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Abstract

The purposes of this paper are to introduce generalizations of the right chain ordered semigroups to the context of the right
chain ordered semihypergroups. Furthermore, we present the concepts of prime, completely prime, semiprime, and completely
semiprime right hyperideals of ordered semihypergroups. We also introduce the idea of associated prime right hyperideals.
Moreover, we give some characterizations of prime, completely prime, semiprime, and completely semiprime right hyperideals
of ordered semihypergroups. Finally, we obtain necessary and sufficient prime right hyperideal conditions to be a semiprime
right hyperideal.
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1. Introduction

The notion of ordered semihypergroups introduced by Heidari and Davvaz [9] in 2011, which is a
generalization of ordered semigroups. In 2014, Changphas and Davvaz [1] introduced and studied the
notion of right simple elements in ordered semihypergroups as a generalization of right simple elements
in ordered semigroups. In 2015, Ghazavi et al. [6] introduced and studied the notion of prime hyper-
ideals in ordered semihypergroups as a generalization of prime ideals. A proper hyperideal I is called
prime if Ao B C P implies that A C P or B C P for any hyperideals A and B of ordered semihypergroup
S. In [12], Tang et al. introduced and studied the notion of completely prime hyperideals in ordered
semihypergroups. A hyperideal I of an ordered semihypergroup S is called completely prime if for any
X,y € S such that xoy NI +# (), then x € [ ory € I. Davvaz et al. [3] introduced and studied the notion of
homomorphism theory of ordered semihypergroups. In 2016, Gu and Tang [7, 8] introduced and studied
the notion of ordered regular (strongly ordered regular) equivalence relation in an ordered semihyper-
group. In 2017, Tang et al. [13] introduced and studied the notion of hyper S-posets over an ordered
semihypergroup. Omidi and Davvaz [10] introduced and studied the notion of k-hyperideals in ordered
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semihyperrings as a generalization of k-hyperideals. In [15], Tang and Xie introduced and studied the no-
tion of weakly prime, quasi-prime, quasi-semiprime and weakly quasi-prime left hyperideals in ordered
semihypergroups. Omidi et al. [11] introduced and studied the notion of simple ordered semihyper-
groups. In 2018, Farooq et al. [4] introduced and studied the notion of int-soft generalized bi-hyperideals
in ordered semihypergroups. Tang et al. [14] introduced and studied the notion of order-congruences
and strong order-congruences in ordered semihypergroups. Changphas et al. [2] introduced and studied
the notion of right chain ordered semigroups.

Motivated and inspired by the above works, the aim of this paper is to extend the concept of chain
ordered semihypergroups in multiplicative hyperrings given by Changphas et al. [4] to the context of right
chain ordered semihypergroups. Furthermore, we introduce the concepts of prime, completely prime,
semiprime and completely semiprime right hyperideals of ordered semihypergroups. We also introduce
the concept of associated prime right hyperideals. Moreover, we give some characterizations of prime,
completely prime, semiprime and completely semiprime right hyperideals of ordered semihypergroups.
Finally, we obtain necessary and sufficient conditions of prime right hyperideal in order to be a semiprime
right hyperideal.

2. Preliminaries

A mapping o : S xS — P*(S), where P*(S) denotes the family of all non empty subsets of S, is
called a hyperoperation on S. An image of the pair (x,y) is denoted by x oy. The couple (S, o) is called
a hypergroupoid. A hypergroupoid (S, o) is called a semihypergroup if o is associative, that is x o (yoz) =
(xoy) oz for every x,y,z € S. If x € S and A, B are non empty subsets of S, then we denote Ao B =

U aob,xoB ={x}oB and A ox = A o{x}. Clearly, if (S, o) is a semihypergroup, then U xoa=
acA,beB acyoz

U bozforall x,y,ze€S.

bexoy
We now recall the notion of ordered semihypergroups from [9].

Definition 2.1 ([9]). An algebraic hyperstructure (S, o,<) is called an ordered semihypergroup if (S, o) is
a semihypergroup and (S,<) is a partially ordered set such that: for any x,y,a € S,x < y implies
aox<aoyandxoa<yoa.

If A,B € P*(S), then we say that A < B if for every a € A there exists b € B such that a < b see [15].
In particular, if A = {a}, then we write a < B instead of {a} < B. Clearly, every ordered semigroup can be
regarded as an ordered semihypergroup. Also see [12]. Throughout this paper, unless stated otherwise,
S stands for an ordered semihypergroup.

Definition 2.2 ([9]). Let A be a non empty subset of an ordered semihypergroup S is called a subsemihy-
pergroup of Sif Ao A C A.

For a subsemihypergroup A of an ordered semihypergroup S and a subset B of A, we denote by (B]a
the subset of A defined by (B]a ={a € A : a < b for some b € B}. In particular, for A = S, we write (B]
instead of (B]s. Clearly, (B] ={a € S: a < b for some b € B}.

Lemma 2.3 ([9]). Let S be an ordered semihypergroup and () # A, B C S. Then the following statements hold.

1. A C (Al and ((A]]l = (Al
If A C B, then (A]Q(B

L

((Alo (Bl = ((A = (Ao(B]] = (AoB]
(A] o (B] Q(A ( ]oBC (AoBland Ao (B] C (AoB].
- x

((A™]™] " forallm,n € Z".
Foranyx,y € Sifx <y, then (x o A] C (yo Al and (Aox] C (Aoyl.

SN o
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Lemma 2.4. Let S be an ordered semihypergroup. If {Ai}i € 1is a family of non empty subsets of S, then

<U Al € | (A and (ﬂ Al € (AL

iel iel iel iel

Proof. The proof is straightforward. O

Definition 2.5 ([9]). A non empty subset A of an ordered semihypergroup S is called a left (resp. right)
hyperideal of S if

1. SoA C A (resp: AoS C A);

2. foreverys € S,ac Aifs <a,thenseA.

Clearly, A is a left hyperideal (right hyperideal) of an ordered semihypergroup S if and only if So A C
A (resp: AoS C A) and (A] = A. If A is both a left and a right hyperideal of S, then it is called a (two-sided)
hyperideal of S [9].

Lemma 2.6 ([15]). Let S be an ordered semihypergroup and let {A; : i € I} be a family of left hyperideals (resp.
right, hyperideal) of S. Then the following statements hold.

1. U A is a left hyperideal (resp. right, hyperideal) of S.
iel

2. ﬂ Ai(# 0) is a left hyperideal (resp. right, hyperideal) of S.
i€l

Lemma 2.7 ([9]). Let S be an ordered semihypergroup and () = A, B C S. Then the following statements hold.

1. If A, B are left hyperideals (resp. right, hyperideal) of S, then (A o B is a left hyperideal (resp. right,
hyperideal) of S.

2. For any non empty subset C of Sif A < B, then CoA < CoBand AocC <BoC.

Proposition 2.8. If I is a right hyperideal of an ordered semihypergroup S, then (X o1l is a right hyperideal of S
where ) = X C S.

Proof. Let x € X,r € Sand a € I. Then (xoa)or =xo(aor) C Xol C (XoI]. Hence (XoI] is a right
hyperideal of S. O

Proposition 2.9. Let I be a left hyperideal of an ordered semihypergroup S. If | is a right hyperideal of S, then
(Lo X o]l is a hyperideal of S where ) # X C S.

Proof. Letx € X,r,s€Sandac,be]. Thenro(aoxob)or=(roa)oxo(bos) CIoXo]JC (IoXo]l.
Hence (IoXo]]is a hyperideal of S. O

An element e of an ordered semihypergroup S is called a scalar identity element of Sif eos ={s} =soe
for any s € S. An element 0 of S is called a scalar zero element of S if 0os ={0} =0os for any s € S. We
shall use the notation S° with the following meaning:

S0 _ S, if S has a scalar zero element,
| Su{0}, otherwise.

Here is an example of a scalar identity element in an ordered semihypergroup.

Example 2.10. Let S ={a, b, ¢, d} with the operation o and the order relation < below:

o ‘ a b C d
a | {a} {b} {c} {d}
b | {b} S {b,c,d} {b,c d}
c | {c} {b,c d} S {b,c d}
d|{d} {b,c,d} {b,c d} S
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<={(a,a),(b,b),(c,c),(d,d),(a,b),(a,c),(a d) (c,b)} It is easy to see that a is a scalar identity element
of an ordered semihypergroup S.

Here is an example of a scalar zero element in an ordered semihypergroup.
Example 2.11. Let S ={a, b, ¢, d} with the operation o and the order relation < below:

‘ a b C d
{a}  {a} {a} {a}
{a}  {b} {ac} {a}
{a}  {a} {a} {a}
{a} {a,d}  {a} {a}

<= {(a,a),(b,b),(c,c),(d,d),(ab),(ac) (ad) (c,b),(db)}. Itis easy to see that a is a scalar zero
element of an ordered semihypergroup S.

Q. n T o0

Corollary 2.12. If S is an ordered semihypergroup with scalar identity and () # X C S, then

1. (X o S] is a right hyperideal of S containing X;
2. (SoX] is a left hyperideal of S containing X;
3. (SoXoS]isa hyperideal of S containing X.

Proof. 1. By Proposition 2.8, (X o §] is a right hyperideal of S. Clearly, X = Xoe C XoS C (XoS]. Hence
(X0 S] is a right hyperideal of S containing X.
2 and 3 can be proved similarly. O

3. Hoehnke hyperideals

Let P be a proper right hyperideal (hyperideal) of an ordered semihypergroup S. Then P is called
prime right hyperideal (hyperideal) if for any right hyperideals (hyperideal) A,B of S,A o B C P implies
A C Por B C P,and P is called completely prime right hyperideal (hyperideal) if for any elements a, b of
S,aob C P implies a € P or b € P. Also, P is called semiprime right hyperideal (hyperideal) if for any
right hyperideal (hyperideal) A of S,A? C P implies A C P, and P is said to be completely semiprime right
hyperideal (hyperideal) if for any element a € S, a®> C P implies a € P.

Remark 3.1. From the above definitions we obtain immediately the following implication chart for the
considered types of right hyperideals (hyperideal):

completely prime = completely semiprime

¥ ¢

prime = semiprime
The following example shows that the converse of Remark is not true.
Example 3.2. Let S ={a, b, ¢, d} with the operation o and the order relation < below:

a b C d
{a,d} {a,d} {a,d}  {a}
{a,d}  {b} {a,d} {a d}
{a,d} {a,d}  {c} {ad}

{a} {a,d} {a,d} {d}

<={(a,a),(b,b),(c,c),(d,d),(ab),(ac),(dc) (db)} Clearly, (S,o,<) is an ordered semihypergroup.
With a small amount of effort one can verify following.

1. {a,d},{a,b,d} and {a,c, d} are all right hyperideals of S.

an oo olo
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2. Itis easy to see that {a, d} is a semiprime right hyperideal of S, but it is not a prime right hyperideal
of S. Indeed: {a,b,d}o{a,c,d} C {a,d}, but{a,b,d} Z {a,d} and {a,c,d} Z {a, d}.

3. Clearly, {a, d} is a completely semiprime right hyperideal of S, but it is not a completely prime right
hyperideal of S. Indeed: doc C {a,d}, but d ¢{a,d} and ¢ ¢ {a, d}.

We continue this section with the following lemma.

Lemma 3.3. Let P be a completely prime right hyperideal of an ordered semihypergroup S. If A, B C S such that
AoBCS, then ACPorB CP.

Proof. Leta € Aand b € B. Then aob € Ao B C P. Since P is a completely prime right hyperideal of S,
wehave a € Porb € P. Hence ACPor B CP. O

Corollary 3.4. Let P be a completely semiprime right hyperideal of an ordered semihypergroup S. If A C S such
that A*> C P, then A C P.

Proof. Similar to the proof of Lemma 3.3. O

The following theorem show that a hyperideal P of an ordered semihypergroup S with scalar identity
is completely prime right hyperideal of S if and only if P is prime and completely semiprime right
hyperideals.

Theorem 3.5. For a hyperideal P of an ordered semihypergroup S with scalar identity, the following conditions are
equivalent.

1. P is completely prime right hyperideal of S.
2. P is prime and completely semiprime right hyperideals.

Proof. First assume that P is completely prime right hyperideal of S. Hence it follows from Lemma 3.3
that P is prime and completely semiprime right hyperideals.
Conversely, assume that (2) holds. Let a and b be any elements of S such that acb C P. By Lemma
2.3,
(boSoa>=(boSoalo(boSoal C(boSo(aob)oSoal C(SoPoS]C (P]=P.

Since P is a completely semiprime right hyperideal of S, we have (boSoa] C P. Clearly, boSoa C P.
Thus (boSJo(aoS] C (boSoaoS] C (PoS] C (P]=P. By assumption, a € (aoS] CPorbe (boS] CP.
Therefore P is a completely prime right hyperideal of S. O

Next, we proved that every hyperideal P of an ordered semihypergroup S with scalar identity is
completely prime hyperideal of S if and only if P is prime and completely semiprime hyperideals.

Theorem 3.6. Let P be a hyperideal of an ordered semihypergroup S with scalar identity. Then P is completely
prime hyperideal of S if and only if P is prime and completely semiprime hyperideals.

Proof. The necessity is clear. Now let us show the sufficiency. For a,b € S such that aob C P, by Lemma
2.3,

(SoboSoaoS]>=(SoboSoaoS]o(SoboSoaoS] = (SoboSo(aob)oSoaoS] C (SoPoS]C (Pl =P.

Since P is a completely semiprime hyperideal of S, we have (SoboSoaoS] C P. Clearly, (SoboS]o
(SoaoS] CP.Byassumption, a € (ScaoS] CPorbe (SoboS] CP. Therefore P is a completely prime
hyperideal of S. O

The following concept will be useful in constructing prime and semiprime right hyperideals of or-
dered semihypergroups. For any proper right hyperideal A of S we define the Hoehnke hyperideal of S
associated with A to be a set
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Ha(S)={seS:r¢g(rosoS]forallt€S—A}

If A is a proper ideal of a semigroup S, then the Hoehnke ideal coincides with the set HA(S) ={s € S:
T & 1sS for all r € S — A} which was defined and studied in [5]. Moreover, If A is a proper right ideal of
an ordered semigroup S, then the Hoehnke ideal coincides with the set HA(S) ={s € S: v ¢ (rsS] for all
r € S — A} which was defined and studied in [2].

Theorem 3.7. Let S be an ordered semighyperroup. Then the following statements hold.

1. If A and B are proper subsets of S and A C B, then Ha(S) C Hg(S).
2. If A and B are proper subsets of S, then HaA(S) NHg(S) = Hans(S).
3. If A and B are proper subsets of S, then Ha(S) UHB(S) C Haus(S).

Proof.

1. Let a be an element of S such that a € HaA(S). Thenr ¢ (roaoS] forallr € S— A. Since A C B, we
have S—B C S—A. Clearly, r ¢ roao S for all r € S —B. Therefore a € Ha (S) and hence Ha (S) C Hg(S).

2. By (1), it is easy to see that HAng(S) € Ha(S) N Hg(S). Suppose that HA(S) " Hg(S) € HanB(S).
There exists a € HA(S) N Hg(S) such that a € Hang(S). Thenr € roaoS for some r € S— AN B. Since
S—(ANB)=(S—A)U(S—B),wehave a & Ha(S) or a & Hg(S), a contradiction. Hence Ha (S) N Hg(S) C
Hang(S)-

3. It is straightforward. O

Lemma 3.8. Let A be a proper right hyperideal of an ordered semihypergroup S. If HaA(S) # 0, then HA(S) is a
proper hyperdeal of S.

Proof. Let a,s; and sy be any elements of S such that a € HA(S). Thenr ¢ (roaoS] forallr € S—A.
Suppose that s;oaosy  Ha(S). Then there exists r € S— A such that r € (ro(s;oaosy)oS]. Clearly,
rosy C (ro(sjoaosy)oSloS C ((rosj)oaoS]. Sincer ¢ (roaoS]forallr € S—A, we have ros; C A.
Therefore r € (ro(sjoaosy)oS] C (AoaosyoS] C (A] = A, a contradiction. Then Ha (S) is a hyperdeal
of S. If HA(S) =S, then a € HA(S) for all a € S. It follows that v & (roaoS] for all r € S — A. Consider
r¢ (roaoS] C (roSoS] C (S] =S, a contradiction. Hence Ha (S) # S. O

Corollary 3.9. If A is a proper right hyperideal of an ordered semihypergroup S°, then Ha (S°) is a proper hyperdeal
of S°.

Proof. Let r be an elements of S°. It is easy to see that (r o0o SO] = ({0} C (0oal] C(A]=AforallacA.
Thus r ¢ (ro00S% forall r € S° — A. This implies that 0 € Ha (S°) # 0. Therefore by Lemma 3.8, Ha (S°)
is a proper hyperdeal of S°. 0

Below we extend [2] to ordered semihypergroups, showing in particular that indeed Ha(S°) is a
semiprime hyperideal of an ordered semihypergroup S°.

Theorem 3.10. Let A be a proper right hyperideal of an ordered semihypergroup S° with scalar identity. Then the
following statements hold.

1. For any right hyperideal B of S°, B C Ha (S®) if and only if s & (s o B] forall s € S —

2. Ha(S%) is a semiprime right hyperideal of S°.
3. If A is a left hyperideal of S°, then A C Ha (S?).

Proof.

1. First assume that B is a right hyperideal of S° such that B C Ha(S"). Assume that s € (soB] =
(soBoe] C (soBoSY foralls € S°—A. Since B C Ha(SY), we have r & (roBoS? forallt € S°—A, a
contradiction. Hence s ¢ (soB] for all s € S — A.
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Conversely, assume that s ¢ (soB] for all s € S — A. Let b be any element of S° such that b € B.
Since B is a right hyperideal of S°, we have bo S° C Bo S® C B. It is easy to see that (sobo S| C (soB].
Clearly, s ¢ (soboSY]. Therefore b € Ha(S°) and hence B C Ha (SY).

2. By Corollary 3.9, Ha(S?) is a proper right hyperideal of S°. Let B be a right hyperideal of S° such
that B2 C Ha(S%). Suppose that B € Ha(S?). Then by (1), s € (soB] for some s € S — A. Clearly,
s € (soB] C ((soBJoB] = (soBoB] = (soB?] C (soHa(S%]. Thus by (1), s € A, a contradiction.
Therefore B C Ha (S°) and hence Ha (S°) is a semiprime right hyperideal of S°.

3. Lets € SO —A. If s € (soA], thens € (soA] C (SoA] C (A] = A, a contradiction. Therefore s ¢ (s o Al.
Thus by (1), A € Ha (SY). O]

By Lemma 3.10, we immediately obtain the following corollary:

Corollary 3.11. Let A be a proper hyperideal of an ordered semihypergroup S° with scalar identity. Then the
following statements hold.

1. For any hyperideal B of S°, B C HA (S®) if and only if s € (so Bl forall s € S — A.
2. Ha(S%) is a semiprime hyperideal of S°.
3. A C Ha(S?).

This concept of an associated prime right hyperideal in ordered semihypergroups is a generalization
of the concept of an associated prime right ideal in ordered semigroup.

Definition 3.12. Let A be a proper right hyperideal of an ordered semihypergroup S. Then the set
P.(A) ={s € S:xos C A for some x € S — A} is called the associated prime right hyperideal of A.

Below we extend [2] to ordered semihypergroups, showing in particular that indeed P, (A) is a proper
right hyperideal of an ordered semihypergroup S containing A.

Lemma 3.13. Let S be an ordered semihypergroup with scalar identity. If A be a proper right hyperideal of S, then
P.(A) is a proper right hyperideal of S containing A.

Proof. Let a be any element of S such that a € A. Then a € {a} = ec a C A. By Definition 3.12, a € P.(A).
Thus A C P(A) # 0. To show that P.(A) is a proper right hyperideal of S. Let a,s € S such that
a € Pr(A). Then there exists r € S — A such that roa C A. Clearly, ro(aos) C Aos C A. It is easy to
see that aos C P.(A). Therefore P.(A) is a right hyperideal of S. If e € P;.(A), then there exists x € S— A
such that x € {x} = xoe C A, a contradiction. Therefore P,(A) # S and hence P;.(A) is a proper right
hyperideal of S containing A. O

The following theorem show that if A is a proper right hyperideal of an ordered semihypergroup S
with scalar identity, then P..(A) is a completely prime right hyperideal of S containing A.

Theorem 3.14. Let S be an ordered semihypergroup with scalar identity. If A is a proper right hyperideal of S, then
P+(A) is a completely prime right hyperideal of S containing A.

Proof. By Lemma 3.13, P;.(A) is a proper right hyperideal of S containing A. Let a and b be any elements
of S such that aob C P.(A). Then xo (aob) C A forsomex € S—A. If xoa C A, then a € P;(A). Now
if xoa € A, then there exists r € x o a such that r € S—A. Clearly rob C (xoa)ob C A. Therefore
b € P+(A) and hence P;.(A) is a completely prime right hyperideal of S containing A. O

4. Prime and completely prime hyperideals

In this section, we introduce the concepts of prime, semiprime, completely prime and completely
semiprime right hyperideals of ordered semihypergroups, and investigate their related properties. In
particular, we discuss the relationship between the completely semiprime and the completely prime right
hyperideals in right chain ordered semihypergroups.
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Definition 4.1. An ordered semihypergroup S is called a right chain ordered semihypergroup if the right
hyperideals of S form a chain, i.e., for any right hyperideals A, B of S we have A C B or B C A.

Now we are giving some basic properties of right chain ordered semihypergroups, which will be very
helpful in later section.

Theorem 4.2. Let S be a right chain ordered semihypergroup. Then the following statements hold.

1. A right hyperideal P of S is a semiprime right hyperideal if and only if P is a prime right hyperideal of S.
2. A right hyperideal P of an ordered semihypergroup with scalar identity S is a completely semiprime right
hyperideal if and only if P is a completely prime right hyperideal of S.

Proof.

1. Assume that P is a semiprime right hyperideal of S. Let A and B be two right hyperideals of S such
that AoB C P. Since S is a right chain semihypergroup, we have A C Bor B C A. If A C B, then
AZ=A0cA CAoBCP. By assumption, A C P. Similarly, if B C A, then B C P. Hence P is a prime right
hyperideal of S.

2. Assume that P is a completely semiprime right hyperideal of S. If P is a completely semiprime right
hyperideal of S, then P is a semiprime right hyperideal of S. By (1), P is a prime right hyperideal of S.
Thus by Theorem 3.5, P is a completely prime right hyperideal of S. O

By Theorem 4.2, we immediately obtain the following corollary.

Corollary 4.3. Let S be a right chain ordered semihypergroup. Then the following statements hold.

1. A hyperideal P of S is a semiprime hyperideal if and only if P is a prime hyperideal of S.
2. A hyperideal P of a semihypergroup with scalar identity S is a completely semiprime hyperideal if and only if
P is a completely prime hyperideal of S.

Let A be a right hyperideal (hyperideal) of an ordered semihypergroup S. We adopt from [2] the
following two useful notions.

Definition 4.4. A right hyperideal (hyperideal) B of an ordered semihypergroup S is said to be right
A-nilpotent (A-nilpotent) if B® C A for some n € Z*. An element a of S is said to be right A-nilpotent
(A-nilpotent) if a™ C A for somen € Z™.

The Hoehnke hyperideal is a useful tool in the study of right chain ordered semihypergroups. The
following result extends [2] to right chain ordered semihypergroups.

Theorem 4.5. Let A be a proper right hyperideal of a right chain ordered semihypergroup S°. Then the following
statements hold.
1. If B is a right hyperideal of an ordered semihypergroup with scalar identity S° such that B C Ha (S%) and B
is not right A-nilpotent, then ﬂ (B™] (# 0) is a completely prime right hyperideal of S°.

nezt
2. If b is an element of an ordered semihypergroup with scalar identity S° such that b € Ha(S®) and b is not

right A-nilpotent, then ﬂ (b™ o SI(# 0) is a prime right hyperideal of S.
nez?t
Proof.

1. Let a be an element of S such that a?> C ﬂ (B™]. Suppose that a ¢ ﬂ (B™]. Then there exists

nez* nez*
m € Z* such that a ¢ (B™]. Since S° is a right chain ordered semihypergroup, we have (B™] C (a0 S°].
Clearly,

a2 C (B2m+1] _ (Bm oBmH} C ((aoS] o Bm—!—l]
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((ao Slo (Bm+1ﬂ
((aos0B™]
(aoBm+q :(aanloB]g(ao(aoS]oB]g(azoBy

N 1N 1N

By Theorem 3.10 (1), a®> C A. Thus B>™+1 C (B?™*1] C (a® 0 B] C (A] = A. It is easy to see that B is right
A-nilpotent. This is a contradiction. Therefore ﬂ (B™] is a completely semiprime right hyperideal of
nez*
SO, By Theorem 4.2 (2), m (B™] is a completely prime right hyperideal of S°.
nez*
2. By Proposition 2.8, (b“ o SO] is a right hyperideal of S0, Thus by assumption, ﬂ (b" o SO] C (b o SO] C
nez*
Ha (S%). Let C be a right hyperideal of S° such that C? C m (b™ 0 S°]. Suppose that C Z ﬂ (b™ oS
nez* nez*
Then there exists m € Z" such that C ¢ (b™ o S?]. Since S° a right chain ordered semihypergroup, we
have (b™ o0 SY] C C. Clearly,

me —pbMop™ C (meSO] o (bmoSO} CCoCC ﬂ (bnoSO] C (me—l—loSO] _ (meo(bOSO)] )
nez"
By Theorem 3.10 (1), b>™ C A. Thus b*™ C (b*™ o (boS%)] C (A] = A. It is easy to see that b is right

A-nilpotent. This is a contradiction. Therefore ﬂ (b"0S% is a semiprime right hyperideal of S9. By
nez"
Theorem 4.2 (3), ﬂ (b™ 0 8% is a prime right hyperideal of S°. O
nezt

Corollary 4.6. Let A be a proper hyperideal of a right chain ordered semihypergroup S°. Then the following
statements hold.
1. If B is a hyperideal of an ordered semihypergroup with scalar identity S° such that B C Ha (S°) and B is not
A-nilpotent, then ﬂ (B™] (£ 0) is a completely prime hyperideal of S°.

nez*t
2. If b is an element of an ordered semihypergroup with scalar identity S° such that b € Ha (S®) and b is not

A-nilpotent, then ﬂ (b™ o S|(# 0) is a prime hyperideal of S.

nezt

Proof. Similar to the proof of Lemma 4.5. O

Corollary 4.7. Let S° be an ordered semihypergroup with scalar identity. Then the following statements hold.

1. If B is a hyperideal of a right chain ordered semihypergroup S° such that (B™ # (B™] foralln € Z*, then
ﬂ (B™] (£ 0) is a completely prime hyperideal of S°.

nezt
2. If B is a right hyperideal of a right chain ordered semihypergroup S° such that (B™] # (B™*1] foralln € Z*,

then ﬂ (B™] (# 0) is a completely prime right hyperideal of S°.
nez*t

Proof.
1. By lemma 2.6, ﬂ (B™] is a hyperideal of SO If ﬂ (B™] = SO, then (B™] D ﬂ (B™] = SO for all

nez"t nez+ nez+
n € Z*. Thus (B"™] = (B™*!], a contradiction. Suppose that m (B™ #S° Letb e SO — ﬂ (B™]. It is
nezt nezt
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easy to see that b ¢ (B™] for some m € Z". If b € (b o B], then
be(boB] C((boBJoB]=((boB]o(B]] C (boBoB]C (boB?] C---C(boB™].

This means that b € (boB™] C (B™] = B™, a contradiction. Now, let b ¢ (boBJ]. By Corollary 3.11
(1), BCH m (Bn](SO). To show that B is not ﬂ (B"]-nilpotent. Assume that B¥ C ﬂ (B™] for

nez* nez*
nez*

some k € Z*. Consider (B¥] C ﬂ (B™] C (Bk+1]. This implies that (B*] = (B*™1], a contradiction.
nez+t
Therefore B is not ﬂ (B™]-nilpotent. By Corollary 4.6 (1), ﬂ (B™] is a completely prime hyperideal

nez* nez*
of S°.

2. Similar to the proof of (1). O
Later on we will need the following generalization of [2].

Theorem 4.8. Let A be a prime right hyperideal of an ordered semihypergroup S with scalar identity. If B is a right
hyperideal of a right chain ordered semihypergroup S, then B C A or P,.(A) C B.

Proof. Let B be a left hyperideal of S such that P.(A) € B. Then there exists b € P.(A) —B. Clearly,
aob C A for some a € S—A. Since S is a right chain ordered semihypergroup, we have B C (bo S].
Consider,

(aoS]loBC (aoSoB]C (aoB] C(ao(boS]]=(aoboS]C (AoS]C (A] =A.
By assumption, (aoS] C A or B C A. It is easy to see that B C A. O

Corollary 4.9. Let A be a prime hyperideal of an ordered semihypergroup with with scalar identity S. If B is a
hyperideal of a right chain ordered semihypergroup S, then B C A or P,.(A) C B.

Proof. Let B be a hyperideal of S such that P-(A) € B. Then there exists b € P.(A) —B. Clearly,aob C A
for some a € S — A. Since S is a right chain ordered semihypergroup, we have B C (b o S]. Consider,

(SoaoS]oBC (SoaoSoB]C(SoaoB]C(Soao(boS]]=(SoaoboS]C(SoAoS]C (A]l=A.
By assumption, (SoaoS] C A or B C A. Itis easy to see that B C A. O
The following theorem generalizes [2].

Theorem 4.10. If A is a proper hyperideal of a right chain ordered semihypergroup S such that A = (A?], then
A= (a"oAlforanyaeS—AandneZ".

Proof. Let a € S— A. Since S is a right chain ordered semihypergroup, we have A C (a o S]. Clearly,
A=A?C (aoSloAC(aoSoAlC (aoA]lC (Al =A.

Then A = (ao A]. Suppose that A = (ak oA] for some k € Z". Consider, A = (ak o A] = (ak oao A] =
(a**1o A]. Thus the result follows by induction. O

The following two notions are obvious analogues of the concepts defined in [2].

Definition 4.11. A right hyperideal P of a right chain ordered semihypergroup S is called an exceptional
prime right hyperideal of S if P is prime but not completely prime.
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If A C B are right hyperideals of an ordered semihypergroup S such that there are no further ideals
properly between A and B, then we say that B is minimal over A. The following theorem is an extension
of the Proposition 3.7 [2] to right chain ordered semihypergroups.

Theorem 4.12. Let S be an ordered semihypergroup with scalar identity. If P is an exceptional prime right hyper-
ideal of a right chain ordered semihypergroup S, then there exists a unique hyperideal A of S such that P C A and
A is minimal over P.

Proof. Let B be a hyperideal of S such that P C B and let A = (B). By Theorem 4.8, A C P or P.(P) C A.
Now by our hypothesis, P.(P) C A. By Theorem 3.14, P.(P) is a completely prime right hyperideal of S
containing P. Since P is an exceptional prime right hyperideal of S, we have P C P..(P). Thus P C A. Now
since A = (B), we have A is minimal over P and obviously A is a unique hyperideal of S. O

Theorem 4.13. Let S be an ordered semihypergroup with scalar identity. If P is an exceptional prime right hyper-
ideal of a right chain ordered semihypergroup S, then there exists a minimal A(P C A) over P such that A = A2.

Proof. By Theorem 4.12, then there exists a minimal hyperideal A over P such that P C A. Suppose that
A # A% Then A? C A. Since A is minimal over P, we have A% C P. By assumption, A C P, a contradiction.
Hence A = A2 O

Theorem 4.14. Let A be a hyperideal of an ordered semihypergroup S with scalar identity. If P is an exceptional
prime right hyperideal of a right chain ordered semihypergroup S, then there exists a minimal A(P C A) over P and
ac A—Psuchthat P C ﬂ (a™oS].

nez"

Proof. SetC=(seS: ﬂ (s"oA] C P . Clearly, P C C and C # (). We claim that C C A. By Theorem
nez*
413, A=A2. Ifbe S—A, then A = ﬂ (b™ o Al. Since P Z A, there exists b ¢ C, which proves our

nez*
claim.

Let 2 C Psuchthatc ¢ P. If c € (CocoA], thenc € (doboA] for some d € C. Thus (coA] C
((docoA]J]oA] =(docoAoA] C (docoA]. Consider,

(coA] C (docoA]l C(do(coAl] C(do(docoA]] C (d®ocoA] C---C (d™ocoA].

We obtain for any n € Z* such that (coA] C (d™ocoA] C (d"oA]. Now since d € C, we have
(coSlo(A] C (coSoA] C (coA] C ﬂ (d"oA] C P. By assumption, ¢ € (coS] C Por A C P, a

nezt
contradiction. It is easy to see that ¢ ¢ (CocoA]. From our hypothesis, (CocoA] C (coS]. Now, if

C=A,then (AocoA] C (coS]. Hence

(coSoA2C (coAl?=(coAlo(coA] C (co(AocoA)]

-
C (co(AocoA]lC (co(coS]IC (coS] C(PoSICP.
By the given hypothesis, (coS]o A C (coSoA] C Pandsoc € (coS] € Por A C P, a contradiction.
Therefore C C A. To complete the proof, take any a € A — C. Then ﬂ (a™oA] € P. Now by our
nez*
hypothesis, PC (1] (a™oAJC () (a™oS]. O
nezt nezt
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5. Prime segments of right chain ordered semihypergroups

A prime segment of a right chain ordered semihypergroup S is a pair P C Q of completely prime right
hyperideals of S such that no further completely prime right hyperideal of S exists between P and Q. In
the following theorem we extend to right chain ordered semigroups the classification of prime segments
of right chain ordered semigroups given in [2].

Theorem 5.1. Let S be a right chain ordered semihypergroup, and let P C Q be a prime segment of S°. Then one
of the following possibilities occurs.

1. There are no further right hyperideals of S° between P and Q; the prime segment is called simple in this case.

2. For every a € Q — P there exists a right hyperideal A C Q of S such that a € A and ﬂ (A™] = P; the

nezt
prime segment is called archimedean in this case.

3. There exists a prime right hyperideal R of S° with P C R C Q; the prime segment is called exceptional in this
case.

4. There exists a right hyperideal B of S° such that P C B C Q and B is minimal over P; the prime segment is
called supplementary in this case.

Possibilities (1), (2), (3) are mutually exclusive, and possibilities (1), (2), (4) are mutually exclusive.

Proof. Suppose that a prime segment P C Q is not simple case (1) does not hold. Then there exists a
right hyperideal A of S such that P ¢ A € Q. If Q € Ha(S"), then HA(S°) € Q. By Theorem 3.10 and
Theorem 4.2, HA(S?) is a prime right hyperideal of S° lying properly between P and Q. Thus a prime
segment P C Q is exceptional in this case. Hence, for the remainder of the proof we assume that for every
right hyperideal A in this prime segment we have Q C Ha (S°). If the prime segment P C Q contains a
right hyperideal A of S° such that (A™"!] = (A"] for some n € Z*, then (A"] = (A""!] = (AMo A] =
(AntloA] = (A™F2] = ... = (A™*]. Hence (A™] = (A™"¥] forall k € Z". Thus for the right hyperideal
B = A" foralln € Z". It is easy to see that B = A™ = A"k = (AM)* = B* and B C A C Q. Next, let
A™ = B C P. Since P is completely prime, we have A C P C A, a contradiction. Hence, B Z P. Since S is
a right chain ordered semihypergroup, we have P C B. We show that furthermore B is minimal over P. If
not, then there exists a right hyperideal C of S° such that P € C C B. Then P ¢ C C Q. By assumption,
B C Q C Hc(S%. By Theorem 4.5 (1), m B™ = B is a completely prime right hyperideal of S°. This is

nez”’
a contradiction to the fact that P C Q is a prime segment. Hence B is minimal over P and thus the prime

segment P C Q is supplementary in this case.

We are left with the case where there exists a right hyperideal A of S° such that P ¢ A C Q and
for any such a right hyperideal A we have (A™] # (A™*1] for all n € Z". Let A be the set of all right
hyperideals A of S° such that P ¢ A C Q. Since S is a right chain ordered semihypergroup and the right
hyperideal P is completely prime, we have P C A™ forany A € Aand n € Z*. Thus P C ﬂ (A" C Q.

nez*
By Corollary 4.7, ﬂ (A™] is completely prime. It follows that ﬂ (A"] =P forall A € A.
nez* nez*

Next, let R = U{A : A € A}. By Lemma 2.6, R is a right hyperideal of S’. If R = Q, then the prime
segment P C Q is archimedean. Assume that R # Q. Then R C Q. We consider two cases.

Case 1. (Q?] # Q. Clearly, (Q?] C Q it follows that P C (Q?] ¢ Q. Thus (Q?] € A. By hypothesis,
M (@] = [ ((QU"] =P. Therefore P C () (Q"1C () (Q*"] CP. Hence P= () (Q" and

nezt nezt nezt nezt nez’
the prime segment P C Q is archimedean in this case.

Case 2. (Q?] = Q. We show that the right hyperideal R is prime in this case. Let A be a right hyperideal
A of SO such that A2 C R. Clearly, A2 C Q and since Q is completely prime, A C Q follows. If A = Q,
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then Q = (Q?] = (A?] € (Rl = R C Q, a contradiction. Hence A C Q. By the definition of R, A C R.
Therefore R is semiprime. By Theorem 4.2, R is prime and the prime segment P C Q is exceptional in this
case.

It is easy to see that possibilities (1), (2), (3) are mutually exclusive. It is also clear that (1) and (4) are
mutually exclusive. To complete the proof, assume that the possibility (4) occurs and B is minimal over
P. Then B = (Bz}. By Lemma 4.10, P C B = ﬂ (a™oB] C ﬂ (@™o SY for any a € Q —B . Hence (2)

nez* nez*
and (4) cannot happen simultaneously. O

Theorem 5.2. Let P C Q be a prime segment of a right chain ordered semihypergroup S°. Then the following
conditions are equivalent.

1. The prime segment P C Q is archimedean.

2. Foranyae Q—P, ﬂ (a™ oS =P.

nezt

3. Foranya€ Q—P,(QoaoS’ c (ao$’].
Proof.
(1 = 2) Follows directly from the definition of an archimedean prime segment.

(2=3) Let a € Q—P. Suppose that (aoS°] C (QoaoS’]. Then a € qoaos for some q € Q and
s €S Ifqe P thenae (PoaoS’ C (P] = P, a contradiction. Hence q¢ € Q —P. Moreover,

qoaos C qo(qoaos)os = gq*caos> C qg®oaos® C .- C qhoaos™ forany n € Z". Clearly,
ac€qtoaos™ andthusa € qhoaoS®C (q"oaoS’] C (q™oS°]. Hence by (2), a € ﬂ (q" oS =P,
nezt

which is a contradiction. Thus (aoS° ¢ (QoaoS°]. Since S is a right chain ordered semihypergroup,
we have (QoaoS’] C (aoS?, as desired.

(3=1) Letae Q—P.If (QoaoS’ CP,then (Q]o (aoS’] C P. By assumption, Q C Pora € (aoS] C
P, a contradiction. Hence (QoaoS°] ¢ P. Since S is a right chain ordered semihypergroup, we have
PC (QoaoS%.By(3),PC (QoaoS’ c (aoS’] C Q and thus the prime segment P C Q is not simple.
Suppose the prime segment P C Q is exceptional. Then there exists a prime right hyperideal A of S° such
that P C A C Q. Then by Theorem 4.12, there exists a hyperideal B of S which is minimal over A. This
however is impossible, since (3) implies that for any a € B— A we have A C (QoaoS°] C (aoS° CB.
Finally, suppose the prime segment P C Q is supplementary. Then there exists a right hyperideal C of S
such that P € C € Q and C is minimal over P. Then by (3), for any a € C—P we have P C Qoao S’ C
aoS% C C, a contradiction. Hence the prime segment P C Q is neither simple, nor exceptional, nor
supplementary, and thus by Theorem 5.1, it must be archimedean. O
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