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Abstract

In the current work, we investigate the solvability of a general class of fractional delay functional equations subject to an
infinite point non-classical condition, and the Riemann-Stieltjes integral condition as well. First, the existence of solutions is
investigated. Second, the continuous dependence of solution is studied in three different cases. Third, illustrative examples are
given to support our results. Our work extends some developments published recently in that field.
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1. Introduction

Studying functional integro-differential equations is of significance, since integro-differential equations
can describe successfully many applications in biological, chemical, and physical sciences. For example,
the mathematical models in biological populations depend on Volterra integro-differential equations with
delay, the behavior of the nuclear reactor in a continuous medium can be described by a system of integro-
differential equations, and many other problems in economics, mechanics, visco-elasticity as well. Also,
these types of equations occur when we convert the Cauchy and boundary value problems to integral
equations, (see [3, 5, 6, 15] and the cited references therein for more explanations).

The nonlocal conditions give more initial measurements which are more precise than the local con-
dition. So, these conditions allow us to get more accurate model of the phenomena being studied and
therefore, better results can be derived. Recently, the study of existence of solutions for initial value
problems subject to non-classical conditions such as the Riemann-Stieltjes and the infinite point nonlocal
conditions becomes an issue of great importance, see [14, 18]. As a continuation in that progress, El-
Sayed et al. studied in [10] the evolution of a physical model described by a nonlocal integro-differential
equation on the form

dz

- = <t,z(t),J:h(T,z(’t))dT>, ae. te(0,1), (1.1)
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subject to the condition

m
Y bzt =z, br =0, T € (0,1). (1.2)
k=1

The authors proved the existence of continuous solutions to the model characterized by Egs. (1.1)-(1.2)
provided some sufficient conditions are verified. They studied the data dependence of solutions and,
moreover, investigated Eq. (1.1) subject to the Riemann-Stieltjes integral condition

1
J z(t)dh(T) = 2o,
0

and the infinite-point condition
o0
D biz(ti) =z,
k=1

to demonstrate the applicability of their model. In this article, we study a more general fractional evolu-
tion model of Egs. (1.1)-(1.2) which was not discussed in [10]. This fractional model has many real world
applications in environmental science, electrochemistry, viscoelasticity, dynamical systems, biomedicine,
control theory and signal processing, see [4, 8, 16, 17]. Consequently, we are concerned with the existence
of solutions for a generalized fractional nonlinear physical delayed model described by

N D(t)
(CD{fﬁ _ /\) )= g <t,L(z)(t),J h(t, z(1) )m) , ae.te (0T, (1.3)
i=1 0
subject to the following three cases of nonlocal conditions
m
Z ka(Tk) =z9, b >0, T € (0, T], (1.4)
k=1
Z ka(Tk) =z, bk > O/ Tk € (O/ T]/ (15)
k=1
T
J z(t)dh(T) = 2o, (1.6)
0

where CDE;‘) denotes the left-sided Caputo-Katugampola fractional derivative [2, 13]. The parameters
B €(0,1),and p € Rop = {x € R:x > 0} such that p > 1. The function ®(t) is called the vanishing lag
function and defined by @ (t) = (t — @(t)), with a fading lag ¢ (t), where ¢(0) =0,and 0 < @(t) <t, Vt €
] =10, TI\{0}, [7]. The operators A and £ are linear closed self-operators on C(],R). The functions gi,
1 <1< N < oo, ®and h are assumed to be measurable with respect to t on ] preserving some properties
which will be stated in Section 2. The next sections of this work are organized as follows. Sections 2-6 are
devoted to the main results regarding the existence, and continuous dependence of solution. We give two
illustrative examples in Section 7 to support the importance of the current work. In Section 8, we present
a conclusion and some suggested future work.

2. Existence results

Applying the definition of generalized fractional integral due to the Katugampola in [12] to both sides
of Eq. (1.3), then utilizing theorem 6 in [16] formally yields

z(t) =z(0) + pﬁr(tp — PP Al2)(0)de?

r'(B)Jo
e[ (C)
+ IE)()ZJO (t° — PP g; (C,L(Z)(C),JO h(s,z(s))ds> ace.
i=1
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Using condition (1.4), and let A = Y -, by, where A # 0, it is easy to obtain the following integral
representation for z(t),

)= A - > b JTK(TP—CF’)W A(z)(€)dc? +th(tp—cp)sl A(2)(€)dcP
T TS B o
_Aflpfﬁ m N % o rpBel .. ®(C) ;
r(p) kZ_lébkL (T —C°) gi C,ﬁ(Z)(C),L h(s,z(s))ds | d¢ (2.1)
ﬂ = [ P p\B—1 @(c) 0
T );L(t )P g C,L(z)(C),JO h(s,z(s))ds | dZ°.

Definition 2.1 ([11]). A solution for the problem (1.3) under the nonlocal condition (1.4) is called a mild
solution if it satisfies the integral equation (2.1).

In what follows, let the following conditions be satisfied.

(V1) The mappings gi, 1 <i < N < oo, are non-self mappings from ] x R? into R and have the following
attributes
(a) Vi€ {1,2,---,N}the function g;(t,-,-) is continuous on R? for almost all t € J;
(b) 3 a function by € L' ([0,T]), i € {1,2,--- ,N} and two constants v; € R-g == {x € R : x > 0},
i €{1,2}, such that for almost all (t,y,z) € ] x R?> we have

91(t,y, 2l < Bilt) +vilyl + vl sup I§:°bi(t) <v2, Vie{l,2,---,N).
te
(V2) The mapping h is defined on ] x R with values in R~ such that:
(a) Vt €], the function h(t,-) is continuous on R;
(b) V(t,z) € ] xR, 39; > 0,1 €{1,2} such that |h(t,z)| < ¥ + D2 z|.
(V3) pPT(1+B) > 2nT°B, wheren == y(1 +vi{N) +v;%NT > 0and y > 0.
(V4) The vanishing delay function @ is a continuous self-mapping on J.

Theorem 2.2. Suppose the hypotheses V1-V4 are fulfilled. Then the nonlocal problem (1.3)-(1.4) has at least one
continuous mild solution.

Proof. Define an operator W corresponding to the integral equation (2.1) by

Afl —p m Tk —B rt
R e kz_lbkjo (¢ — )P A(2)(Q)dCP + IE’(B)L (tP — CP)P1 A(2)(()dCP
1.-p m N T D(0)
- Ar(g)kz_];bkjo (X — PP g, (c,z(z)(a,L h(s,z(s))ds> ace
ﬁ - [ p_re\B—1 4. L) p
g e e (e, [ s zonas ) ace

So, to prove the existence of at least one solution to the integral equation (2.1), it is sufficient to show the
functional equation (2.2) has at least one fixed point

z=W(z). (2.2)
Consider the set S, = {z € C(],R) : ||z|]|oc = Supt€]{|l(t)|} < 1}, where the radius v is given by r =

(A7 2g|4+2voN)T (14 )+2v19 Np~ P T(+0B)
T(14+p)—2np—PTeB )
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Step 1 in the proof is to show the operator W is a self-operator of the set S, as follows.

. Al B & 1 PP —1
Wz ()] < Aol + 2 Zbkj (18— 1P A 22 + B[ (12 =020 AR 02

I'(B) Jo
moN ®(¢)
ZZka L (C,L(z)(C),J h(s,Z(s))ds>
k=11i=1 0

P B ' ®(2)
r );J gi <C/5(Z)(C),L h(s,z(s))ds

The operator A is a linear closed self-operator on the Banach space (C(],R), || - ||oo)- So, it is bounded from
applying the closed graph theorem and hence ||A(z) (o < V1/|2]/oo, Y1 = 0. Also, | £(2) |l < V2||2]|00, Y2 = 0

from applying the closed graph theorem as well, see [9, 20]. Now using conditions V1b and y = max{y; :
i=1,2} implies

A 1o—P
rp)

dc®

dcP.

-1 o= B & T ) 5. —B t s ;
P e [ ®(¢)
+ AF([Z) Z Zbkjo () — )Pt [bi(C) +v1Y[2l 00 +V1J0 [h(s,z(s))] ds] ace
k=1i=1
B ®(0)
- ]8(—[3) ; JO (tP —¢P)B-1 [bi(C) +v1Y[1zll oo +V1L Ih(s, z(s))| ds] ace.

Applying condition V2b and the properties of the lag function yields

- Alyrp B & (T _ yro—B [t _
W(z)(t) < A1 _— bJ P PyB=1 q¢e Jtp_pﬁldp
W(z) (1)l 20+ —5) kZ_l k| (P A+ S| (10— )P de

JTk(T{i —P)P71 i(Q) +viyr+vi (91 + Dar) (@(C) — ©(0))] dCP

- Nt
lE) B) ZJ Cp B—1 [bl(C) +Viyr+ vy ('81 —|—-82]") ((I)(C) _d)(O))] de

i=1
After calculating and simplifying the above integrals we obtain
- 20 BTPB
W(z)(t)] < ANzl +2voN + T——
W(z)(0)] < Aol + 2vaN + T

Taking supremum over t € | on both sides of the last inequality, then substituting the radius r yields
IW(z)]|co < 1. Now, let t; and t; € |, such that t; < t».

[V181NT + T]T‘] .

p P _ op\B=1_ (4P rp\B—1
<EEr |- - P g

@(Q)
gi (C,ﬁ(z)(é),L h(s,z(s))ds)

—B rt -
Fay ), [ =P = (2 = P IR0l 4 + lﬁ’mj (85 — )P A ()] dee.
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Using an argument similar to what we have used above implies

p~ B Inr+ vi9NT]
M1+p)

W(2)(t2) — W) ()] < 0P — (18 — )P — 1% 4 (1 — D)),

Using the inequality [tPP — sPP| < pBtPP 1|t —s|, where pB > 1, t > s > 0, see [19], implies

o~ B Inr+ vi9NT]
N1+p)

(W(z)(t2) = W(z)(t1)| < PRTPP Nty —t1] — 0 as tp — t1.

So, W(z)(t) € C(J,R), V t € ]. Therefore, the operator W is a self-operator of the set S..
Step 2 in the proof is to show the operator W is completely continuous (i.e. to prove that W is

a continuous operator and the set W(S;) is compact) as follows. Suppose the sequence (z,)_; with
zn € Sy and let z,, — z € S; whenn — oo.

p Pt
Wizn)(0) = Wi2)(0)] < P | (82— 2)P T IALzn) (@) — A)(E)] 4
r'(B)Jo
-8 Xt ®(¢)
L p p\B—1
+F(B);L(t PP gy (C,L(zn)(C),L h(s,zn(s))ds>

Since the operator A is continuous, therefore limn_ oo zn = z implies limp o0 A(zn) = A(z). Also,
limp 00 £(zn) = £(z) because the operator £ is continuous as well. From condition V1a, the function
gi(t,y,z) is continuous in y and z V i1 € {1,2,...,N} and for almost all t € J. The function h(t,z) is
continuous in z for almost all t € | from condition V2a as well. Now conditions V1 and V2 allow us to
use the dominated convergence theorem due to Lebesgue as follows,

t

t
lim J (t° = C*)P A (2n)(0) — Al2)(C)] 4P =J (t° —¢?)P7H lim A(zn)(C) — A(2)(Q)] dCP =0,

D () D () D()
lim J h(s,zn(s))ds :J Iim h(s,zn(s))ds = J h(s,z(s))ds,

() D(C)
9t (c,a(zn)(m,J h(s,zn(S))dS>—91<C,L(Z)(C),J h(s,z(s))ds> ace =0,

t
J (t° — ¢°)P~! lim
0 n—oo

0 0

From Egs. above, we have lim,, ;o W(zn) = W(z) and so, the operator W is continuous. Suppose the
sequence (W(zn))%_; with z, € S;. It is easy to see that (W(z,))S_; is uniformaly bounded because
vn € IN and Vt € ] we have |[W(zn)|lo < 1. Also, Vn € IN, we have

p~ B T+ vi9 NT]

TPR 1ty — 1] — 0 as t, — 1y,
"+ p) [oJ8) [ty — 4] 2 1

[W(zn)(t2) = W(zn)(t1)[|e0o <

which proves the sequence of continuous functions (W(z,))$_; is equicontinuous. From the theorem of
the Ascoli-Arzela, there exists a uniformly convergent sub-sequence (W(znk))%okz1 in (W(zn))$_, and
hence the set W(S,) is compact. Henceforth, the operator W is completely continuous. Applying the
fixed point principle due to Schauder’s theorem [1] implies the existence of at least one fixed point to
Eq. (2.2) and hence the existence of continuous solution in S, to the integral equation (2.1). The proof is
verified. O
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3. The infinite point non-classical condition

In this section, we shall study the existence of mild solutions for the integro-differential equation (1.3)
subject to the infinite point non-classical condition (1.5) as follows. Let the infinite series of numbers
> 5 bx = limn 00 ) 1o q bi be convergent. Since [byz(tk)| = [byllz(tk)| < bi|lzllco, 80 > poq brz(Ti) is
convergent, where 1y € J, from applying the Weierstrass M-test. So, the condition ) ;> ; bxz(tk) = 2o
makes sense. From Eq. (2.1), we have

== _ (P81 o
()= g Zk o [Zbkj (T — )P A(2)(Q)dg
@ ()
£y Zbkj NG <c,z(z)(a,j h(s,z(s))ds> dcp]
k=11i=1 0

ﬂ - 1P — P \B—1 . @(c) 0
+ r(f‘)) leo( C ) gi C/L(Zm)(C)/J' h(S,Zm(S))dS d(,
B

0

ﬂ ‘ p__7P\B—1 P
+E )L(t 201 Alzn)()dCP.

Passing the limit to both sides of the above equation when m —; oo yields

. _ Z0 p B > T P__rp [3,7] 1)
i mlt) = et e L{Zlbkjo (0 — )P A(2)(0)dC
© N Ty ()
+ZZka (tp —¢°)F 1 gy (c,a(z)(C),J h(s,z(s))ds) dcp]
k=11i=1 0 0

0B t ) @(¢)
2 tim [ (=P g (Gl s zm(sas ) ac?
p P ¢
s lim | (1 08 Alzm)(Qd
Now, it is clear from the previous arguments that

p_f)

r(p)

LTK(T{: _ )P A)(Qde| <

So, the series ¥ & . by [n¥(t? — ¢P)B—1 A(2)(¢)dCP is convergent from a lying the Weierstrass M-test.
k=1 0 k g PP g
Also, we have

Ll ZJTK(T"—C")H gi | & £(2)(0) J(Dm h(s,z(s))ds | dCP
r'(p) —Jo k T\ 1o ’
< Nvy ri+p) Y+ 9RT)r+9T]) =cp, “say”.
So, the series } | ZN: by [ (th —CP)P 1 gi (¢ L z(s))ds ) AP is convergent from ap-
k=1 i=1 0 0 g p

plying the Weierstrass M-test. Now, from the Lebesgue s dommated convergence theorem, we have



M. I. Youssef, J. Math. Computer Sci., 24 (2022), 3348 39

_ 20 _ p—1
1) = g - Zk -+ [Z b e - )P A0

@ (Q)
+ZZka o o)l g, (c,z(z)(a,J h(s,z(s))ds> ar|

k=1i=1

+pZJt(t"—C")ﬁ—1g. 0, L(2)(0) Jcp(mh(s z(s))ds | d¢®
r(p) &= “e ‘ :

0

(3.1)

+J (tP — 2P)P1 A(2)(Q)dCP.
0

Equation (3.1) represents the integral representation of the non classical integro-differential Eq. (1.3) under
the condition (1.5).

Definition 3.1 ([11]). A solution for the problem (1.3) under the nonlocal condition (1.5) is called a mild
solution if it satisfies the integral equation (3.1).

Theorem 3.2. Let the series of numbers ) 3 by be convergent and suppose the hypotheses V1-V4 are fulfilled.
Then the nonlocal problem (1.3)-(1.5) has at least one continuous mild solution.

Proof. From Thm. 2.2, the existence of continuous mild solutions for the nonlocal problem (1.3)-(1.4) is
verified. Let m — oo and use ) y. ; bx < oo . Then the existence of continuous mild solutions for the
problem (1.3)-(1.4) implies directly to the existence of continuous mild solutions to the nonlocal problem
(1.3)-(1.5). The proof is verified. O

4. The Riemann-Stieltjes non-classical condition

In this section, we shall study the existence of mild solutions for the integro-differential equation
(1.3) subject to the Riemann-Stieltjes integral condition (1.6) as follows. Suppose we have a partition,
O=th<ti < - <t <tk <-- <ty =T, on the domain ] Let ¢ € [tk—lrtk] and by = Ahy =
[h(tx) —h(tk_1)] in the nonlocal condition (1.4), where the function h is assumed to be defined on | and
monotonically increasing. So, we have

T

m m
lim kZ_lbkzm) ~ Jim kZ_lz(rk)Ahk _ JO 2(t)dh(t) =

-
So, the condition J z(t)dh(T) = zp makes sense. Substituting by = Ahy in Eq. (2.1) gives
0

Yo At T(B) Ity At [ o

+ZZJ W@ —0)F g (C,L(Z)(C),J

—B LU
2(t) = e — £ [ZJ (th — )P A(2)(Q)dCP Aty
k=1

()

0

—p N ¢ D(Q)
+]E)(B)ZJ (tP—cP)P gy (C,L(Z)(C),J h(szl(s))d5> dc?

0

h(s,z(s))ds) deAhk}

—B rt
+pj (tP — £°)P1 A(2)(Q)dCP.

Passing the limit to both sides when m — oo, yields

Tk

_(3 m
_ Al _ P o oBi o
z(t) = Mmoo > poq Al T(B) limm—yoo D_prq Al [n{gnw];L (th — )P A(2)(Q)dCP Ay
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+n£1LnOOZZJ ' gi (C,L(Z)(C),J

k=1i=1 0

B ®(C)
+ %ZJ (t° — PP g; (C,L(z)(C),J h(S,z(s))ds> ace
i=1

0
ﬂ 1P —PR—1 p
+ F(B)Jo( °)B1 A(2)(Q)dcP.

Applying the Riemann-Stieltjes definition of integration implies

T pt
z(t) = ( [ J J (P — ¢P)P~1 A(2)(Q)dCPdn(t)

0 Jo

N T ot D(C)
+Z (t° =P gy (c,z(z)((:),J h(s,2(8))d3> dcpdh(t)}

0

19 B) th 'gi (C,L(z)(C),J

0

4.1
D () @1

h(s,z(s))ds) dce

)
i | - 0P A .

Equation (4.1) represents the integral representation of the non classical integro-differential problem (1.3)
under the condition (1.6).

Definition 4.1 ([11]). A solution to the nonlocal problem (1.3)-(1.6) is called a mild solution if it satisfies
the integral equation (4.1).

Theorem 4.2. Let the function h be a monotonically increasing function defined on | with values in R. Let
by = Ahy in the condition (1.4). Suppose the hypotheses V1-V4 are fulfilled. Then the nonlocal problem (1.3)-(1.6)
has at least one continuous mild solution.

Proof. From Thm. (2.2), the existence of continuous mild solutions of the nonlocal problem (1.3)-(1.4) is
verified. Let by = Ahy = [hy(tx) — h(tx_1)] in the non classical condition (1.4), where the function h
is assumed to be defined on ] and monotonically increasing, and let m — oo. Then the existence of
continuous mild solutions of the problem (1.3)-(1.4) implies directly to the existence of continuous mild
solutions to the nonlocal problem (1.3)-(1.6). The proof is verified. O

5. Uniqueness results

Assume the following hypotheses are satisfied.

(V5) The mappings g; : | x R? — R, 1 <1i< N < oo are measurable with respect to t, V(y,z) € R? and
verify the assumptions:
(@) lgilt, yz,Zz) gi(tyr, z)l < vilyz —yal+vilzz —zl, vi >0, Vte];
(b) SUP;¢; Io+p|gl(t 0,0)] <vy, VI<K<i<N<oo, vy >0.
(V6) The mapping h: ] x R — R~ is measurable with respect to t, Vz € R and satisfies the conditions:
(@) (t,z2) —h(t,z1)| < D2lz2 —z1], B2 > 0;
(b) h(t,0)] <V, 91 >0, Vte].

Theorem 5.1. Assume the conditions V3 — V6 are verified. Then the nonlocal problem (1.3)-1.4 has a unique
continuous mild solution.
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Proof. 1t is clear that condition V5 implies condition V1, because V1 < i < N < co we have
‘gi(t/y/ Z) - gi(t/ O/ O) + Qi(t; 0/ O)| g |gl(tr 0/ O)| + |Qi(t;y/ Z) - Qi(t; OI 0)| < |91(t/ OI 0)| + V1|1J| + V1|Z|-

Also, condition V6 implies condition V2. So, the mild solution exists from Thm. 2.2. Let y and z be two
mild solutions of the considered problem (1.3)-(1.4),

~1,-p m T

210 —y(0] < g b (=P Ay @l
k=1
A-lp—B 0 N T« B @(0)
+ r(g) Z;bkL (th —¢”)P 1 gi <C,£(Z)(C),J h(s,Z(SJ)dS>
(C)
—gi (C,L(y)(é), h(s,y(S))dS> ‘dcp
B

0 N 0 orpt @ (L)
+wzj(t —°) 91<C,L(Z)(C),J h(s,z(s))ds>

0
t
h(s,y(S))dS> ‘dcp + L (t° —¢®) P71 Az —y)(Q)ldCP.

Applying conditions V5a and Vé6a yields

Tk

ATy Plz—ylle §- p1
() —y(o) < 22 kz_lbkjo () — )P ace

ATINp™ B & (™ -
+r([;;kz_lbk‘[0 (T]zfcp)ﬁ 1[V1|£J(ZU)(C)|+V182J

®()

Np~P P _ PyB—1
+ Tty |, =)

Yo~ Pz UHOOJ o p\p—1
R e = dce.

Simplifying, then using condition V3 gives

Vi IL(z—y)(C)IJrvl%zL

200~y < g

12— Ylloo-

Taking supremum over t € ] on both sides gives

1-——— |2yl <0,
I |

but % < 1 from condition V3. So, ||z —yl/cc = 0 and hence z(t) = y(t) Vt € ] which implies the

uniqueness of the mild solution. The proof is verified. O

Corollary 5.2. Let the series of numbers y_y._; by be convergent and suppose the hypotheses V3 — V6 are fulfilled.
Then the nonlocal problem (1.3)-(1.5) has a unique continuous mild solution.

Proof. The poof follows directly from Thm. 5.1 after using the condition ) ;> ; by < oo, then letting
m — 00. O
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Corollary 5.3. Let the function h be a monotonically increasing function defined on | with values in R. Let
by = Ahy in the condition (1.4). Suppose the hypotheses V3-V6 are fulfilled. Then the nonlocal problem (1.3)-(1.6)
has a unique continuous mild solution.

Proof. The poof follows directly from Thm. 5.1 after substituting by = Ahy = [fu(tx) —h(tx_1)] in the
non classical condition (1.4), then letting m — oo. O

6. Continuous dependence of solution

Definition 6.1 ([10]). A mild solution z(t;z9), t € J, of Eq. (1.3) under the condition (1.4) depends
continuously on zg if Ve > 0, 36 > 0, where & = d(e), such that ||z —z*||« < €, whenever |zy — zj| < 9,
where z* = z*(t; zj) is the mild solution associated to the problem

N @(t)
(CDg’;p — /\) z*(t) = Z gi (’c,L(z*)(t),J0 h(T, z*(T))dT) , ae.te(0,T], (6.1)
i=1
subject to the condition
m
> bezf(m) =25, b >0, T € (0,T]. (62)
k=1

Theorem 6.2. Suppose the hypotheses V3-V6 are fulfilled. Then the mild solution of Eq. (1.3) under the condition
(1.4) depends continuously on zo.

Proof. Let z(t) == z(t;z0) and z*(t) := z*(t;z5) be two solutions for the problems (1.3)-(1.4), and (6.1)-(6.2),
respectively, where |zg — z5| < 0. Then

—B Ty
lz(t) — z* (t)] < A zo — 2] +A*1]‘3(—B) kz_lbkjo (tf — PP Az —2") ()1 dgP

Aflpfﬁ m N Tk o ovpotl|. ®(0)
+ R kz_lébkjo =2 g (L0200 | hs,z(s)as

o B Xt - ® ()
22y [w-er e (ce@@, | nzses
r(p) ; 0 9 0
®(2) B (t
~oi (L2, | h(s,z*(snds) 4o+ L] 100 - P A2l e
So, we have Brop
2npBTP
2(t) — 2" () < A" 15+ %”Z_Z*”w
Taking supremum over t € J on both sides yields ||z —z*||o0 < 13 +r él)tg’g?:;wﬁ 5. Letd= r(lﬁff;é?f\jwﬁ
Therefore, ||z—z*||oc < €. The proof is verified. O

Definition 6.3 ([10]). A mild solution z(t;h), t € ], of Eq. (1.3) under the condition (1.4) depends continu-
ously on the function h if Ve > 0, 35 > 0, where 6 = §(€), such that ||z —z*||oc < €, whenever [h —h*| <9,
where h* := h*(t,z*) and z* := z*(t; h*) is the mild solution associated to the problem

0

N D (t)
(C DEP /\) (1) =) g (t,L(z*)(t),J h (v, 2" (ﬂ)m) . ae te(0,T], 6.3)
i=1
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subject to the condition

m
Y brzf(t) =zo, by >0, T € (0,TI. (6.4)
k=1

Theorem 6.4. Suppose the hypotheses V3-V6 are fulfilled. Then the mild solution of Eq. (1.3) under the condition
(1.4) depends continuously on the function h.

Proof. Let z(t) == z(t;h) and z*(t) = z*(t; h*) be two solutions of the problems (1.3)-(1.4) and (6.3)-(6.4),
respectively, where [h —h*| < §. Then

A-lp—B b Tk B .
|z(t) —z*(t)] < F(g) kZlbkL (T]‘i—Cp)B VIA(z—2")(0)dc?
AT (e e ®(0)
r(B) kZl;kao T, —C°) gi | ¢, L(2)(Q) Jo h(s,z(s))ds

i=1
®(¢) - 1
o C’L(Z*)(O’Jo h*(s’z*(s))ds> ‘dcur(mjo“p—cp)f’ Alz—2)(0)IdZP.
Now, we have
: 2vp PTPR(14+Nvy) .
A0 -2 01 < T g el
AN St O ) ) dsd
LTy kZbKL JO (t0 — P)P~ 1 h(s, z(s)) — h(s,z*(s))l dsd(
ATNvip P T (B e et (o) e
* rp) k;bkL L (t0 — ¢°)P (s, z*(s)) —h*(s,z*(s)) dsdC
—B t @)

+ ) Jo Jo (£ = )P (s, 2(s)) — h(s,2"(s) dsdc?
Nle_B t r@(Q) o oB1 . . ) )
TTe) Ho (t" = )P (s, 2°(s)) = h"(s,2"(s))] dsdC®.

Evaluating the double integral in the above inequality and simplifying the results gives

2Nvyp PT+PPR)

IM1+pB)
. . . —BT( .
Passing the supremum over t € ] on both sides gives ||z —z*||oc < r%ﬂv[;)pi;?pljﬁpi;ﬁ 5. Using 6 =

T'(1+p)—2np FTPP
2Nvp—BTI+eB)
Definition 6.5 ([10]). A mild solution z(t;by), t € J, of Eq. (1.3) under the condition (1.4) depends
continuously on by if Ve > 0, 36 > 0, where & = 5(¢), such that ||z — z*[|c < €, whenever by —bj| < 9,

where z* = z*(t; b}) is the mild solution associated to the problem

2np BTPR

rATp) [h —h*|.

lz(t) —2*(1)] < 12— 2"]|oo +

€ implies ||z —z*||« < €. The proof is verified. O

0

N D(t)
(DfP—A) W) =) g (t,L(z*)(t), J h(t, Z*(T))d’t> , aete(0,T], (6.5)
i=1
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subject to the condition

m
Y biz*(t) =z0, b >0, i € (0, Tl.

(6.6)

Theorem 6.6. Suppose the hypotheses V3-V6 are fulfilled. Then the mild solution of Eq. (1.3) under the condition

(1.4) depends continuously on by.

Proof. Let z(t) := z(t; by ) and z*(t) := z*(t; b}.) be two solutions of the problems (1.3)-(1.4), and (6.5)-(6.6),

respectively, where by, — b} < 0. Then

np PTPB

z(t) — 2" () < ATTA*T 1|Zo|Z|bk—bk|+W

k=1
[3 m

«—1 . —
+ Zbkj (8 — )PV Az — %) (0)] 4P

12 =200

B lax—1 m
+p¢(rs)AZ'bk bkiZka P — ()P A=) (Ol
k=1 0

x—1 —p m
A e 3 fow- bk|j (xf — 2?)PA()(0)]dCP

slp=p & N o (0)
+A ZZb J Ty _Cp)ﬁ 1 i(c,ﬁ(l)(C),J h(S,Z(S))dS)

k=1i=1 0

(L) “PATIA!
—gi <C/L(Z*)(C)’JO h(S,Z*(S))dS> ’dcp +pAr(B)A

@(0)
XZIbk—kaZZka (0 — (°)P! (c L(z)(m,j h(s, z(s)) ) dce
k=11i=1 0
AF - ®(¢)
Z|bk bk|j P go)p- (c, (z)(a,L hs, 2(s)) )dcp.

Simplifying the above inequality yields

2np BTPB
r1+p)
MA* L= BTPBmy +2A*_1p*BT(”p‘3)v181m6
r1+p) Ir1+p)

Taking supremum over t € | on both sides yields

z(t) — 25 (1) < A TA* mlzols + 2NA* Lvoms + lz— 2|00

A* I m[(A Y zo| + 2NV T (1 + B) + 20 PTPR (1 + v19,T)]
M1+p)—2np=RTeR

12— 2%l < 5.

r(1+p)—2np PTPPR
m (A= zo[+2Nvy) T (14+3)+2p BTPBE (nr+vi9T)]

Using 6 = ———

7. Illustrative examples

€ implies ||z —z*||oc < €. The proof is verified.

0

In this section we present two examples to illustrate the applicability of the results in this paper.

Without loss of generality, let N = 1.
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Example 7.1. Consider the following generalized fractional integro-differential equation:

100
1,1 ' | rtet s (7.1)
- [ sntonzsias s o[ (S o) s,
where, 0 <p <1, 0 < w < o0, t € (0,1] and subject to the non-classical condition
o 1 _(3k—1
k=1

Comparing Egs. (7.1)-(7.2) with the model (1.3)-(1.5) gives the following. The parameters 3 = %, p= %,
T =1and pp = § > 1. The lag function is ®(t) = pte*, because pte ™t = t— (1 —pe ')t = the
fading delay is @(t) = (1 —pe ')t where ¢(0) = 0 and 0 < @(t) < t Vt € (0,1]. It is clear that the
lag function, ®(t) = pte !, is vanishing and continuous self-map on [0,1] and hence condition V4 is
satisfied. The operator A(z)(t) = fme*wtz(t), where 0 < w < oo. It is clear that A is a linear self-
operators on C(J,R). Let (zn)°_; be a sequence with z,, € D(A) such that Z, — z, A(Z,) — vy.
Now limn_ye0 A(Zn) (1) = limn oo llme*“’tzn(t) = fme*“”‘limn_>OO zn(t) = ﬁe*wtz(t) =Alz)(t) =
y = A(z) and clearly z € C(J,R) = z € D(A) and hence the operator A is closed. From the closed
graph theorem, the operator A is bounded where, [A(z)] < f55l2lc = Y1 = ﬁ. The operator
L(z)(t) = f(t) fﬁ(t +sin(s))z(s)ds and it is clear that £ is a linear self-operator on C(J,R). Let (z,)5°_; be
a sequence with z, € D(L) such that Z,, — z, £L(Z,) — y. Now limn 00 £(Zn)(t) = ﬁ limn oo f;(t +
sin(s))zn(s)ds = 1% fg(t—i—sin(s)) limn 00 zn (s)ds = 15 fg(t—i—sin(s))z(s)ds =L(z)(t) = y=L(z)and
clearly z € C(]J,R) = z € D(L) and hence the operator £ is closed. From the closed graph theorem, the
operator £ is bounded where, [|£(z)[ < 7 |zll0 = Y2 = 5 and so v = max{y1,v2} = max{1;, %} =
%. Set the function

@ (t)
g <t/L(Z)(t),J h(s,z(s))ds)

0

t

— 1t2+1Jt(t+sin(s))z(s)ds+1the 1 S +In(1 +z(s)) ) ds
~ 6" T150), 150), 2 \3elz() 1 (s +1)2 '

It is cleat that the function g(t,yq,y>) is measurable in t, ¥(y1,y2) € R? and continuous in (y1,1yz), Vt € J.
Also, we have

D(t)
gGwmmj }mmmmﬂ

0

< 1t2+L Jt(t—i—sin(s))z(s)ds +L the‘1 S +In(1 + |z(s)])] ) ds
S6t 150 |, 150 ), 2 \BelEG) (s+1)2

1, 1 (. 1 (Pt s
< Gt 150L (t+sin(s))|z(s)|ds + 150J0 2 \3ero T 51 + [In(1 + |z(s)])] ) ds.

So, b(t) = %tz e ([0,T]), v1 = ﬁ and moreover, we have

[=FN T

2 /1 (2)% toa 9. =1 F(E) 17 r(lj)
sup 122 <t2> = —2"_su J 02(t2—02)7d0=sup [ —2o-t7 | = —2— < 1.
ey 0 \6 ) T er(d) ie o oy \ovar(®) 9V2r(E)
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So, we can take v, = 1. Therefore, condition V1 is satisfied. Also, set the function

1 t
h(t, z(t)) = (3ez o e T |z(t)|)|> ,
and therefore, h(t, z) is positive, measurable in t Vz € R and continuous in z, Vt € J. Moreover, we have
1 1
<=4 )
Ih(t,2(4)] < g + 5 l2(0)

So, we can take ¥ = % and &, = % and hence condition V2 is satisfied. Since pPT(1+ B) = (%)%F(l.S) =
1.88, and since 2nTPP = 2TPB (y(1+viN) +v19,NT) = 2(;1315 + 555) = 0.034. So, pPT (14 B) > 2nT°P and
hence condition V3 is satisfied. Now conditions V1-V4 are verified and the series of numbers ) 7, % is
convergent. Using Thm. 3.2, the problem (7.1)-(7.2) has at least one continuous mild solution.

Example 7.2. Assume the following generalized fractional integro-differential equation.
8 1 1 s

o 1t 1 (Pt ,
<CD 13— 1—00e t> z(t) = Z4[5-1- 15J0 e z(s)ds + 6OJ <(S—|—3)2+56Z(S)| —l—sm(z(s))) ds, (7.3)

where, 0 <p <1, 0 < w < oo, t €(0,1] and subject to the integral condition

o Ao

Ly 1
J s“z(s)ds = . (7.4)
O 3
Comparing Eqs. (7.3)-(7.4) with the model (1.3)-(1.6) gives the following. The parameters 3 = %, p= %,
T =1and pB =2 > 1. The lag function is @ (t) = pt, because pt =t — (1 —p)t = the fading delay is
@(t) = (1 —p)t, where ¢(0) =0and 0 < ¢(t) <t Vt € (0,1]. It is clear that the lag function, ®(t) = pt, is
vanishing and continuous self-map on [0, 1] and hence condition V4 is satisfied. The operator A(z)(t) =

ﬁe_wtz(t), where 0 < w < oo, is a linear closed self—operator on C (] IR) and bounded as well where

IN(2)]|o < mesz = v1 = 15 The operator £(z fo 15€ °z(s)ds and it is clearly that £ is a
linear self-operators on C(J, ]R) Let (zn)S be a sequence w1th Zn € D( ) such that Z,, —> z, L(Zn) —
Y. Now limy 0 £(Zn)(t) = & limn e jO zn(s)ds = & [ e S limn oo zn(s)ds = & [, e 5z(s)ds =

L(z)(t) = y = £L(z) and clearly z € C(],R) = z € D(L) and hence the operator £ is closed. From
the closed graph theorem, the operator £ is bounded, where || £(z)|/o0 < %HZHOO = Yy = % and so
v = max{y1,v2} = max{llm, 11—5} = % Set the function

D(t) t pt
g (t,L(z)(t),L h(s,z(s))ds> = %LtS + 115J z(s)ds + 610J <(S+3)215€|Z(S) +sin(z(s))> ds.

It is cleat that the function g(t,y1,y>) is measurable in t, ¥(y1,y2) € R? and continuous in (y1,y2), Vt € J.
Also, we have

@ (t)
g <t,£(z)(t),J h(s,z(s))ds)

0

S
(s +3)2 + 5elz(s)

1. 1 _ 1 (Pt1
<04 —| e Slz(s)ld -
4 +15Le l2(s )|s+15J 4

t sin(z(s))‘ ds.

So, b(t) = }ItS e ([0,T]), v = % and moreover, we have

. 81 t B 3ir(2 3ir(2
suplés (1’(5) — (3); supJ 9230( %_Gg)Tdezsup ’ (8)‘(7 = 147 (8) <1
te] 4 4r(3) tej tejJ 24”*9) ZTF(%)

So, we can take v, = 1. Therefore, condition V1 is satisfied. Also, set the function

h(t,z(t)) = E <

s
(s +3)% + 5elz(s)

1 | +sin(z(s))> ,
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and therefore, h(t, z) is positive, measurable in t Vz € R and continuous in z Vt € J. Also, we have

h(t, 2(0)] < g + l2(t)].

So, we can take 9, = 51—6 and &, = % and hence condition V2 is satisfied. Since pPT'(1+ p) = (%)%(1.75) =
1.918 and since 2nT°PP = 2TPB(y(1 4+ viN) +v19,NT) = 2(% + 61—0) = 0.176. So, pPT(1+p) > 2nTPB
and hence condition V3 is satisfied. Now conditions V1-V4 are verified and the integrator, h(t) = t3, is
monotonically increasing on J. Using Thm. 4.2, the problem (7.3)-(7.4) has at least one continuous mild
solution.

8. Conclusion

In this work, we studied the existence and continuous dependence of solution for a generalized frac-
tional model of integro-differential functional equation with a vanishing delay in the functional part. Our
results and illustrative examples present an extending to some new results published recently by El-Sayed
et al. in [10]. So, we do believe that this work is important. As a continuation to our work, we suggest
studying numerical solution to this model and compare the rate of convergence using some relevant
algorithms to get the most relevant one.
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