class M∗∗H,p[A,B] if it satisfies the condition

−
2DHf(z)

f(z) − f(−z)
≺ p(1 +Az)

1 +Bz
,

where DHf(z) = zh
′(z) − zg′(z). Further, we denote M∗∗

H,p
[A,B], the subclass of M∗∗H,p[A,B], consisting of

harmonic meromorphic functions of the form (1.2).

2. Main results

In this section we obtain our main results for the functions belonging to these classes like sense-
preserving, sufficiency criteria, growth results, convex combination and weighted mean.

Theorem 2.1. Let f = h+ g and of the form (1.1), if satisfies the condition

∞∑
n=1

αn|an+p−1|+βn|bn+p−1| 6 1, (2.1)

with

αn =

∣∣∣(1 −B)(n+ p− 1) + p (1+A)(1−(−1)n+p−1)
2

∣∣∣
p(A−B)

(2.2)

and

βn =

∣∣∣(1 +B)(n+ p− 1) − p (1+A)(1−(−1)n+p−1)
2

∣∣∣
p(A−B)

, (2.3)

then f is harmonic p-valent and sense-preserving in U∗ and f ∈M∗∗H,p[A,B].

Proof. To show that f(z) is sense-preserving harmonic mapping in U∗, consider

|h′(z)| >
p

|z|p+1 −

∞∑
n=1

(n+ p− 1)|an+p−1||z|
n+p−2

= p−

∞∑
n=1

αn|an+p−1| =

∞∑
n=1

βn|bn+p−1| =

∞∑
n=1

(n+ p− 1)|bn+p−1||z|
n+p−2 = |h′(z)|,

this shows that f is sense-preserving. Now to show that f ∈M∗∗H,p[A,B], we have to prove that∣∣∣∣DHf(z) + p
f(z) − f(−z)

2

∣∣∣∣− ∣∣∣∣BDHf(z) +Ap
f(z) − f(−z)

2

∣∣∣∣ 6 0.

For this consider∣∣∣∣DHf(z) + p
f(z) − f(−z)

2

∣∣∣∣− ∣∣∣∣BDHf(z) +Ap
f(z) − f(−z)

2

∣∣∣∣
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=

∣∣∣∣∣
∞∑

n=1

[(
(n+ p− 1) + p

(1 − (−1)n+p−1)

2

)
an+p−1z

n+p−1 +

(
(n+ p− 1)

+ p
(1 − (−1)n+p−1)

2

)
bn+p−1zn+p−1

]∣∣∣∣∣−
∣∣∣∣∣p(A−B)

zp

+

∞∑
n=1

[(
B(n+ p− 1) +Ap

(1 − (−1)n+p−1)

2

)
an+p−1z

n+p−1

+

(
B(n+ p− 1) +Ap

(1 − (−1)n+p−1)

2

)
bn+p−1zn+p−1

]∣∣∣∣∣
6

∞∑
n=1

[(
(n+ p− 1) + p

(1 − (−1)n+p−1)

2

)
|an+p−1||z|

n+p−1 +

(
(n+ p− 1)

+ p
(1 − (−1)n+p−1)

2

)
|bn+p−1||z|

n+p−1

]
−
p(A−B)

zp

+

∞∑
n=1

[(
B(n+ p− 1) +Ap

(1 − (−1)n+p−1)

2

)
|an+p−1||z

n+p−1|

+

(
B(n+ p− 1) +Ap

(1 − (−1)n+p−1)

2

)
|bn+p−1||z

n+p−1|

]

6
∞∑

n=1

[∣∣∣∣∣(1 +B)(n+ p− 1) + p(1 +A)
(1 − (−1)n+p−1)

2

∣∣∣∣∣|an+p−1||z|
n+p−1

+

∣∣∣∣∣(1 +B)(n+ p− 1) + p(1 +A)
(1 − (−1)n+p−1)

2

∣∣∣∣∣|bn+p−1||z|
n+p−1

]
−
p(A−B)

|z|p

=
p(A−B)

|z|p

∞∑
n=1

[∣∣∣∣∣(1 +B)(n+ p− 1) + p(1 +A)
(1−(−1)n+p−1)

2

∣∣∣∣∣
p(A−B)

|an+p−1||z|
n+p

+

∣∣∣∣∣(1 +B)(n+ p− 1) + p(1 +A)
(1−(−1)n+p−1)

2

∣∣∣∣∣
p(A−B)

|bn+p−1||z|
n+p

]
−
p(A−B)

|z|p

6
p(A−B)

|z|p

{ ∞∑
n=1

[
αn|an+p−1|+βn|bn+p−1|

]
− 1

}
6 0.

Where we have used (2.1) and hence completes the proof.

2.1. Example
Cosider the meromorphic p-valent function

f(z) =
1
zp

+

∞∑
n=1

xn+p−1

αn
zn+p−1 +

∞∑
n=1

yn+p−1

βn
zn+p−1,

such that
∑∞

n=1(|xn+p−1|+ |yn+p−1|) = 1, we have

∞∑
n=1

(αn|an+p−1|+βn|bn+p−1|) =

∞∑
n=1

(|xn+p−1|+ |yn+p−1|) = 1.
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Thus f ∈M∗∗H,p[A,B] and above coefficient bounds given in (2.1) are sharp for this function.

Theorem 2.2. Let f = h+ g ∈MH(p) and is of the form (1.2), then f ∈M∗∗
H,p

[A,B] if it satisfies the condition

∞∑
n=1

αn|an+p−1|+βn|bn+p−1| 6 1, (2.4)

with αn and βn are defined in (2.2) and (2.3).

Proof. The proof is similar to Theorem 2.1, so omitted.

Theorem 2.3. Let f = h+ g ∈M∗∗
H,p

[A,B] and is of the form (1.2), 0 < |z| = r < 1. Then

1
rp

−
1 −B

A−B
rp 6 |f(z)| 6

1
rp

+
1 −B

A−B
rp.

Proof. Consider

|f(z)| =

∣∣∣∣∣ 1
zp

+

∞∑
n=1

(an+p−1z
n+p−1 + bn+p−1zn+p−1)

∣∣∣∣∣
6

1
rp

+

∞∑
n=1

(|an+p−1|+ |bn+p−1|)r
n+p−1 6

1
rp

+ rp
∞∑

n=1

(|an+p−1|+ |bn+p−1|).

Now from (2.1)

α1

∞∑
n=1

|an+p−1|+β1

∞∑
n=1

|bn+p−1| 6
∞∑

n=1

αn|an+p−1|+βn|bn+p−1| 6 1,

with some calculations we obtain

∞∑
n=1

(|an+p−1|+ |bn+p−1|) 6
1 −B

A−B
,

and so

|f(z)| 6
1
rp

+
1 −B

A−B
rp.

Similarly, proceeding as above we get,

|f(z)| =

∣∣∣∣∣ 1
zp

+

∞∑
n=1

(an+p−1z
n+p−1 + bn+p−1zn+p−1)

∣∣∣∣∣
>

1
rp

− rp
∞∑

n=1

(|an+p−1|+ |bn+p−1|) >
1
rp

−
1 −B

A−B
rp.

This completes the proof.

Theorem 2.4. Let f = h+ g, and is of the form (1.2), then f ∈M∗∗
H,p

[A,B] if and only if

f(z) =

∞∑
n=0

(γnhn+p−1 + δngn+p−1),
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where hp−1(z) =
1
zp and for n > 1 we have

hn+p−1(z) =
1
zp

+
p(A−B)∣∣∣(1 −B)(n+ p− 1) + p (1+A)(1−(−1)n+p−1)

2

∣∣∣zn+p−1,

also gp−1(z) =
1
zp and for n > 1

gn+p−1(z) =
1
zp

+
p(A−B)∣∣∣(1 −B)(n+ p− 1) + p (1+A)(1−(−1)n+p−1)

2

∣∣∣zn+p−1,

with n = 0, 1, 2, 3, . . ., 1 > γn > 0, p > 1, 1 > δn > 0 and
∑∞

n=0(γn + δn) = 1.

Proof. Let us consider

f(z) = γ0hp−1 + δ0gp−1 +

∞∑
n=1

(γnhn+p−1 + δngn+p−1)

= (γ0 + δ0)
1
zp

+

∞∑
n=1

γn

(
1
zp

+
p(A−B)∣∣∣(1 −B)(n+ p− 1) + p (1+A)(1−(−1)n+p−1)

2

∣∣∣zn+p−1

)

+

∞∑
n=1

δn

(
1
zp

−
p(A−B)∣∣∣(1 −B)(n+ p− 1) + p (1+A)(1−(−1)n+p−1)

2

∣∣∣zn+p−1

)

=

∞∑
n=1

(γn + δn)
1
zp

+

∞∑
n=1

γn
p(A−B)∣∣∣(1 −B)(n+ p− 1) + p (1+A)(1−(−1)n+p−1)

2

∣∣∣zn+p−1

−

∞∑
n=1

δn
p(A−B)∣∣∣(1 −B)(n+ p− 1) + p (1+A)(1−(−1)n+p−1)

2

∣∣∣zn+p−1.

Thus,

∞∑
n=1

{
αn

(
p(A−B)∣∣∣(1 −B)(n+ p− 1) + p (1+A)(1−(−1)n+p−1)

2

∣∣∣γn
)

+βn

(
p(A−B)∣∣∣(1 −B)(n+ p− 1) + p (1+A)(1−(−1)n+p−1)

2

∣∣∣δn
)}

=

∞∑
n=1

(γn + δn) = 1 − γ0 − δ0 6 1,

hence f ∈M∗∗
H,p

[A,B], conversely, let f ∈M∗∗
H,p

[A,B], set

γn =

∣∣∣∣∣(1 +B)(n+ p− 1) + p(1 +A)
(1−(−1)n+p−1)

2

∣∣∣∣∣
p(A−B)

|an+p−1|, 0 6 γn 6 1,p > 1,

δn =

∣∣∣∣∣(1 +B)(n+ p− 1) + p(1 +A)
(1−(−1)n+p−1)

2

∣∣∣∣∣
p(A−B)

|bn+p−1|, 0 6 δn 6 1,p > 1,

γ0 = 1 −

∞∑
n=1

γn −

∞∑
n=1

δn.
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Therefore f can be written as

f(z) =
1
zp

+

∞∑
n=1

|an+p−1|z
n+p−1 −

∞∑
n=1

|bn+p−1|zn+p−1

=
1
zp

+
p(A−B)∣∣∣(1 −B)(n+ p− 1) + p (1+A)(1−(−1)n+p−1)

2p−1

∣∣∣γn|an+p−1|z
n+p−1

−

∞∑
n=1

p(A−B)∣∣∣(1 −B)(n+ p− 1) + p (1+A)(1−(−1)n+p−1)
2p−1

∣∣∣δn|bn+p−1|z
n+p−1

= (γ0 + δ0)
1
zp

+

∞∑
n=1

γn

(
1
zp

+
p(A−B)∣∣∣(1 −B)(n+ p− 1) + p (1+A)(1−(−1)n+p−1)

2p−1

∣∣∣zn+p−1

)

+

∞∑
n=1

δn

(
1
zp

+
p(A−B)∣∣∣(1 −B)(n+ p− 1) + p (1+A)(1−(−1)n+p−1)

2p−1

∣∣∣zn+p−1

)

=

∞∑
n=1

(γnhn+p−1 + δngn+p−1),

hence proved.

Theorem 2.5. The class M∗∗
H,p

[A,B] is closed under convex combination.

Proof. For k ∈N = {1, 2, 3, . . .}, let fk ∈M∗∗
H,p

[A,B] and are of the form

fk(z) =
1
zp

+

∞∑
n=1

(|ak,n+p−1|z
n+p−1 − |bk,n+p−1|zn+p−1), (2.5)

then from (2.1), we get ∞∑
n=1

αn|an+p−1|+βn|bn+p−1| 6 1,

for
∑∞

k=1 δk = 1, (0 6 δk 6 1) the convex combination of fk is

∞∑
k=1

δkfk(z) =
1
zp

+

∞∑
n=1

( ∞∑
k=1

δk|ak,n+p−1|

)
zn+p−1 −

∞∑
n=1

( ∞∑
k=1

δk|bk,n+p−1|

)
zn+p−1.

Now using (2.1), we have

∞∑
n=1

(
αn+p−1

∞∑
k=1

δk|ak,n+p−1|+βn+p−1

∞∑
k=1

δk|bk,n+p−1|

)

=

∞∑
k=1

δk

( ∞∑
n=1

(
αn+p−1|ak,n+p−1|+βn+p−1|bk,n+p−1|

))
6
∞∑

k=1

δk = 1,

thus the desired result is obtained.

Theorem 2.6. Let fk ∈ M∗∗
H,p

[A,B], for k = {1, 2} be of the form (2.5), then their weighted mean Fi is also in the
class M∗∗

H,p
[A,B], where Fi is define below

Fi(z) =
(1 − i)f1(z) + (1 + i)f2(z)

2
. (2.6)
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Proof. From (2.6), one may easily write

Fi(z) =
1
z
+

(1 − i)f1(z) + (1 + i)f2(z)

2
=

1
z
+

∞∑
k=1

[
(1 − j)|an+p−1,1|+ (1 + j)|an+p−1,2|

2
zn+p−1

−
(1 − j)|bn+p−2,1|+ (1 + j)|bn+p−1,2|

2
zn+p−1

]
.

To show that Fi ∈M∗∗
H,p

[A,B], it is enough to show that

∞∑
k=1

[∣∣∣∣∣(1 − j)|an+p−1,1|+ (1 + j)|an+p−1,2|

2

∣∣∣∣∣αn+p−1 +

∣∣∣∣∣(1 − j)|bn+p−1,1|+ (1 + j)|bn+p−1,2|

2

∣∣∣∣∣βn+p−1

]
6 1.

Now consider

∞∑
k=1

[∣∣∣∣∣(1 − j)|an+p−1,1|+ (1 + j)|an+p−1,2|

2

∣∣∣∣∣αn+p−1 +

∣∣∣∣∣(1 − j)|bn+p−1,1|+ (1 + j)|bn+p−1,2|

2

∣∣∣∣∣βn+p−1

]

=

∞∑
k=1

[
(1 − j)|an+p−1,1|αn+p−1 + (1 − j)|bn+p−1,1|βn+p−1

2

+
(1 + j)|an+p−1,2|αn+p−1 + (1 + j)|bn+p−1,2|βn+p−1

2

]

=
(1 − j)

2

∞∑
k=1

(|an+p−1,1|αn+p−1 + |bn+p−1,1|βn+p−1)

+
(1 + j)

2

∞∑
k=1

(|an+p−1,2|αn+p−1 + |bn+p−1,2|βn+p−1)

6
(1 − j)

2
+

(1 + j)

2
= 1.

Hence, Fi ∈M∗∗
H,p

[A,B].
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