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Abstract

This work concerned with the oscillation of solutions of a class of second order delay dynamic equations with a sub-linear
neutral term. The obtained results essentially improve, complement and simplify a number of related ones in the literature.
Some examples are given to illustrate our main results.
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1. Introduction

The aim of this paper is to study the oscillation problem of a class of second-order non-linear dynamic
equations with a sub-linear neutral term

(r(0z2(1) " + q(xP(5(t) =0, t > to, (1.1)

where 0 < o« < 1,3 are ratios of odd positive integers and z(t) := x(t) + p(t)x*(t(t)). Throughout, the
following assumptions are satisfied.

(H].) TE C}.d([tOIOO)T/ (0/ OO)), R(t) = J‘IO %S)AS’ and ﬁ(t) - J‘io %AS

T(s
(H2) p,q € Crallto, 00)T,[0,00)) and q(t) is not eventually zero for sufficiently large t.
(H3) 7, & € Crallto, 00)r, T), T(t) < t, 8(t) < tand limy o0 T(t) = limy 00 8(t) = o0.

By a solution of (1.1), we mean a function x € Cy4[Tx, 00)1, Tx € [to, 00)T Which has the property
r(t)z2(t) € Cﬁd[Tx,oo)T and satisfies (1.1) on [Ty, o). We consider only those solutions x(t) of (1.1)
which satisfy sup[x(t)|:t € [Tx,00)r > 0 for all T € [Tk, 00)y. We assume that (1.1) possesses such
solutions. A solution of (1.1) is called oscillatory if it is neither eventually positive nor eventually negative;
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otherwise, it is termed nonoscillatory. Dynamic equations on time scales have an enormous potential for
applications in biology, engineering, economics, physics, neural networks, social sciences, and so forth.

In recent years, there has been a great interest in studying and establishing criteria for the oscillatory
and asymptotic behavior of various classes of dynamic equations on time scales, see; [3, 5, 7, 18, 23, 24, 27].

However, it seems that there are no known results for the oscillation of second-order dynamic equa-
tions with positive sublinear neutral terms. Also, in special cases T = R and T = Z there are a few
literature present sufficient criteria for the oscillatory behavior of second-order differential equations and
difference equations with positive sublinear neutral terms, see; [1, 4, 6, 12-16, 25].

For instance, in the particular case of (1.1) when T = R, Tamilvanan et al. [25] established sufficient
conditions for the oscillation of all solutions of a nonlinear differential equation

(alt) (x(t) +p(O)x*(T(1))) + q(t)xP (0(t) =0, t > to, (1.2)

where 0 < « < 1, and B are ratios of odd positive integers, under the assumption that ft a—) = o0o. The

authors in [13] studied a more general equation than (1.2) in the noncanonical case

(a(@W)") () +qt)xP(a(t) =0, t>t9>0, (1.3)

where y(t) := x(t) + p(t)x*(t(t)), under the condition A (tg) := fto a]Tds < o0. The authors in [16]
made a contribution to oscillation theory of neutral type delay differential equations

(a(t) (x(t) +p()x*(a(£)))Y) + q)xP(t(t) =0, t=>t

under the condition A (tg) : f t0 st < oo. The authors in [1] established sufficient conditions for
the oscillation of a class of second-order differential equations of the form

(r(t) (x(t) + p(O)x* (1)) + q(t)x(c(t) =0, t> to,

where z(t) := x(t) + p(t)x*(t(t)), under the assumptions that foo dt = 0o and foo dt) < 0.
When T = Z, in [12] Dharuman et al. concerned with the oscﬂlatory behavior of the nonlinear differ-
ence equation with a sub-linear neutral term

A (anA (xn +pnx%_y)) + anﬁﬂ,l =0,n > ny,

in the two cases } 1, (% =ocoand } 7 (T < oo.

In fact, equation (1.1) has numerous applications in mathematical, theoretical, and chemical physics;
see, e.g., it arises in a variety of real world problems such as in the study of p-Laplace equations non-
Newtonian fluid theory, the turbulentflow of a polytrophic gas in a porous medium, and so forth. So,
there has been much research activity concerning oscillatory behavior of various classes of differential
equations. We refer the reader to [2, 8, 19-21].

Motivated by this observation, our aim in this paper is to present sufficient conditions for the oscilla-

tory behavior of solutions of (1.1), under the conditions either

(o] 1 o0
J ——As = or J LAs < 00.
t, T(s) t, T(8)

The obtained results unify, improve and extend some results in the literature. In what follows, all func-
tional inequalities are assumed to hold eventually. Without loss of generality, we can deal only with
eventually positive solutions of (1.1).
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2. Main results

For simplicity, through this paper for some M > 0 and C > 0 we consider the following

L R(o(t)) )" 1 el RE(T(D) pB
QU =1-pi0) (Yt ) - P=1- T T i) = arupP(s(),
Lemma 2.1 ([26]). Assume that 3 > 1 and a,b € [0,00). Then
aP +bP > 2[5_1(a+b)f5.

Lemma 2.2 ([26]). Assume that 0 < p < 1and a,b € [0, 00). Then
aP +bP > (a+1b)b.

Theprem 2.3 ([10]). Assume that v: T — R is strictly increasing and T := v(T) is a time scale. Let y : T — R.
Ify2(v(t)) and v2(t) exist for t € T*, then

(yov)A(t) = yA(v(t)vA(1).
Where A denotes to the derivative on T.

First, we consider

1
LO @As = 00. (2.1)

In what follows, we present known results, which will be useful in the proof of our main results.

Lemma 2.4. Let (H1)-(H3) and (2.1) hold. If x(t) is an eventually positive solution of (1.1), then z(t) satisfies

M z(t) > 0,22(t) > 0, and (r(1)z2(1))* <0, t >t > to;

(II) ﬁ((?) is decreasing for t > t;.

Proof. Since x is an eventually positive solution of (1.1), then by (H2) and (H3) there exists t; € [tg, co)T
such that x(t) > 0, x(6(t)) > 0 and x(t(t)) > 0 for all t € [ty, o). Now, from (1.1) we have

A
(r()z2(1) " < —q(t)xP(5(t)). (2.2)
Hence (T(t)ZA(t)) is a nonincreasing function and is eventually of one sign. We claim that z2(t) > 0 for
all t € [ty, 00)T. If not, then there exists t, € [t;, co)t such that z*(t) < 0 for all t € [ty, 00). Since q is
not identical to zero for large t, we may assume that z2(t) < 0 for all t € [ty, 0o)r. From (2.2), we have

(r(t)z*(t)) < —c <0, forallt € [to, 00)T,
where ¢ := (1(t2)z%(t2)) > 0, then

—C

A
z= (1) gr(T)'

(2.3)

Integrating (2.3) on [tp,t) C [tp, o), we obtain

t

z(t) < z(tp) — CJ for all t € [tp, co)T.

As.
t, (s)’
Letting t — oo, then it follows from (2.1) that lim_, z(t) = —oco, which is a contradiction. Then

2(t) >0, z2(t) >0, and (r()z2(1)" <0, t>1 > to.
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To prove (II), since (I) holds, then for sufficiently large t;

Moreover, by using the last inequality, we get

<z(t) >A _ ZRMR() —2(HRA(E) _ r(t)z (HR(Y) —2(t) _
R(t)) R(t)R(o(t))  r(H)RMW)R(o(t))
This means that ]‘;((?) is decreasing for t > t; and completes the proof . O

The following theorem present oscillation criteria for (1.1) where 3 > 1.

Theorem 2.5. Assume that (H1)-(H3) and (2.1) hold, and 8* > 0. If > 1 and there exists a function \p(t) €
Cld([to, oo)T, (0, 00)), such that for sufficiently large to > t1, and for any M > 0,

1WA (s)(E(s) Jas -
4BMETy(s)sr(s) )

im sup | (w(s)q(s)Qﬁ(é(s))

t—o0 tr

(2.4)

holds, then (1.1) is oscillatory.

Proof. Let x(t) be a nonoscillatory solution of (1.1) on [tg, oo)t such that x(t) > 0,x(t(t)) > 0, and x(5(t)) >
0 for t € [t1, 00)T.
From (1.1), condition (2.1), and since (r(t)z2(t)) is non-increasing, we can obtain that

()22 (1) < 1(8(1)z2(8(1)), t =ty

Also since z2(t) > 0, so there exists a constant M > 0 such that z(t) > M for all large t > t;. From
definition of z(t), M and since z(t) is increasing, we get

x(t) = z(t) —p(t)x*(T(t)) = z(t) —p(t)z™(T(t)) = z(t) —p(t)z*(t) > (1 _p(t)zoc—ll(t)> z(t).
Since @ is decreasing, we get
1—x
) > (1—p(t) (Mricd) )z(t) > Q(Uz()
This with (1.1), leads to
[r(t)z%(0)]* < —q(1)QP (5(1)zP (5(1)). (2.5)

Define the Riccati substitution

Ar A Tlo(0)z2(o(t)) r(t)z2 (1)) 2
@0 =B o)) “”(”(zﬁ(s t)>> 06
_lpA(t)T(U(t))ZA(U(t))+¢(t) [r(6)z2 (1)]22B (8(1)) — r(t)z2 (1) (2B (5(1)))" '
28 (5(o(1))) 28 (5(1))2P (5(0(1)))
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Applying the Potzsche chain rule and Theorem 2.3, we get
A ! A1R—1 A A
(P (601)" = B4 | [=(60) + haulz5(014] " dn 25 (31485 1)
1
=p {J [(1—R)z(5(t)) + hpuz (8° (1))1P dh} Z2(8(1))8% (1)
0
> BzP 1 (57(1)) 22 (8(1))8% (1)
This with (2.6) and and taking into account that z2(t) > 0, and 52(t) > 0, leads to
A A Tlo(t)z% (o(t) [r(t)z2 ()4 A TB)Z2 ()22 (8(t)
T T A 0] R H CO)
Also, since (r(t)z2(t)) is non-increasing and from definition of w(t), we get
A A, Tlo(t)z% (o(t)) [r()z? ()14 A Tlo()z% (0(t)z2 (8(t))
W™ (t) <P (t) 2B(5(0(1))) +U(t) 28(5(0)) B (1)o7 (t) 2B+1(5(0(1))) an
r()zA (W14 | WAL Ay W) ZA(8(1) ’
ST ey T B et e
From (1.1) and (2.5) with (2.7), we obtain
YA (t) P(t)  z(8(t))
A . B _R8A
WA(1) < D (Dq(BQP(8() + grTrwlolt) - A R S Swla(). @8
Since (r(t)z2(t)) is non-increasing, we obtain
A r(o(t))z? (o(t))
z7(8(1)) = T 500)
This with (2.8), leads to
A 5 WA () a2
@A) < —b(0g(QP (5(1) + s w(o(t) B8 (1) e A o)
_ B VA B-15A v(t) )
<= W(0aQP(B(1) + g w(o(t) ~ BMPTIsA (1) et w o))
Applying the inequality
atl o ch+1
Bw—Aw « < (a1 1)°t1 A=’
. AL _ B-1sA b(t)
with B = 1|)(G(t))'A = pBMP—15 (t)r(é(t))wz(c(t))' we get that
A _ B 1 (WA (1)*r(8(t)
WA(1) < —b(DANQP() + g ey T (2.9)
By integrating (2.9) from ty(t; € [t1, 00)T) to t, we have
¢ 1 (W2(s))*r(3(s))
J| (w9010 01s)) — st ) s < i),
which contradicts (2.4). This completes the proof. O
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The following theorems present oscillation criteria for (1.1) where 0 < 3 < 1.

Theorem 2.6. Assume that (H1)-(H3) and (2.1) hold, and 82 > 0. For 0 < B < 1 if the first order delay dynamic
equation
w?(t) +KPq(t)QP (5(1))RP (5(t))w(5(t)) =0, (2.10)

is oscillatory for any M > 0, then (1.1) is oscillatory.

Proof. Let x(t) be a nonoscillatory solution of (1.1) on [tg, co)t such that x(t) > 0,x(t(t)) > 0, and x(5(t)) >
0 for t € [t;, 00)T. From (1.1), condition (2.1) and since (r(t)z2(t)) is non-increasing, we get

5(t)
(o) =2+ [ A sz s()Ris() 1
t r(S)
Proceeding as in the proof of Theorem 2.5, we get
[r(6)z2 (1)1 < —q()QP(5(1))2P (8(t)). (2.12)

Since % is decreasing, there exists a constant K > 0 such that

Z((?) <K, t>t >t. (2.13)

Using (2.13) and 0 < B < 1, then (2.12) takes the form
(r(0z2(0) " + KP1q()QP (5(1)RE(5(1)2(5(1)) <O, t> 1t > .
Using this with (2.11), we obtain
(r(©)22 (1)) + KP1g(1) QP (8(£))RP (5(t))r(5(1)z2(5(1) <0, t > tu. (2.14)
Define w(t) = r(t)z2(t) > 0. Then from (2.14), we have
w?(t) +KP1q(1)QP(8(1))RP (8(1))w(8(1) <0, t>ty, (2.15)

where w(t), is a positive solution of the first order delay dynamic inequality (2.15). By [17, Theorem 3.1],
equation (2.10) also presents a nonoscillatory solution. This contradiction proves that (1.1) is oscillatory.
O

Theorem 2.7. Assume that (H1)-(H3) and (2.1) hold, and 6 > 0. If 0 < B < 1 and there exists a function
P(t) € Cid([to, oo)T, (0, 00)), such that for sufficiently large to > t1, and for any M > 0,

(1-a)PpPE(t)] 1 (W2(s))r(8(s))
MP 4 BMB~1p(s)54(s)

limsupJ (ﬂ)(t)q(t) [(1—0613(5(’5)))6 -

t—o0 t2

) As =00, (2.16)

holds, then (1.1) is oscillatory.

Proof. Let x(t) be a nonoscillatory solution of (1.1) on [tg, co)t such that x(t) > 0,x(t(t)) > 0, and x(5(t)) >
0 for t € [ty, c0)t. From (1.1), condition (2.1), and since z2(t) > 0, so there exists a constant M > 0 such
that z(t) > M for all large t > t;. From definition of z(t), and by using Lemma 2.1, we get

x(t) = z(t) — p(tx*(t(t)) >z(t) —p(t)z%(T(t))
>z(t) —p(t)z%(t)
zz(t) —p(t) (z%(t) —=1) —p(t)
zz(t) —ap(t) (z(t) —1) —p(t) = (1 —ap(t))z(t) — (1 — a)p(t)
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This leads to
(x(8(1)) + (1 —a)p(8(t))P = (1—ap(8(1)))P2P (5(1)).

Using Lemma 2.2, we get
xP(5(t) = (1—ap(8(1))P2P (5(1) — (1 — ) PpP (5(1)). (2.17)

From (1.1) and (2.17), we get

(r(0z2(1)" < —q(t)(1 - ap(5(t)))P P (5(t)) + q(t)(1 — ) PpP (5(1)). (2.18)

Define the Riccati substitution
r(t)z2 (1)

w(t) =P(t) 2B (3(1)) > 0.

Similarly as in the proof of Theorem 2.5, we obtain

(t)ZA(t)]AJr} (WA (1)*r(3(t))
zP(8(o(t))) 4 BMB=Dp(t)54(t)

w(t) < P(t)

This with (2.18), leads to

Ay - s (11— oc)ﬁpﬁts(t))> 1 (AR)*(5)
w3(0) < ~(tla(t) (1 - ap(5(0) v e @19
By integrating (2.19) from t;(t2 € [t1, 00)T) to t, we have
t — x)Bph A(e))2
- s (1—a)Pp (m))] 1 (WA(s)*r(8(s)) >
J, (wtiaco [ apioten) o s A < i)
which contradicts (2.16). This completes the proof. O
Now, we consider o 1
Jto @AS < 0. (220)
First, we establish an oscillation criterion when 3 > 1.
Theorem 2.8. Let 3 > 1. Assume that (H1)-(H3) and (2.20) hold, and lim_,, p(t) = 0. If
. t 5 1 -
hrtrl)s;ip Lz <(p(s)R(0(s)) — 4BC51T(3)1§B(0(3))>AS = 00, (2.21)

holds for any C > 0 and sufficiently large to > ty, then (1.1) is oscillatory.

Proof. Let x(t) be a nonoscillatory solution of (1.1) on [tg, co)t such that x(t) > 0,x(t(t)) > 0, and x(5(t)) >
0 for t € [t1, 00)r. From (1.1) and condition (2.20), we get

(r(t)z*(1)* <0, (2.22)

which means that (v(t)z?(t)) is non-increasing and implies two cases: case (I) z2(t) > 0, or case (II)
z2(t) < 0. Therefor lim; o z(t) = lim¢ 00 X(t) +p(t)x*(T(t)) = lim¢_s00 x(t), since lim¢_,o p(t) = 0.
Now, we consider case (I). Since z2(t) > 0, then there exists a constant d > 0, such that

x(t) > x(t(t)) >d, for t> 1, (2.23)

from (1.1), (2.23), we get
r()z2(t)2 +qt)dP <0, t>t. (2.24)
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Integrating (2.24) from t; to t, we get
t
r(1)z2(t) —r(t1)z? (ty) + dP J q(s)As < 0. (2.25)
t
But [ q(s)As = oo which with (2.25) leads to
lim r(t)z2(t) = —oo,
t—o00
which is a contradiction with the eventual positivity of (r(t)z(t)).
Next, we consider case (IT). Define
() T(1)z2(1)
P T T
Then w(t) < 0 for t > t;. From (2.22), we get
2w < 22w, wste oo
r(u)
By integrating from t to j, we get
z(j) — z(t) < r(t)Z2(t) JJ b
] S crw
and by letting j — oo, leads to
T(1)z2 (1) A
1K .
1< 200 R(t), (2.26)
with definition of w(t), we get
w(t)R(t) > —L'"B,  where L=z(t;)>0. (2.27)
On the other hand, we can use (2.26) to obtain
(2 )A R —zrsw R g
R(t) R(t)R(a(t)) T RMR(er) T
so,
2(o(t) _ z(x(t) 228)
R(o(t)) = R(t(t))
Since z(t) = x(t) + p(t)x*(T(t)), we get
x(t) = z(t) —p(t)x*(T(t)) > z(t) —p(t)z*((t))
This with (2.28) and taking into account z(t) < 0, leads to
R*(t(t)) RE(T(t)) o1
K1) 3 201) — plt) g 2 0(0) > (1= ple) g 0 2 (ot ) 26t 229)
R (o(t)) R (o(t))
. z(t) ) . . . .
Since RO is positive and increasing, we get
o) o 2t o 2 oo ysy, (2.30)
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z(o(t)) > CR(o(t)), t=>t. (2.31)
From (2.29) and (2.31), we get
a1 o RE(T(D)) B
x(t) > <1 C*¥ p(t) R(o(D) >z(t) = P(t)z(t) (2.32)
From (1.1) and (2.32), we get
(r(0)z%(1)* =— q(t)xP (5(t))
_ Y B
< —q(t)PP(8(t))z" (8(t)) 2.33)
<—q()PP(5(1)zP (1)
<—q()PP(3(1))zP (o(1) := —@(t)zP (a(1))
Now, from definition of w(t), we get
Ay (TDZ2(0)22P (1) —r()22 (D) (P (1) (r(0)22 (1) r(B) (22 (1)?
Wt = P 0)2P (o(1) S TG Py &Y
Also, since z2(t) < 0 this with (2.30) and (2.34), we obtain
A (r(H)z2 (1) (A1) (r(D)z2 (1) s 1RETI(Y)
VS TG P S ) PC T @
By using the last inequality with (2.33), we conclude that
WA (1) < —p(t) — pCB RO gy 2.35)
T(t)
By using (2.35), we obtain the following
5 A _ HA 5 A HA A [5_1]A2 (o(t)) -
(RH)w(t))® =R7(Hw(t) + R(o(t)) w™(t) < R (t)w(t) — @(t)R(o(t)) — BC S (t)
Applying the inequality
w1 o Bochl
Bw_AwO‘ <(O{+l)o‘+l Ao‘/
. 5A B—1 ﬁﬁ(c(t))
with B =R2(t), A =pC S where « =1, we get that
A A_ . T(t)(RA(1))2 _ N 1
R)w()* < ~@(OR(O(0) + g ar s < 0RO + oo (236)
By integrating (2.36) from t; € [t1, 00)T to t, in view of (2.27) we have
t \ 1 1B L b
LZ <@(5)R(0(5)) - 4[5CB—1r(s)fzﬁ(c(s))> As < L7P +R(tr)w(ty) < oo,
which contradicts (2.21). This completes the proof. O

Letting 3 = 1, Theorem 2.8 yields the following result.
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Corollary 2.9. Let 3 = 1. Assume that (H1)-(H3) and (2.20) hold, and lim_,, p(t) = 0. If

: t 5 1 B
11rtn_>solip Lz (q(s)P(é(s))R(G(s)) — W)As = 00, (2.37)

holds for sufficiently large to > to, then (1.1) is oscillatory.
Now, we establish an oscillation criterion when 0 < 3 < 1.

Theorem 2.10. Let 0 < o < 1 and 0 < 3 < 1. Assume that (H1)-(H3) and (2.20) hold, and lim_,, p(t) = 0. If

1

———— |As = o0, 2.38
(())>S°° (2.38)

1imsupj (Lq(s)Pﬁ(s)ﬁ(G(s)) — (IR0 (s

t—o0 t2
holds for some L := KP~1 > 0 and sufficiently large to > to, then (1.1) is oscillatory.

Proof. Let x(t) be a nonoscillatory solution of (1.1) on [tg, co)t such that x(t) > 0,x(t(t)) > 0, and x(5(t)) >
0 for t € [t;,00)r. From (1.1) and condition (2.20), we have two cases: case (I) z*(t) > 0, or case (II)
Z2(t) < 0.

Case (I) is similar as in the proof of Theorem 2.8.

Now, we consider case (II). Since z(t) < 0, and lim_, o z(t) = lim¢_, x(t), then we have two possibil-
ities: either lim{_,o, z(t) = d; > 0 or lim{_,« z(t) = 0. First case implies that lim_,o x(t) = dj, so there
exists a constant d; > 0 such that x(t) > d,, which leads to a contradiction as in case (I). Now, for the
second case we define

This case implies that
0<z(t) <N, where N:=LV{B=1D " for t > . (2.39)

Now, proceeding as in the proof of Theorem 2.8, from (2.33) and (2.39), we obtain that

(r()z%(1))* < —q()PP(1)2P (1) (LPP ()P (t)z(0(t))
1

—q
—q(t)PP()NP~Tz(a(t)) = —Lq(t)PP(t)z(a(t)).

Now, as similar as in Theorem 2.8, we get

(R()w (1) < —Lq(t)PP(H)R(0(t)) + m- (2.40)
By integrating (2.40) from t;(t2 € [t1, 00)1) to t, in view of (2.26) we have
t A 1 .
J| (LaPPR(ets) - g ) s < 14 RitJaa) <o,
which contradicts (2.38). This completes the proof. O

3. Examples

Example 3.1 ([25]). Assume T = IR. Consider the second order neutral differential equation

!/

<t <x(t) + 1x1/3(t/2)) > +tx3(t/2) =0, t>1, (3.1)
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where o« = 1/3,8 =3, r(t) =t, p(t) = 1, q(t) = t, T(t) = §, and 5(t) = &. It is clear that j:; Lds =

T(s)

J7°1ds = oo, then for M =1 and (t) = t we can apply condition (2.4) that becomes

3
lirtrisolip UI (sz <1 — i) — logéz/Z)) ds] = 00.

So it is clear that (3.1) satisfies all conditions of Theorem 2.5, then equation (3.1) is oscillatory.

Example 3.2. Assume T = R. Consider the second order neutral differential equation

(x(t) + 1x1/3(t/2)> + t4%xw(t/m =0, t=>0, (3.2)

T(s)

a .
where «x = 3 =1/3, r(t) =1, p(t) = %, q(t) = G and t(t) = &(t) = % It is clearly that ffj Lds =
fgo ds = oo, then for M =1 and {(t) =t we can apply condition (2.16) that becomes

t [ q 2\ 4N\l 3
li —(1==) —(= — 2 |ds=
Htrfolip J t, \ t1/3 < 3t> <3t> 2t ds = oo,

for a > 0, it is clear that equation (3.2) satisfies all conditions of Theorem 2.7, then equation (3.2) is
oscillatory for a > 0.

Example 3.3 ([12]). Assume T = Z. Consider the second order neutral difference equation

1 13 2n+1
A ((n+ DA (xn + nxn2>) + <4n+ 10 + M) Xiig) =0, n>1, (3.3)

where x =1/3,3 =3, Th =n+1,pn = %, gn =4n+10+ nZ(TT‘:Lll),Tn =n—2,and 6, = n—3. Itis clearly

that 3 % ﬁ =7 %H = 00, then for M =1 and {,, =1 we can apply condition (2.4) that becomes

S
3
, o 2s+1 1 /Reiq )3 B
lim sup {Zl ((4S+10+s(s+1)) (1—5( 5 ) — o0,

So it is clear that (3.3) satisfies all conditions of Theorem 2.5, then equation (3.3) is oscillatory.

Example 3.4 ([25]). Assume T = IR. Consider the second order neutral differential equation

<t2 <x(t) + tz]z(;“x“ <;>> ) +Ax(t) =0, t

where pg > 0, A > 0,and 0 < « < 1. Here, we have B = 1, 7(t) = t2, p(t) = t;ioz(x,

and 6(t) = t. It is clearly that fij %S)ds =7 éds < 00, then for C =1 we can apply condition (2.37) that

becomes
, CLA po (3)° 1
hir;s:ip “1 <s (1— T (%) I ds| = (4N —1)co.

So it is clear that (3.4) satisfies all conditions of Corollary 2.9 for A > %, then for A > % equation (3.4) is
oscillatory.

WV

1, (3.4)

q(t) = A, T(t) = 3,
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Example 3.5 ([4]). Assume T = Z. Consider the second order neutral difference equation

_ 1 13 1/3
A <n(n+ 1)A™ ! (xn + nxn/2>> —|—nxn/_1 =0, n>2 (3.5)
where m=2, a=pf=1/3, 1, =n(n+1), pn = %, gn =M, Tn =N —2, and 0, = n—1. It is clear that
P ﬁ =3 m < 00, then for L =1 we can apply condition (2.38) that becomes
N L1313
. 1 (Tz) 1
lim sup Z s|1———" 75— —— = 00.
n—o0 s=2 § (m) 4s

So it is clear that (3.5) satisfies all conditions of Theorem 2.10, then equation (3.5) is oscillatory.

Remark 3.1. It would be interesting to establish sufficient conditions for the oscillatory behavior of solu-
tions to (1.1) when z(t) = x(t) —p(t)x*(7(t)). Many studies have been devoted to the oscillatory behavior
of solutions to different classes of equations with negative neutral coefficients, see [9, 11, 22].
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