J. Math. Computer Sci., 24 (2022), 186-200

Online: ISSN 2008-949X

Journal of Mathematics and Computer Science

Q¥

3

yourna/ or
o
N
U109 ¥

PEicinos
Journal Homepage: www.isr-publications.com/jmcs

On quasi bi-slant Lorentzian submersions from LP-Sasakian  ® checkfor updates
manifolds

Rajendra Prasad?®, Fatemah Mofarreh®, Abdul Haseeb®*, Sandeep Kumar Verma?

4Department of Mathematics and Astronomy, University of Lucknow, Lucknow, India.
bMathematical Science Department, Faculty of Science, Princess Nourah bint Abdulrahman University, Riyadh 11546, Saudi Arabia.
¢Department of Mathematics, College of Science, Jazan University, Jazan-2097, Kingdom of Saudi Arabia.

Abstract

At this work, quasi bi-slant Lorentzian submersions from LP-Sasakian manifolds onto Riemannian manifolds have been
studied. Further, the geometry of leaves of the distributions, integrability conditions and totally geodesic conditions have also
been discussed. Finally, we construct some examples of this setting.
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1. Introduction

Differential geometry is one of the most popular branch of mathematics and physics from ancient
days. There are several topics in differential geometry which have very important applications in both,
mathematics and physics [2, 14, 20]. Immersions and submersions are some of them. The properties
of Riemannian submersions become an interesting subject in complex geometry as well as in contact
geometry.

The theory of Riemannian submersions was first established by O’Neill [24] and Gray [8]. In 1976, Wat-
son [32] introduced almost Hermitian submersions within almost Hermitian manifolds. In 1985, Chinea
[5] generalized the idea of almost Hermitian submersion to different sub-classes of the almost contact
manifolds. There are so many important and interesting results about Riemannian and almost Hermitian
submersion which are studied at [4, 6, 30]. Recently, slant submersions, semi-invariant submersions as
well as semi-slant submersions from almost Hermitian manifolds on Riemannian manifolds have been
studied in [21, 27, 28], respectively. Several types of Riemannian submersions between Riemannian mani-
folds endowed with various constructures were investigated by several geometers ([1, 3, 12, 13, 19, 26, 29]).
In 2016, Sahin et al. [31] proved decomposition theorems for hemi-slant Riemannian submersions from
Hermitian manifolds on Riemannian manifolds.
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Magid [16] and Falcitelli et al. [7], introduced the theory of Lorentzian submersions. Matsumoto [17]
started the idea of LP-Sasakian manifolds, while in 1992, related subject is investigated by Mihai and
Rosca [18]. Recently, Gunduzalp [9] and Gunduzalp and Sahin [10] studied paracontact and Lorentzian
almost paracontact structures. Kumar et al. [15] defined and studied conformal semi-slant submersions
from LP-Sasakian manifolds onto Riemannian manifolds. Very recently, Prasad et al. [23] introduced the
concept of quasi bi-slant submersions from Kaehler manifold on the Riemannian manifold.

In this research we undertake our work as follows. In Section 2, we present several main informations
relating to quasi bi-slant Lorentzian submersion. At Section 3, certain interesting outcomes on quasi bi-
slant Lorentzian submersions from an LP-Sasakian manifold onto the Riemannian manifold are obtained
and studied the geometry of leaves of distributions that are included at this submersion. In the same
section, certain conditions are obtained of similar submersions to become totally geodesic. Finally, some
non-trivial examples for such submersions have constructed.

2. Preliminaries

The n-dimension smooth manifold M admitting ¢ the (1,1)-tensor field, ¢ : the structural vector field,
n : the 1-form and g : the Lorentzian metric named the Lorentzian para Sasakian (in brief, LP-Sasakian)
manifold [11, 25] satisfies:

> =14M® ol =0, nop =0, (2.1)

n(c) =-1, g(-, ¢ =n(), (2.2)
gle, @) =g+nen, gle,) =g, e, (2.3)
Vi=o, (2.4)
(Vx@)Y =n(Y)X+g(X,Y)C+2n(X)n(Y)(, (2.5)

choosing X, Y at M, where V denotes Levi-Civita connection respecting to Lorentzian metric g.
In the LP-Sasakian manifold, clearly

rank(@) =n—1.

Now, in case
O(X,Y)=D(Y,X)

for all X,Y on M, then @ is called symmetric (0,2) tensor field, where ®(X,Y) = g(X, ¢Y).

Lemma 2.1. Suppose ‘W is a subspace of dimension > 1 in the Lorentz vector space. Then the following are
equivalent:

1. W is timelike, hence is itself a Lorentz vector space;
2. W includes two linearly independent null vectors;
3. W contains a timelike vector.

Lemma 2.2. Suppose W is a subspace of Lorentz vector space V and Suppose g is the metric (scalar product) of V,
therefore the possible cases for W are:

1. g‘w is positive definite, then W is the inner product space;
2. g‘w is non-degenerate of index 1, therefore W is timelike;
3. gl is degenerate, therefore W is lightlike.

Lemma 2.3. Let Z be the subspace spanned by the timelike vector in Lorentz vector space V, therefore the subspace
2+ is spacelike and V is a direct sum of Z and Z*.
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This argument shows, more generally, that the subspace W is timelike if and only if W+ is spacelike.
. 1\
Since (W+)™ =W.
W is lightlike if and only if W+ is lightlike.

Lemma 2.4. For the subspace W of the Lorentz vector space, the coming statements are equivalent:

1. W is lightlike, that is, degenerate;
2. Wincludes the null vector but not timelike vector;
3. WNA =L —0, where L is the one dimensional subspace and A is the null cone of V, which means

L=WNnW,

Note that we denote (M, @, (,1, gm) : the almost contact metric manifold, (X, gx) : the Riemannian
manifold and ker h, : the vertical distribution of h in M. To use later, we recall the following definitions.

Definition 2.5 ([22]). The Riemannian submersion h : (M, @, (,1n,gm) — (X, gx) is named an invariant
Riemannian submersion in case
@(ker h,) =ker h,.

Definition 2.6 ([19]). Suppose h : (M, @,(,1,gm) — (X, gx) is a Riemannian submersion such that
(in brief,s.t.) @(ker h,) C (ker h,)L. Therefore, h is called the anti-invariant Riemannian submersion.

Definition 2.7 ([1]). The Riemannian submersion h : (M, @,(,n,gm) — (N, gx) is called the semi-
invariant Riemannian submersion in case there is the distribution ©; C ker h,, s.t,,

ker h, =01 D@ < (>, and @ (D1) =Dy, ¢ (D;) C (ker h,)*,
where D, is orthogonal complementary distribution to D1 at ker h,.

Suppose the complementary orthogonal subbundle to ¢ (ker h.) in (ker h,)* is denoted by w. There-
fore we get
(ker hy)™ = @ (D2) & 1.

Clearly, u is the invariant subbundle of (ker h, )+ respecting to the almost contact constructor ¢.

Definition 2.8 ([9]). The Riemannian submersion h : (M, @, (,n,gm) — (X, gx) is called a slant submer-
sion, in case for all X(# 0) € (ker hy)p, p € M, the angle 0(X) within ¢@X and the space (ker h,), is
constant. The angle 0 is called the slant angle of the submersion and in case 0 € (0, 7), therefore h is
named the proper slant submersion.

Definition 2.9 ([22]). The Riemannian map h: (M, @, (,11,gm) — (¥, gx) named the semi-slant Rieman-
nian map in case there are three orthogonal complementary distributions ©;,9; and < ¢ > in kerh,,
s.t.,

kerh, =01 ®D2® < (>, ¢(D1) =Dy,

and the angle 6 = 0(X) (called a semi-slant angle) between @X as well as the space (D;), is constant of
X(#0) € (D2)p for p € M, where D1 © D2® < ( > is an orthogonal decomposition for ker h,.

Definition 2.10 ([31]). Suppose (M, gm,J) is the almost Hermitian manifold and (X, gx) is the Rieman-
nian manifold. The Riemannian submersion h : (M, gm,J) — (X, gx) named the hemi-slant submersion
in case

kerh, =9° @Dt

The distribution ©° is slant with an angle 0 (named a hemi-slant angle) and D+ is anti-invariant.
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Definition 2.11 ([9]). Suppose (M, gnm) be a Lorentzian manifold and (B, gg) a Riemannian manifold. A
Lorentzian submersion is a map h : (M, gm) — (B, gs) which is onto and satisfies the following three
conditions.

(A1) hsp is onto for all p € M.
(A;) The fibers h~!(b) are semi-Riemannian (Lorentzian) submanifolds of M for each b € B.
(A3) h. preserves scalar products of horizontal vectors.

Now, the concept of a quasi bi-slant Lorentzian submersion from [LP-Sasakian manifolds onto Rieman-
nian manifolds is introduced:

Definition 2.12. Suppose (M, @, ¢, 1, gn) is the LP-Sasakian manifold as well as (¥, gx ) is the Riemannian
manifold. The Lorentzian submersion

h: (M, @,0mn,9m) = (X, gx)

named the quasi bi-slant Lorentzian submersion in case there are four mutually orthogonal distributions
D,Dq,Dy and < C >, s.t.,

(i) kerh, =D @orth D1 Dorth D2@orth < € >;
(ii)) (D) =D, which means D is invariant;
(iii) @(D1) L Dy and @(D3) L Dy;
(iv) for any X(# 0) € (D1)p, p € M, the angle 0; within @X and (D), is constant and independent of
the choice of point p and X in (D1)yp;
(v) forall Z(# 0) € (D2)q, 9 € M, the angle 0, within ¢Z and (D) is constant and independent of the
choice of point q and Z in (D2)4.

The angles 6; and 0, named slant angles of h, where D, D; and D, are spacelike subspaces and ker h,
is Lorentzian subspace.
Thus it is noted that:

(@) In case dim D # 0 and dim D; = dim D, = 0, therefore h is invariant submersion.

(b) In case dimD # 0, dimD; # 0, 0 < 0; < T and dimD; = 0, therefore h is proper semi-slant
submersion.

(c) Incase dimD =0, dim D # 0, 0 < 6; < § and dim D, = 0, therefore h is slant submersion with slant
angle 0.

(d) In case dimD = dimD; = 0 and dim D, # 0, 0 < 6 < 7, therefore h is slant submersion with slant
angle 0,.

(e) In case dimD; # 0, dimD =0, 0; = T and dim D; = 0, therefore h is the anti-invariant submersion.

(f) In case dim Dy # 0, dim D # 0, 0; = 7 and dim D, = 0, therefore h is semi-invariant submersion.

(g) In case dimD; # 0, dimD = 0,0 < 0; < 7 and dimD; # 0, 62 = 7, therefore h is the hemi-slant
submersion.

(h) In case dimD; # 0, dimD = 0,0 < 0; < 5 and dimD; # 0, 0 < 6, < 7, therefore h is the bi-slant
submersion.

(i) In case dimD # 0,dimD; # 0,0 < 6; < T and dimD; # 0, 62 = 7, therefore h can be called a
quasi-hemi-slant submersion.

() In case dimD # 0,dimD; # 0,0 < 0; < 7 and dim D> # 0, 0 < 62 < 7, therefore h is proper quasi
bi-slant submersion.

Define O’Neill’s tensors 7 and A as

AL = HV g VL +VV e HL, (26)
TeL = HVyeVL 4+ VVyeHL (2.7)
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for all vector fields E, L at M, where V defines Levi-Civita connection of gy. Clearly, T¢ and Ag are skew-
symmetric operators at the tangent bundle of M reversing vertical and horizontal distributions. Using
equations (2.6) and (2.7), results in

VxY =TxY+VVxY, (2.8)
VxV =TxV+HVxV, (2.9)
VvX =AyX+VVvyX, (2.10)
VvW = HVyW+ AvW, (2.11)

for all X,Y € T'(kerh,) and V,W € T'(kerh,), where HVxV = AyX, in case V is basic. It can be
easily observed that T works at the fibers as the second fundamental form, where A works on horizontal
distribution and measures obstruction to the integrability of the same distribution.

Clearly, for g e M, U€ Vg and Z € H4

are skew-symmetric, such that
gM(‘AUE/ I—) - _gM(E/-AUI-) and QM(TZE/ L) - _QM(E/ TZL)

for each E, L € TqM. Since T7 is skew-symmetric, therefore it is observed that h has totally geodesic fibres
if and only if T = 0.

Definition 2.13. Let M and M’ be two smooth manifolds. Let V and V’ be connections on M and M/,
respectively. A smooth map h: M — M’ is called connection preserving map if

. (VxY) = Vi x(hY)

for all vector fields X,Y on M.

A smooth map h: M — M’ is called geodesic preserving map if for each geodesic 0 in M, ho o is
geodesic in M.

It is known that if a map is connection preserving then it is also the geodesic preserving. Geodesic
preserving map is also called totally geodesic map.

We also know if M and M’ be two smooth manifolds and h be a diffeomorphism from M onto M/,
then for a connection V' on M’ there exist unique connection V on M such that h is connection preserving
map.

Suppose (M, @, ¢, 1, gn) is an LP-Sasakian manifold, (X, gx) is the Riemannian manifold and h : M —
N is a smooth map. Therefore the second fundamental form of h is
(Vh)(W, V) = Vi h,V —h, (VyV), for U,V e T (T,M),

where V denotes Levi-Civita connection of the metrices gyt and gx and V" is the pullback connection.
The differentiable map h : M — X is totally geodesic in case

(Vh)(UW,V) =0, forall U,V e T(TM).
Now the following lemma can be proved as in [3].
Lemma 2.14. Suppose h is the Lorentzian submersion from the LP-Sasakian manifold (M, @, (,1, ga) on Rieman-

nian manifold (X, gx ), therefore we get

(i) (Vh)(V,W) =0;
(i) (Vhi)(X,Z) = (TXZ) = —h.(VxZ);
(iii) (Vhe)(V,X) = —h(VvX) = —h.(AvX), where V, W are horizontal vector fields and X, Z are vertical
vector fields.
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3. Quasi Bi-Slant Lorentzian submersions

Throughout this section, we take (M, ¢, (,1, git) be a LP-Sasakian manifold and (X, gx) be a Rieman-
nian manifold.
Suppose h: (M, @, (1, gnm) — (X, gx) is the quasi bi-slant Lorentzian submersion. Therefore, we get

TM = ker h, @gen (ker hy )t
Here, for all vector field Z € I'(ker h..), we choose
Z=PZ+QZ+RZ—n(Z), (3.1)

where P, Q and R indicates to the projection morphisms of ker h, on D, D; and D, in the same order.
Choosing Z € T'(ker h, ), we set
0L =Y+ wZ, (3.2)

where PZ € T'(ker h,) and wZ € I'(wD; @ wD3). From (3.1) and (3.2), we get
©Z =VP(PZ)+w(PZ) +P(QZ) + w(QZ) +P(RZ) + w(RZ).
Since @D = D, therefore wPZ = 0. Hence we obtain
eZ =Y(PZ) +PQZ+ wQZ+PRZ + wRZ.

Thus we have
p(kerh,) =D & (YD1 ®© PD3) & (wD1 ® wDy),

where @ defines orthogonal direct sum.
Moreover, Suppose V € I'(D1) and W € T'(D,), therefore gnm (V, W) = 0. Now from the Definition 2.12
(iii), we have gpm (@V, W) = g (V, W) = 0. Now, we consider

gm(V, W) = gn(@V—wV,W) = gy(eV,W),=0.
In Similar way, we have g (V,pW) = 0. Suppose Z € I'(D) and Y € I'(D;). Therefore we get
gn (WY, Z) = g (@Y —wY, Z) = g (@Y, Z) = —gm(Y, 9Z) =0,

as D is invariant, which means ¢Z € I'(D). Similarly, for Z € (D) and X € I'(D;), we obtain gy (X, Z) =
0. From above equations, we have

gn(WZYW) =0, and  ga(wZ wW) =0

for any Z € I'(Dq) and W € T'(D2). So, we can write YD1 NpD2 = {0}, wD; N wD, = {0}. If 02 = 7, then
PR = 0 and Dj, is anti-invariant, which means @ (D) C (ker h,)*. Here we present D, as D*. In addition,
we have

@(kerh,) =D& VYD; & wD; @ eD+,

where @ defines orthogonal direct sum. Since wD; C (ker h.)*, wD, C (kerh,)™t, so it is obtained that
(kerh,)t = wD; @ WDy @ 1,
where W is orthogonal complement of (wD; @ wD,) at (ker h,)*. Also for all V € T'(ker h,)*, we set
eV =CV+BY, (3.3)

where CV € I'(u) and BV € I'(ker h,.).
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Span{(} = (() determines timelike vector field distribution. In case the spacelike vector field X is
orthogonal to ¢, therefore g (¢X, @X) = g (X, X) > 0, thus ¢X is spacelike and hence X is also spacelike.
Wirtinger angle 0 is written as

cos@ = 1P VA ((pX,lI)X).
| X | X |
Since g‘kerh* is non-degenerate metric of index 1 at all points of M, therefore (kerh.), is timelike
subspace of T, M at any point of M, and so (ker h,.)+ is spacelike subspace of T, M at all points x € M.

Lemma 3.1. Let h: (M, @, (,m, gw) — (X, gx) be the quasi bi-slant Lorentzian submersion. Therefore we got
P2V +BwV =V +n(V)(, wpV+CwV =0, wBW+CW=W, PYBW +BCW =0,

forall V € T(kerh,) and W € T'(ker h,)~*.

Proof. By making use of the equations (2.1), (3.2), and (3.3), Lemma 3.1 follows. O]

Lemma 3.2. Let h: (M, @, (1, gn) — (X, gx) be the quasi bi-slant Lorentzian submersion. Therefore, we got

(i) V2V = (cos?61)V,
(i) g (WV, W) = cos? 01gac(V, W),
(iii) gnc(wV, wW) = sin? 819 (V, W),

forall V,W e T'(Dy).

Proof.

(i) Let h: (M, @, (M, gnm) — (X, gx) be the quasi bi-slant Lorentzian submersion with the quasi bi-slant
angle 0;. Therefore, for V(# 0) € I'(D1), we have

[PV |
cos0] = ——, 3.4
and
cos0; = OV 9V)
VIV
By making use of (2.1), (2.3), and (3.2), we have
gm(PV,pV)
cosf0 = Z—— =, 3.5
T oV IOV] (35)
gm(V,$2V)
cos0y = =
T eV

From the equations (3.4) and (3.5), we get P2V = (cos? 01)V, for V € (D).
(ii) For all V,W € I'(D;), by the use of equations (2.1), (2.3), (3.2), and Lemma 3.2 (i), we have
g (WV, W) = gat(@V — wV, pW) = gor (V, *W) = cos” 81 g (V, W).
(iii) By using the equations (2.3), (3.2), and Lemma 3.2 (i) and (ii), Lemma 3.2 (iii) follows. O
Similarly, the coming Lemma is obtained.

Lemma 3.3. Suppose h : (M, @, (,n, gn) — (X, gx) is the quasi bi-slant Lorentzian submersion. Therefore, we
have

(i) P?Z = (cos? 03)Z;
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(i) gn(WZ,PU) = cos? B9 (Z, U);
(iii) gn(wZ, wl) = sin? 0295 (Z, U);

forall Z,U € I'(Dy).

Lemma 3.4. Suppose h : (M, @, (,m, gn) — (X, gx) is the quasi bi-slant Lorentzian submersion. Therefore, we

get
VXY + TxwY —hpVVxY = BIXY = g (X, Y)C+n(Y)X + 2n(X)n(Y)C,
TxPY + HVxwY = wVVxY + CTxY,

VVuBV+AyuCV — g (CU, V) =pAyV+BHVLYV,
AuBV +HVyuCV = wAyV + CHVyYV,

VVxBU + TxCU =9PpTxU+ BHVxU,

TxBU+ HVxCU = wTxU+ CHVxU,

VWX 4+ AywX = BAyX +9PpVVyX,

AvPX + HVywX —n(X)V = CAyX + wVVyX,

forall X,Y € T'(kerh,) and U,V € T'(ker h,)*.

Proof. Using equations (2.1), (2.2), (2.5), (2.8)-(2.11), we can easily get the equations (3.6)-(3.13).

Now, we define
(V)W = VWV pW — VYV WY,
(va)W = j‘va(UW— (UVVVW,
(VxC)Y = HVXxCY — CHVY,
(VxB)Y = VVxBY —BHVY,

for all V,W € I'(kerh,) and X, Y € I'(ker h,.)*.

(3.6)
(3.7)
(3.8)
(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14
(3.15
(3.16

)
)
)
(3.17)

Lemma 3.5. Let h: (M, @, (,m, gy) — (X, gx) be the quasi bi-slant Lorentzian submersion. Therefore, we get

(Vvo)W =BTy W — TvwW + gy (V, W)+ 2n(VIn(W)C +n(W)V,
(VV(D)W = C‘T\/W — (T\/IJ,)W,

(ch)Y = w.AxY—.AxBY,

(VxB)Y =0 AxY — AxCY + g (X, Y)G,

for all V,W € T'(kerh,) and X,Y € I'(ker h,)~*.
Proof. By the use of equations (3.6)-(3.9) and (3.14)-(3.17), Lemma 3.5 follows.
Now, in case tensors ¢ and w are parallel respecting to V at M, therefore
BTvW = TvwW — gy (V, W) —2n(VIn(W)L—n(W)V,

and
CTvW = Ty pW

for all V,W e T'(TM).

Theorem 3.6. Let h : (M, @, (,m,gn) — (X, gx) is the proper quasi bi-slant Lorentzian submersion. Therefore,

the invariant distribution D is integrable if and only if
gm(Tx @Y =Ty X, wQZ + wRZ) = —gm(VVx@Y = VVy X, $QZ +PRZ)
forall X,Y e T(D)and Z € (D1 @& D2® < ¢ >).
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Proof. For X,Y € T(D), and Z € T'(D; @ D2® < (¢ >), by the use of equations (2.1)-(2.5), (2.8), (3.1), and
(3.2), we have

g (X, Y], Z) = gm(VxeY, 0Z) — gm(VyoX, oZ) —m(Zn(VxY) +n(Zn(VyX),
= gm(Vx@Y, 0Z) — gm(VyoX, 9Z),
= gm(Tx@Y — Ty X, wWRZ+ wQZ) + gm(—VVyeX +VVx Y, YQZ +PRZ),

this proof is completed. O

Theorem 3.7. Let h : (M, @, (,m,gm) — (X, gx) is the proper quasi bi-slant Lorentzian submersion. Then the
slant distribution D1 is integrable if and only if

gn(TwwhZ — TzwhpW, U) = gy (TzwW — TwwZ, ePU +PRU) + gpi(HV zwW — HVwwZ, wRU)
forall Z,W € T'(Dy) as well as U € T(D & Do® < ¢ >).

Proof. For any Z,W € I'(D1) and U € I'(D @ D2® < ¢ >), we have
By the use of equations (2.1)-(2.5), (2.8), (2.9), (3.1), and (3.2) and Lemma 3.2, it is obtained that

g ([Z, W, U) = gm(eVzW, oU) — gn(@VwZ, oU),
= gm(VzeW, oU) — gn(VweZ, oU),
= gm (VY W, oU) + gn(VzwW, oU) — gy (VwbZ, oU) — g (VzwW, oU),
= 05?0195 (VzW, U) — cos? 01gn (VwZ, U) + gy (TzawpW — Ty wpZ, U)
+ g (HVzwW + TzwW, PU + PRU + wRU)
— g (HVwwZ + TwwZ, oPU + PpRU + wRU).

Now, we have

sin? 019 ([1Z, W1, U) = ga(TzawW — TywwZ, PU +PRU) + go (HV zwW — HVywwZ, wRU)
+ gm(TzwpW — TywwbZ, U),

This proof is completed. O

Similarly, the coming theorem is presented.

Theorem 3.8. Let h : (M, @, (,m, gn) — (X, gx) is the proper quasi bi-slant Lorentzian submersion. Therefore
the slant distribution D, is integrable if and only if

gjy[(Tywll)X - ‘watl)Y, Z) = gjv[(g'CVX(UY — iHVwa, (UQZ) + gjv[(‘.waY - (.Twa, (pPZ + wQZ)
forany X,Y € T(Dp) and Z e T(D @& D1 < ¢ >).

Proposition 3.9. Suppose h : (M, @,(,m,gm) — (X, gx) is the proper quasi bi-slant Lorentzian submersion.
Therefore the vertical distribution (ker h..) does not determines the totally geodesic foliation at M.

Proof. Suppose we have X € T'(ker h,) and Z € T'(ker h,)+, by the use of (2.4) we get
9m(VxG Z) = gm(eX, Z),

as g (X, Z) #0, so g (Vx(, Z) # 0 for some X and Z. Hence, (ker h,) is not defining a totally geodesic
foliation at M. 0
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Theorem 3.10. Suppose h : (M, @, (,n,gn) — (X, gx) is the proper quasi bi-slant Lorentzian submersion.
Therefore the distribution (ker h..)— < C > determines the totally geodesic foliation at M if and only if

g (TuPV + cos? 8;TuQV + cos? 0,Ty RV, X)
= —gMm(HVuwpQV +HVyuwpPV + HVywPpRV, X) g (TuwV, BX) — gm (HVywV, CX)

for any U,V € T'(kerh,)— < { > and X € T'(ker h,)*.

Proof. For all U,V € I'(kerh,)— < ¢ > and X € I'(ker h, )+, by the use of equations (2.2), (2.3), and (3.1),
we have

g (VuV, X) = gn(VuePV, oX) + gn(VueQV, ¢X) + gn(Vu @RV, ¢X).
Using equations (2.3), (2.10), (2.11), (3.1), (3.2), Lemma 3.2, and Lemma 3.3, we have

g (VuV, X) = gne(TuPV, X) 4+ cos? 019 (TuQV, X) + cos® 829 (TuRV, X)
+ gMm(HVuwPV + HVywhQV + HVywRV, X) + g (Vu (wPV + wQV + wRV), ¢X).

Since wPV 4+ wQV + wRV = wV and wPV = 0, thus we have

gj\/[(VuV, X) = g (TuPV + cos? 01TuQV + cos? 0,TuRV, X)
+ g (HVuwyPV + HVuwpQV + HVywipRY, X)
+ gni(TuwV, BX) + g (HVywV, CX),

this proof is completed. O

Theorem 3.11. Suppose h : (M, @, (,n,gn) — (X, 9gx) is the proper quasi bi-slant Lorentzian submersion.
Therefore, the horizontal distribution (ker h,)* does not demonstrates the totally geodesic foliation at M.

Proof. Suppose Z,V € T'(ker h,)*, and by the use of equation (2.4), we got

as gnt(V, @Z) # 0, therefore gy (VzV, ) # 0 for some V and Z. Hence, (ker h,)' does not demonstrates
a totally geodesic foliation at M. O

Proposition 3.12. Suppose h : (M, @,(,mn, gm) — (X, gx) is the proper quasi bi-slant Lorentzian submersion.
Therefore, the distribution D does not demonstrates the totally geodesic foliation on M.

Proof. For all U,V € I'(D), using equation (2.4), we got

gm(VuV, Q) = —gm(V, eU),

since gy (V, @U) # 0, s0 g (VuV, ¢) # 0 for some U and V. Hence D is not defining the totally geodesic
foliation on M. 0

Theorem 3.13. Suppose h : (M, @, (,n, gn) — (X, gx) is the proper quasi bi-slant Lorentzian submersion.
Therefore, the distribution D® < C > demonstrates the totally geodesic foliation if and only if

9nt(Tx@PY, WRZ + wQZ) = —go(VVx9PY, hQZ +YRZ),

and
In(Tx@PY, CV) = —g (VVx@PY,BV),

forall X,Y eT(D® < (>),Z=QZ+RZecT(D;®Dy)andV € T'kerh,) .
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Proof. For all X,Y € (D@ < ( >),Z = QZ+RZ € T(D;® D) and V € T'(ker h, )=, the use of equations
(2.1)-(2.5), (2.8), (3.1), and (3.2), gives

I (VxY, Z) = gm(Vx@Y, 9Z), = gm(VxePY, 9QZ + @RZ)
= g (Tx@PY, WRZ + wQZ) + g (VVx @PY, Y QZ + PRZ).

Now, again the use of equations (2.1)-(2.5), (2.8), (3.1), and (3.3), leads to
gm(VxY, V) = gn(Vx@Y, V), = gm(Vx@PY,BV + CV) = gy (VVx@PY, BV) + g (Tx @PY, CV),
this proof is completed. [

Proposition 3.14. Suppose h : (M, @, (,n, gm) — (X, gx) is the proper quasi bi-slant Lorentzian submersion.
Therefore the distribution D; does not defines a totally geodesic foliation at M, where i =1,2.

Proof. For any Z,V € I'(Dj), by the use of equation (2.4) we have
gn(VzV, Q) = —gm(Z ¢V),

since gnt(Z, V) #0, s0 gn(VzV, C) # 0 for some V and Z. Hence D; is not defining the totally geodesic
foliation at M, where i =1, 2. O

Theorem 3.15. Suppose h : (M, @, (,n,gn) — (X, 9gx) is the proper quasi bi-slant Lorentzian submersion.
Therefore, the distribution D1@® < > demonstrates the totally geodesic foliation if and only if

g (TzwpW, X) = —gm (TzwW, 9PX +PRX) — gt (HVzwW, wRX) +1(W)gm (Z, 9PX +PRX),
and
gM(HVzwpW, V) = —gn(HVzwW, CV) — g (TzwW, BV) +n(W)gn(Z,BV),
forall Z,W € T(D1® < {>),X€T(D@Dy)and V € I'ker h,)*.

Proof. For every Z,W € T(D1® < (>),X e T'(D@D;)and V € I'(ker h, )+, the use of equations (2.1)-(2.5),
(2.9), (3.1), (3.2), and Lemma 3.2 gives

gm(VzW, X) = gm(VzoW, ¢X) —m(W)gnm(Z, X)
= cos® 0190 (VZzW, X) + gt (TzawpW, X)
+ gn(TzwW, @PX +PYRX) + g (HVzwW, wRX) —n(W)gne(Z, PX +PRX).
Now, we have
sin® 0195 (VzW, X) = gt (Tzw bW, X) + g (TzwW, @PX + $RX)
+ gt (HVzwW, wRX) —n(W)gn (Z, PX +PRX).
Next, from equations (2.1)-(2.5), (2.9), (3.2), (3.3), and Lemma 3.2, we have
gm(VzW, V) = gn(VzoW, V) —m(W)gnm(Z, ¢V)
= gm(VZzYW, oV) + g (VzwW, V) —n(W)gnm(Z, ¢V)
= c0s” 0192 (VZzW, V) + g (HV zawhpW, V)
+ gm (HVzwW, CV) + gy (TzwW, BV) —m(W) g (Z, BV).
Now, we have
sin? 019 (VZW, V) = gt (HV zaw bW, V) + g (HV zwW, CV) + gat (TzwW, BV) —1(W)ga(Z, BV),

this proof is completed. O
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Similarly, we can easily prove the coming theorem.

Theorem 3.16. Suppose h : (M, @, (,n,gn) — (X, gx) is the proper quasi bi-slant Lorentzian submersion.
Therefore, the distribution Do® < > demonstrates the totally geodesic foliation if and only if

gt (TxwhY, Z) = g (TxwQY, 9PZ+ @RZ) + got (HVxwQY, wRZ) +n(Y) g (X, 9PZ +PRZ),
and
In(HVxwY, V) = =g (HVxwY, CV) — o (TxwY, BV) +n(Y) g (X, BV),
forall X,Y € T(Dy® < (>),Z€T(D@ D) and V € I'(ker h,)*.
By the use of Proposition 3.9 and Theorem 3.11 one can give the coming theorem.

Theorem 3.17. Suppose h : (M, @, (,n,gn) — (X, gx) is the proper quasi bi-slant Lorentzian submersion.
Therefore, the map h is not a totally geodesic map.

Example 3.18. Consider the differentiable manifold RM with coordinates (x1, ... ,x%,y!.....,y°,z) and base
field {E;, E5. 4, (} where E; = 26%-1,155“ =2 a?d —I—yla%), i=1,...,5 and contravariant vector field ¢ =

2%. Define Lorentzian almost paracontact structure on R!! as follows:

5

5
() (X aa +Ylaz )+zaa) Z Zx +ZY1y 5

i=1

1 o
—E(dz— ;yldxl),

5 5
1 . . . .
g=-nN®n-+ 4(; dx' ® dxl—i—;dyl@dy‘),

where X;,Y; and Z are C*® functions on R!. Then (R}, @, (,n, g) is the LP-Sasakian manifold. Suppose

R* is the Riemannian manifold with the Riemannian metric tensor field ggs defined as

4

1 . .
grse = Z ;(d\)l ® d\)l)

on R*, where (v!,v2,v3,v*) is local coordinate system on R%.

Let h: RM — R* is the map written as

2

h(x!,...,x ,yl....,yS,Z) = (x%,sin 01%° + cos O1x*, sinezy1 — Cos ezyz,y4)

that is quasi bi-slant Lorentzian submersion map which satisfies

T T . 0 , 30 0 40
X X2 = -

1= 6x1+y 3 5 cosel(a 3+y Py —) smel(a ity az)
_ d ) o

X3 = — +y°— X4 = cos0r—— +sin0

T TV # 7 cosBagyr T Bag e

S0 v _ 0

XS— ay3/ X6_ ay5’

_ Q)

Xy =(=2— (kerh,) = (D@D & D® < { >),
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where
_ ) 0 . 0
D=<Xs= 5 +y"+ X6 =35>
=% 6x5+y 0z’ °T o g
_ 0 5 0 . 0 4 0 _ 0
= = <~ ~— ) —sin0i(s— =) Xs = —= >,
D =< X, cosel(axs—i—y az) sin 1(ax4+y az) 5 NE >
Dy =<X;=— + 19 X4 = cos O o +sin 6 o >
2= 1= 540 Yy 3z’ 4 = 26y1 26y2 ’
_ )
<(>=< Xy =2— >,
0z
and
0 0 0 0 0 0
1 2 . 3 4
N — — —, V g e —_— - e N A ~_ )7
(kerhy)— =<V ax2+y P 2 = sin 1(ax3 +y az)‘i‘COS 1(ax4 +y az)
) 0 0
V3 = SII’IBZE —COS@Z@, V4 = 67134 >,

with bi-slant angles 6; and 0,. Also by direct computations, we obtain

d 0 d 0

* = A h* = Ao/ h* = A a2 h* .
W1 ovl V2 ov2 Vs ov3 Va ovt

Example 3.19. Consider R'! and R* has same structure as in Example 3.18. Suppose R* is the Riemannian
manifold with the Riemannian metric tensor field gg: defined as

4
1 . .
Rt = Z(dvl ® dv')

i=1

on R*, where (v1,v2,v3,v*) is local coordinate system on R% Let h: RM — R* be the map determined as

V3x! +x? y? —y*
hix!,....x° 0yl oy 2) = (XL y, =
( yeynz) = (5 v TR )
that is quasi bi-slant Lorentzian submersion map which satisfies
. 0 10 0 » 0 . 0 30 o 0 50
= | — — ) — —_— —_— X = — —_— X = — -
X1 (axl Ty az) va( 2 Y az)' 2= 58 TV T e TV
. 0 . 0 0 o 0
= — X = | — —_— X = —,
Xy oy’ 5 (6y3 + 694)’ 6= 3y
. 0
where
. 0 0 o 0
D=<X3=-=<+y"—, X = ,
M T TV G ©T oy
B 0 10 0 ) 0 o 0
Dl =< Xl (a 1 Yy aZ) \/g( aXZ az)/ 4 ayz >,
0 0 o 0 0
D == - - X = — 37 ,
2 <X5 (ay3+ay4)/ 2 ax3+y 6Z>
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and

d d d d d d d G
kerh )t =<V, =V3(—4+y'— )+ (=—=+1y*’—), Vo= —+y*—, Va=—1, V, =
(kerh, )t =< V; v§(6X14—y ) T Ga TV, Vemgatys v AL (

eyt

with bi-slant angles 6; = Z and 0, = Z. Also by direct computations, we obtain
& 6 ) y p

_ 0 _ 0
e M

It can be easily seen that Theorem 3.11, and Propositions 3.12 and 3.14 are satisfied by the Examples 3.18
and 3.19.

9 d
h.Vi =2—, h.V, hoVy = V2—-.
v

avl ’ h* v3
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