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Abstract

The devotion of this paper is to study the Bessel function of two variables in k-calculus. we discuss the generating function
of k-Bessel function in two variables and develop its relations. After this we introduce the generalized (s, k)-Bessel function of
two variables which help to develop its generating function. The s-analogy of k-Bessel function in two variables is also discussed.
Some recurrence relations of the generalized (s, k)-Bessel function in two variables are also derived.
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1. Introduction

Many special functions of mathematical physics have been generalized to a base s which are known as
special s-functions. The Bessel s-function is one of the essential special s-functions which was introduced
by Jackson and Swarthrow [33]. Special functions in term of k were presented by Diaz and Parigaun [2].
Later on, the researchers introduced various types of k-special functions by following the idea of Diaz
and Parigaun [2]. Kokologiannaki [12] investigated further properties of k-gamma, k-beta and k-zeta
functions. Mansour [15] introduced the k-generalized gamma function by functional equation. Krasniqi
[13] investigated limits for k-gamma and k-beta functions. Merovci [16] gave the power product inequal-
ities for the k-gamma function. Mubeen and Habibullah [17] proposed the so-called k-fractional integral
based on gamma k-function and its applications. In [18], Mubeen and Habibullah defined the integral
representation of generalized confluent hypergeometric k-functions and hypergeometric k-functions by
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utilizing the properties of Pochhammer k-symbols, k-gamma, and k-beta functions. In [17], Mubeen et al.
proposed the following second order linear differential equation for hypergergeometric k-functions as

kw(l—kx)w” +y—(ax+ B +k)kx] w — aPw = 0.

The solution in the form of the so-called k-hypergeometric series of k-hypergeometric differential equation
by utilizing the Frobenius method can be found in the work of Mubeen et al. [23, 22]. Recently, Li and
Dong [14] investigated the hypergeometric series solutions for the second-order non-homogeneous k-
hypergeometric differential equation with the polynomial term. Rahman et al. [27, 21] proposed the
generalization of Wright hypergeometric k-functions and derived its various basic properties.

Furthermore, Mubeen and Igbal [19] investigated the generalized version of Griiss-type inequalities
by considering k-fractional integrals. Agarwal et al. [1] established certain Hermite-Hadamard type in-
equalities involving k-fractional integrals. Set et al. [32] proposed generalized Hermite-Hadamard type
inequalities for Riemann-Liouville k-fractional integral. Ostrowski type k-fractional integral inequali-
ties can be found in the work of Mubeen et al. [20]. Many researchers have established further the
generalized version of Riemann-Liouville k-fractional integrals and defined a large numbers of various
inequalities via by using different kinds of generalized fractional integrals. The interesting readers may
consult [9, 26, 25, 28]. The Hadamard k-fractional integrals can be found in the work of Farid et al. [5].
In [6], Farid proposed the idea of Hadamard-type inequalities for k-fractional Riemann-Liouville inte-
grals. In [10, 35], the authors have introduced inequalities by employing Hadamard-type inequalities
for k-fractional integrals. Nisar et al. [24] investigated Gronwall type inequalities by utilizing Riemann-
Liouville k- and Hadamard k-fractional derivatives [24]. In [24], they presented dependence solutions
of certain k-fractional differential equations of arbitrary real order with initial conditions. Samraiz et al.
[31] proposed Hadamard k-fractional derivative and properties. Recently, Rahman et al. [29] defined
generalized k-fractional derivative operator. Diaz and Teruel introduced the generalized gamma and beta
(s, k)-functions in 2005 [3]. They also proved various identities of gamma and beta (s, k)-functions in
two parameter deformation. In this paper, the generalized (s, k)-Bessel function is introduced. Firstly,
the Bessel function of two variables at level k is introduced by constructing its generating function and
some recurrence relations. Secondly, the generating function of the generalized (s, k)-Bessel function is
constructed and some of its recurrence relations are developed. Also, the s-analogy of the generalized
k-Bessel function of two variables is given. Finally, the concluding comments on (s, k)-Bessel function are
given.

2. preliminaries
In this section, we present certain well-known definition and mathematical preliminaries.

Definition 2.1 ([4]). The s-factorial is defined by

(s78)n
| =
m]s! 1o (2.1)
where n is any positive integer and 0 < s < 1. Replacing n by n +k in (2.1), where k > 0, we get

(1— )tk

Definition 2.2 ([3]). The generalized (s, k)-gamma function is defined as

toq
(1—sk)“k

Me(t) = ——2%,  t>0,
s,k( ) (1—S)E71

where k is any positive real number and 0 < s < 1.
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After changing of variable t by nk, we get

n—1 n—1 (1 . Sjk) (1 _ Sk)nfl

Mox(nk) = [ Jlikls = = = (1_5)51‘1.

j=1 j=1

Definition 2.3 ([34]). The s-Bessel function of two variables x and y is given by

o (_1)m+n(%)2m+V(yP2(X))2n+p
Jvulxy;s) = mg_o e B R NN P T Cx g 2.3)

where v, u are not negative integers.

Definition 2.4. The relation between s-gamma function and (s, k)-gamma function is given by

lim T i (nk) = lim Ty (n) = k™17 (n),
s—1 s—1

where k > 0,0 < s <1 and n is positive real number.

3. The k-Bessel function and generalized (s, k)-Bessel function in two variables
In this section, we introduce k-Bessel function and generalized (s, k)-Bessel function in two variables.

Definition 3.1. The k-Bessel function in two variables is defined as

00 (_1)m+n(§)2m+%(yp(x))Zn—b—%
7k (xy) = Z 2 2 . (3.1)
VH = mn!Ty (v + mk + k)N (p+ nk + k)

If v and p are not negative integers, then we have

5, uy) = (1YY (k). (32)
Definition 3.2. The generalized (s, k)-Bessel function of two variables x, y is defined by

k . _ 2
Foulxyis) = ) [ L[ Ts e (v + Mk + K)o (1t + ik + k)7

m,n=0

00 (_k)m+n(%)2m+%(yp(x))2n+%

where k is any positive real number, 0 < s < 1 and v, u are non negative integers.

Remark 3.3. If we let k =1, then the generalized (s, k)-Bessel function reduces to s-Bessel function (2.3).
Remark 3.4. If we let s =1, then the generalized (s, k)-Bessel function reduces to k-Bessel function (3.1).

Remark 3.5. 1If we let s = k =1, then the generalized (s, k)-Bessel function reduces to the following Bessel
function in two variables

o (DT (R )Im (MBI

Jvuloy) = )

mmn=

0 mmv+m+1Dr(p+n+1)’

where v, p are non negative integers.

4. Properties of Bessel s-function and Bessel (s, k)-function in two variables

The study of Bessel function and s-Bessel function of two variables in k-calculus gives important the-
ories in the filed of analysis. We discuss some important results about k-Bessel function and (s, k)-Bessel
function in two variables. We derive the generating function of k-Bessel function of two variables, and
also discuss the s-analogy of the generalized k-Bessel function of two variables in the form of theorems.
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Lemma 4.1. The relation between Bessel function and k-Bessel function in two variables is given by

K o w x Y
75 Lxy) =k E J< = ﬁ> @)
or counter part is
v+
Jouboy) =k J% L (xvk,yvk), (4.2)

where v, | are non negative integers and k is any positive real number.

Proof. By definition of k-Bessel function, we have

00 (_1)m+n(§)2m+% (U‘P(X) )Zn—l—%
o ! M (v +mk + k)N (n+nk+ k)
(_1)m+n(i)2m+%(yp(>€) )2n+% (4.3)
:k%z 2Vk 2k :g;mlvu<x9).
= UM (3 +m+ 1P (f +n+ 1) e\ VKV
After replacing x by xvk and y by yv'k in equation (4.3), we get (4.2). O
Lemma 4.2. The following relation holds for Bessel function and k-Bessel function of two variables
k = 6420 Xy
w6 y) =k7 2 Jy (\/E'\/E>
or its counter part is
v+
Jvalxy) =k ooy v,
where v, |\ are integers and k is any positive real number.
Proof. Consider the definition of k-Bessel function in two variables, we have
00 (71)m+n(§)2m+%(yp(x))Zn—b—%
oy = ) e A T (44)
o MMM (v +mk + k)T (4 nk + k)
After replacing v by vk and u by pk in equation (4.4), we have
0 (_1)m+n(5)2m+v(yP(X) )2n+u
Pooa W) = 2 fnmiin (v mk 5 0T (k k)
o mltm! K (VK + mk + k) (uk + nk + k)
(_1)m+n(i)2m+V(UP(X) )2n+u (4'5)
_E Yy 2vk 2V o (X y),
& Iy + m D (e 1) v\ VK Vi
After replacing x by xvk and y by yvk in equation (4.5), we have
—(v+u) (v+u)
ka,uk(Xﬁzy\/E) =k 2 Jyvulxy) or Jyulxy) =k 7 ka,uk(x\/iiyﬁ)-
O
Lemma 4.3. The k-Bessel function in two variables satisfies
vin
I uboy) = (0N L (o), (4.6)

where v, | are non negative integers and k is any positive real number.
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Proof. Replacing the value of v, u by —v, —u in equation (4.1), and resulting equation is as follows

viu X Y
]Ev,—u(X'y) =k 2kuLX'*% < > .

Using the value of the equation (3.2), we get

oY) = (1) F R, ( N }) = (K TR <

7=
x\T—

Theorem 4.4. For t # 0,w # 0 and t,w € C, then the generating function of k-Bessel function in two variables is

t V) ypx) [w VK)o
xpls 7 (f_t>+ 2Vk (x/E_w>]_ > W k),

V,u=—00

where v, W are non negative integers and k is any positive real number.
Proof. Let

00 —1

A= Z tkuﬂ{/k,uk(xly)/z Z tywulbk,uk(xly)"’— Z t”W“J‘ék,uk(X/y)- (4.7)

V,L=—00 V,L=—00 v,u=0
After replacing v by —v —1 and p by —p — 1 in first summation of the equation (4.7), we have
A= Z TR ey + ) EWET v y). (4.8)
v,u=0 v,1u=0
By using equation (4.6) in equation (4.8), we have

o0 o0
D YT TR () D PRI o)
v,u=0 v, u=0

A

(_1)m+n(%)2m+v+1 ( HPZ(X) )2n+u+1

= Z Z Y 1W i 1(_k)v+u+2 (49)
Vi omamo min!T (mk+ (v+ Dk + k) (nk+ (n+ 1)k + k)
00 tYwH(—=1)m+n 2m+v UP( X)\2n+p
N Z Z W (=)™ (3) ( )
Vo mnrk(mk+vk+k)rk(nk+ uk +k)
After replacing v by v —2m and p by u—2n in the equation (4.9), we have
o0 B tfvamfl —1)v— m+1kv 2m—+1 v+1
A=y (1) (3)
== m!N(mk+ (v —2m)k + 2k)
18
© 2 ,e2n—l (yuendlyp—2n4l yp(x) yu+1
o) M (nk + (v —2n)k + 2k)

e ]

n
0 tv— Zm( 1)m(X)v o 7 wWH— 211( 1)n(yp(x))u
+;) = MUNc(mk + (v —2m)k + 2k] gg nh(nk + (p—2n)k +2k)°
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After replacing v by v —1 and p by u— 1 in first and second summation of the equation (4.10), we have

Vzl t7v+2m(_1)v7mkv72m(%)v 0 uT71 W*H+2n(_1)u*nku72n(yp2(x))P-

2
m!N (vk — mk + k) +u21n—0 n!T (uk — nk + k) +

(IR -]
=

tv—Zm(_l)m(ﬁ)v 2 Wp.—Zn(_l)n(UPZ(X))u

2
+Z mle (vk — mk + k) M (pk —nk+k)

v=1m=0

v1 u-1
_ i 2 t—v—o—Zm(_l)v—mk—m(%)v . i i W—H+2n(_1)u—nk—n(ypz(x))u
== mih(v—m+1) — = nlMp—m+1)

tv72m(_1)mk7v+m( ) © % W”iZ“(—l)nkfqu“(ypz(X))“
. P ID N T (h—n+1)

N[

0 7 m(_t \yv—m—m(_x Vv 1) _1\yn(w —n—n(yprx)
A=2+Y 2 (=1)™() (5o%) s (=" ()" (S
== m!(v—m)! ) n!(p—mn)!
+i x= (—1)Y m(ﬁ)m (v m)(zz;i)v +i Vil (=)™ n(%)n—(u—n)(yf(i))u
m!(v—m)! n!(p—mn)!

By using [30, Lemma 12, page 112], we have

N (™) (25) . n(ww—“—"(—‘%)w

- v=1 m=0 mi(y —m)! u=1n=0 n!(p—n)!
0oV 7miv—mﬂmiv 0 _1\n(w_ —nﬂnyp(x)

_§ oy UG OEN )Y g G
== m!(v—m)! =i n!(p—mn)!

L (R & (e

:Z m!(v)! +Z ni(p)!
v=0 ’ u=0 H:

e | X (VY Rl (W Vi

vk ) Tk Wk w7

which is required generating function of k-Bessel function in two variables. O

Lemma 4.5. The (s, k)-Bessel function of two variables satisfies the relation
I8 w(=x,y58) = (=1D)¥J% L (x,u;s),

where v, w are integers, k is any real number and 0 < s < 1.

Proof. Since (s, k)-Bessel function in two variables is

k) m+n(%)2m+% ( UPz(X) )2n+%
Z Fkv+mk+k][ ok ! k[ 4 ke + k] ] i !

J% [(xy;s)
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by changing x by —x in the above, we get
(7k)m+n(%><)2m+% (UPZ(X) )Zn—l—%

K (L 1y-c) —
Jvu(=%y;s) Z s c[v + mk + K] [m] g T [0+ nk + k] g«!

m,n=0%

= (—1)2™+x z:' (—k)mrm(X)2me i (YR y2nt
— Ty + mk K ml g T [+ ik + K] !

mn

2m

Here, (—1)?™ is positive for all values of m. Therefore, (—1)"™ =1, then we have

o) (— k)m+n( )2m+ (UP(X))ZTH—%

k ¥ 2 ¥ ok
—X,y; = —]_ k — _1 % u; )
O]
Lemma 4.6. The (s, k)-Bessel function of two variables holds
T —u;s) = (=DETY L (o y;s),
where v, u are non negative integers, k is any real positive number and 0 < s < 1.
Proof. The (s, k)-Bessel function is
00 (_k)m+n(§)2m+%(1ﬂ’(x) )2n+%
Bayis)= 3 o E—— e (4.11)
o To kv +mikc + 1l gi T  [p + nk + k][] gk
After replacing y by —y in the equation (4.11), we have
_k)mn (X 2me YR (X) yon g
ORI (lgmn(g )i E (=) '
, o Ik [V 4+ mk + kl[m] g !T ik [n + nk + k][] gk
= 2n+Pl Z k)m+n(%)2m+%(yp2(x))2n+%
—, I's x v+mk+k][ ml o !Ts k[t + nk + k] [n] k!
For all values of n, (—1)?™ is positive. Therefore, (—1)*™ =1, then we have
00 x v (x)y2n+ i
k u (—k)m+n(§)2m+k(%) K T
x,—y;s) = (—1)x = (—1)x X,Y;s).
vl =ys) = (=1) m,;—o I's 1 [v + mk + K] [m] i ITs [+ nk + k] [n] ! Ul yss)
O]

Lemma 4.7. The (s, k)-Bessel function of two variables holds

v+
JE x—ys) = (=1)7F X L (xy;s),
where v, | are non negative integers, k is any real positive number and 0 < s < 1.
Proof. The (s, k)-Bessel function of two variables is given by

(—k) m+n(%)2m+% ( UPz(X) )2n+%

Z Fkv+mk+k][ ok ! k[ 4 ke + k] ] i !

I [(xy5s)
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After replacing x by —x and y by —y in the above, we have

(_k)m+n(—7>c)2m+% ( —yp(x) )2n+%

kK (v 4. — 5
Joulo—yis) = ) Mo [V + Tk + K[ g Ts e (1t + 1tk + K] g

m,n=0®

2m+ (x)yon+tk
(P apmen Y (—hymn (3 )2me ¥ (UB () an

T's k [V + mk + Kl [m] i ITs [+ nk + Kl [n) g !

m,n=0
For all values of m and n, (—1)>™*+2" ig positive. Therefore, (—=1)2m+2n — 1, then we have

0 (_k)m+n(%)2m+%(ypz(x))2n+% -

|53 k .
K IV,H(X/U/S)~

= (1)

k
—X, — /' = _1
Joul=x—yss) = (1) — Ty +mk -+ KIml ey s+ nk -+ Kl !

O

Now, we construct the generating function of the generalized (s, k)-Bessel function of two variables.

Theorem 4.8. Prove that the generating function of the generalized Bessel q,k-function of two variables is the
expansion of
k k
E. [X(t Lo 160 Y )} 4.12)

where t #0,w # 0, t,w € C, and k is any positive real number.

Proof. There are two important cases of exponential s-function which are defined by

(.¢] X-r
Es(x) =) —— (4.13)
—o [r]s!
and ,
= s2x"
Es(x) = , x| < 1.
s(x) % onE |
By taking limit s — 1, we get lim_,;(Es(1 —s)x) = e*. Taking left hand side of (4.12) and using (4.13), we
have
00 rx [ —kx ) (x)w oo —kyp(x)\n
X k. yp(x) k (%)Y (Skx)m (28 )i (—w )
Egv |z(t——)+ w——)| = v (4.14)
s [2 t 2 w VZ_O V]! mZ_O mlge! &= ! nZ_O ]!
Replacing v by ¥ + m and p by £ +n in the equation (4.14), we have
_ i (%)%er i (—Tlix)m 00 (yp(szw)%Jrn i (fkgvr;(x))n
o A mlgd A mlad = [ nlad e Infad
00 00 (_k)m(%)%Jer tE+m-—m (yPZ(X) )%+2n(_k)n wkTn—mn
_V,P;_mm;_() Mokl +m A+ ml g Tl +n+ UM !

00 CpymAnx\2m+Y Yp(x) 2n4 &
_ Z - Z (—k) (2) k( 5 ) k
Fslk[v—|—mk—|—k][m]sk!rs,k[u—l—nk+k][n]sk!

V,p=—00 m,n=0
00
vy oK
= Z tkwk]]f/ u(X/U/S),
V,L=—00

which is required generating function for (s, k)-Bessel function of two variables. O
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Lemma 4.9. If the parameters v and . are integers then generalized (s, k)-Bessel function satisfies

]E‘V,},L(le; S) = (_k)%lb,u(xlyl S)-

Proof. Replacing v by —v in (s, k)-Bessel function of two variables we get

00 )M X 2me yp(x) 2n+ &
o= S (gmn (g (5 '
’ ol T,k [V 4+ mk + kl[m] g !Ts k [n + nk + k][] o«
00 (_k)m+n(%)2m+%(ypz(x) )2n+% (4.15)
- o Tl met Tm e+ ke Kl !
Substituting v by —v in the equation (4.15), we get
o -y (x)y2n+ &
5 (_k)m+n(§)2m (ypz ) K
Y,8) = — 4.16
o) m;_g Foe[ 2 + m A+ 1[m] e T e [+ ok + K[ ! (4.16)
After replacing m by ¢ + 1 in equation (4.16), we have
Jk (oss) = i (_k)%+r+n(%)%’+2r—%(ypz(x))2n+%
T = Tl + g+ 1R+l T il + nk + K !
o (_k)%(_k)r+n(%)2r+%(UPZ(X) )2n+%
= Torlr + Ul [ 74 U e[+ ik + k] [n] !
N 00 (_k)r+n(§)2r+%(yp(x) )2n+% N
= (8 ) R Ttk i — O Rl ys)
rmo s xly ATk KT ls elp + nke 4 klind g
which is required recurrence relation. O

Lemma 4.10. If the parameters v and  are integers, then (s, k)-Bessel function of two variables satisfies the relation

ENCATREIC SL3 MNCATD)
Proof. Consider the (s, k)-Bessel function of two variables

” . _ ) (_k)m+n(%)2m+l(I.Jlf’z(x))Zn—o—E
]v,u(X,U/S) = Zorsk[v+mk+k][ ] rsk[v+nk+k][ ]

mmn=

0 (_k)m+n(%)2m+%(ypz(x))2n+% (4.17)

T [v +mk + Klmlge !+ g g

m,n=0

Replacing pu by —u in equation (4.17), we have

00 (_k)m—b—n(%)Zm—l— ( 2()) n—k

k ce) —
]v,—u(xlyls)— Z T
m,

n=0 %

K[V +mk + Kkl [m]!n (4.18)

Replacing n by s 4 & in equation (4.18), we get

(%)2m+%(yp(x))25+%f%

(_k)m+s+%
k]

Kk
Jy~uloyis) ; I [v +mk +K]mlge![s + &
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(_k)ers (%)2m+% ( UPZ(X) )25+%

I's k[v + mk + Kk|[m] g ![s +

L

Sk![s]sk!

Ck)mebs (x)2mek (YR y2s
T [V + mk + Kl [m] . !Tq e[ + sk + Kl [s] ! )

Theorem 4.11. The (s, k)-Bessel function in two variables is s-analogy of k-Bessel function in two variables,

lim J% [(1—s)x, (1—s)y;sl =J% ,(x,y),

s—1
where v, | are non negative integers, k is any positive real number and 0 < s < 1.
Proof. Consider the (s, k)-Bessel function is in two variables
(SR ()P E (MR e
M,k (V+mk+ k) [ml T k(1 + nk + k) [n]gx!

I [(xy;s) =

(_k)m+n(%)2m+% ( Upz(x) )2n+%

O[m]sk![n]sk! s +m+Dg(E+n+1) (4.19)

(7k)m+n(§)2m+% (UPZ(X) )2n+%

[
g 3 3
=2 =18 il\/lg
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By taking left hand side of the equation (4.19) and using the equation (2.2), we have
lim J5 . (1 —s)x, (1 —s)y;)
s—1" "’

MAN (] g)MFE (1 — )™ (1 —s) R (1 — S)n(%)Zer%(UPZ(X) )2n+i

= (=K
= lim Z k. gk K. gk K. ok k. ok
so1 = (8% %) myx (% 8 ) m(s¥; s%)  u (%5 85)n

Gaspor [7] has given the relation
((s;8))nsr = (S;S)T(Sr+1;3)n- (4.20)

By using the relation defined in the equation (4.20),

(_k)m+n(1 _ S)Zm(l _ S)Zn(%)2m+%(yp2(x) )2n+%
((s%) %L 85) i (8% 8% m ((s%) %+ s¥)n (855 8%

R 2
X)Zm—i—] (UP(X)) K
v+

1
S TE+DRE+1) Z_o ke T T (Dm) (% + Dm(§ + Dn(T(1)(1)n)

mmn

= lim

(1—s)%(1—s)%x i

3
+
=

= (=™

i (—1)men(X)2me (URL) janot
o MUY +mk + k)T (e + 1k + k)

mmn=

= I]\Q/,u(x/y)-

5. Conclusion

In our work, the two parameter deformation of classical Bessel function is introduced. We discussed
some important relations between k-Bessel function and simple Bessel function in two variables. Also,
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we developed the generating functions which satisfies the k-Bessel function and (s, k)-Bessel function in
two variables. Moreover, we established a result in which (s, k)-Bessel function is s-analogy of k-Bessel
function. If k = 1, generalized (s, k)-Bessel function reduces to s-Bessel function in two variables. By

taking s =

1 in (s, k)-Bessel function, we get k-Bessel function in two variables. For s = 1,k = 1, the

generalized (s, k)-Bessel function reduces to simple classical Bessel function.

References

[10]
(11]

(12]

(13]
(14]

(15]

(16]
(17]

(18]
(19]
[20]
(21]
(22]
(23]
[24]
[25]
[26]
[27]
(28]
[29]

(30]

P. Agarwal, M. Jleli, M. Tomar, Certain Hermite-Hadamard type inequalities via generalized k-fractional integrals, .
Inequal. Appl., 2017 (2017), 10 pages. 1

R. Diaz, E. Pariguan, On hypergeometric functions and pochhammer k-symbol, Divulg. Mat., 15 (2007), 179-192. 1

R. Diaz, C. Teruel, q, k-Generalized Gamma and Beta Functions, ]. Nonlinear Math. Phys., 12 (2008), 118-134. 1, 2.2
H. Exton, q-Hypergeometric Functions and Applications, Halstead Press, New York, (1983). 2.1

G. Farid, G.-M. Habibullah, An extension of Hadamard fractional integral, Int. ]. Math. Anal., 9 (2015), 471-482. 1

G. Farid, A. Ur Rehman, M. Zahra, On Hadamard-type inequalities for k-fractional integrals, Konuralp J. Math., 4
(2016), 79-86. 1

G. Gasper, M. Rahman, Basic Hypergeometric Series, Cambridge University Press, Cambridge, (1990). 4

K. S. Gehlot, Differential Equation of k-Bessel’s Function and its Properties, Nonlinear Anal. Differ. Equ., 2 (2014),
61-67.

C.-J. Huang, G. Rahman, K. S. Nisar, A. Ghaffar, F. Qi, Some inequalities of the Hermite-Hadamard type for k-fractional
conformable integrals, Aust. ]. Math. Anal. Appl., 16 (2019), 9 pages. 1

S. Igbal, S. Mubeen, M. Tomar, On Hadamard k-fractional integrals, J. Fract. Calc. Appl., 9 (2018), 255-267. 1

F. H. Jakson, The Application of Basic Numbers to Bessel’s and Legendre’s Functions, Proc. London Math. Soc. (2), 2
(1905), 192-220.

C. G. Kokologiannaki, Properties and inequalities of generalized k-gamma, beta and zeta functions, Int. J. Contemp.
Math. Sci., 5 (2010), 653-660. 1

V. Krasniqi, A limit for the k-gamma and k-beta function, Int. Math. Forum, 5 (2010), 1613-1617. 1

S. Li, Y. Dong, k-Hypergeometric series solutions to one type of non-homogeneous k-hypergeometric equations, Symmetry,
2019 (2019), 11 pages 1

M. Mansour, Determining the k-generalized gamma function Ty (x) by functional equations, Int. J. Contemp. Math. Sci.,
4 (2009), 1037-1042. 1

F. Merovci, Power product inequalities for the Ty function, Int. J. Math. Anal. (Ruse), 4 (2010), 1007-1012. 1

S. Mubeen, Solution of some integral equations involving confluen k-hypergeometric functions, Appl. Math., 4 (2013),
9-11. 1

S. Mubeen, G. M. Habibullah, An integral representation of some k-hypergeometric functions, Int. Math. Forum, 7
(2012), 203-207. 1

S. Mubeen, S. Igbal, Griiss type integral inequalities for generalized Riemann-Liouville k-fractional integrals, J. Inequal.
Appl., 2016 (2016), 13 pages. 1

S. Mubeen, S. Igbal, Z. Igbal, On Ostrowski type inequalities for generalized k-fractional integrals, J. Inequal. Spec.
Funct., 8 (2017), 107-118. 1

S. Mubeen, C. G. Kokologiannaki, G. Rahman, M. Arshad, Z. Iqbal, Properties of generalized hypergeometric k-
functions via k-fractional calculus, Far East J. Appl. Math., 96 (2017), 351-372. 1

S. Mubeen, M. Naz, A. Rehman, G. Rahman, Solutions of k-hypergeometric differential equations, J. Appl. Math., 2014
(2014), 13 pages. 1

S. Mubeen, A. Rehman, A Note on k-Gamma function and Pochhammer k-symbol, J. Inf. Math. Sci., 6 (2014), 93-107.
1

K. S. Nisar, G. Rahman, J. S. Choi, S. Mubeen, M. Arshad, Certain Gronwall type inequalities associated with Riemann-
Liouville k-and hadamard k-fractional derivatives and their applications, East Asian Math. J., 34 (2018), 249-263. 1

F. Qi, S. Habib, S. Mubeen, M. N. Naeem, Generalized k-fractional conformable integrals and related inequalities, AIMS
Math., 4 (2019), 343-358. 1

F. Qi, G. Rahman, S. M. Hussain, W. S. Du, K. S. Nisar, Some inequalities of Chebysev Type for conformable k-Fractional
integral operators, Symmetry, 2018 (2018), 16 pages. 1

G. Rahman, M. Arshad, S. Mubeen, Some results on generalized hypergeometric k-functions, Bull. Math. Anal. Appl.,
8 (2016), 66-77. 1

G. Rahman, K. S. Nisar, A. Ghaffar, F. Qi, Some inequalities of the Griiss type for conformable k-fractional integral
operators, Rev. R. Acad. Cienc. Exactas Fis. Nat. Ser. A Mat. RACSAM, 114 (2020), 9 pages. 1

G. Rahman, S. Mubeen, K. S. Nisar, On generalized k-fractional derivative operator, AIMS Math., 5 (2019), 1936-1945.
1

E. D. Rainville, Special functions, Macmillan Co., New York, (1960). 4


https://doi.org/10.1186/s13660-017-1318-y
https://doi.org/10.1186/s13660-017-1318-y
https://eudml.org/doc/55510
http://dx.doi.org/10.2991/jnmp.2008.12.1.10.
https://cds.cern.ch/record/99100
http://m-hikari.com/ijma/ijma-2015/ijma-9-12-2015/faridIJMA9-12-2015.pdf
https://www.researchgate.net/profile/Ghulam_Farid6/publication/309464837_On_Hadamard-type_inequalities_for_k-fractional_integrals/links/5811d9bb08aec29d99f885b2/On-Hadamard-type-inequalities-for-k-fractional-integrals.pdf
https://www.researchgate.net/profile/Ghulam_Farid6/publication/309464837_On_Hadamard-type_inequalities_for_k-fractional_integrals/links/5811d9bb08aec29d99f885b2/On-Hadamard-type-inequalities-for-k-fractional-integrals.pdf
https://ci.nii.ac.jp/naid/10006415798/
http://dx.doi.org/10.12988/nade.2014.3821
http://dx.doi.org/10.12988/nade.2014.3821
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Some+inequalities+of+the+Hermite-Hadamard+type+for+k-fractional+conformable+integrals&btnG=
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Some+inequalities+of+the+Hermite-Hadamard+type+for+k-fractional+conformable+integrals&btnG=
http://math-frac.org/Journals/JFCA/Vol9(2)_July_2018/Vol9(2)_Papers/20_JFCA_Vol9(2)_July_2018_pp_255-267.pdf
https://academic.oup.com/plms/article-abstract/s2-2/1/192/1497571
https://academic.oup.com/plms/article-abstract/s2-2/1/192/1497571
https://www.researchgate.net/profile/Chrysi_Kokologiannaki/publication/228520451_Properties_and_inequalities_of_generalized_k-gamma_beta_and_zeta_functions/links/53ea0da60cf28f342f4178ad/Properties-and-inequalities-of-generalized-k-gamma-beta-and-zeta-functions.pdf
https://www.researchgate.net/profile/Chrysi_Kokologiannaki/publication/228520451_Properties_and_inequalities_of_generalized_k-gamma_beta_and_zeta_functions/links/53ea0da60cf28f342f4178ad/Properties-and-inequalities-of-generalized-k-gamma-beta-and-zeta-functions.pdf
http://www.m-hikari.com/imf-2010/33-36-2010/krasniqiIMF33-36-2010.pdf
https://www.mdpi.com/2073-8994/11/2/262
https://www.mdpi.com/2073-8994/11/2/262
http://www.m-hikari.com/ijcms-password2009/21-24-2009/mansourIJCMS21-24-2009.pdf
http://www.m-hikari.com/ijcms-password2009/21-24-2009/mansourIJCMS21-24-2009.pdf
https://www.researchgate.net/publication/234025153_Power_Product_Inequalities_for_the_Gk_Function
https://www.scirp.org/pdf/am_2013070511363864.pdf
https://www.scirp.org/pdf/am_2013070511363864.pdf
http://www.m-hikari.com/imf/imf-2012/1-4-2012/mubeenIMF1-4-2012.pdf
http://www.m-hikari.com/imf/imf-2012/1-4-2012/mubeenIMF1-4-2012.pdf
https://doi.org/10.1186/s13660-016-1052-x.
https://doi.org/10.1186/s13660-016-1052-x.
https://pdfs.semanticscholar.org/9ff5/d431e0bb1350aa598c5a9b369d5f047b6c0d.pdf
https://pdfs.semanticscholar.org/9ff5/d431e0bb1350aa598c5a9b369d5f047b6c0d.pdf
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Properties+of+generalized+hypergeometric+%24k%24-functions+via+%24k%24-fractional+calculus&btnG=
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Properties+of+generalized+hypergeometric+%24k%24-functions+via+%24k%24-fractional+calculus&btnG=
https://www.hindawi.com/journals/jam/2014/128787/abs/
https://www.hindawi.com/journals/jam/2014/128787/abs/
http://www.rgnpublications.com/journals/index.php/jims/article/view/252
https://www.researchgate.net/profile/Nisar_K_S/publication/325568361_CERTAIN_GRONWALL_TYPE_INEQUALITIES_ASSOCIATED_WITH_RIEMANN-LIOUVILLE_k-AND_HADAMARD_k-FRACTIONAL_DERIVATIVES_AND_THEIR_APPLICATIONS/links/5b1c0a860f7e9b68b42afe77/CERTAIN-GRONWALL-TYPE-INEQUALITIES-ASSOCIATED-WITH-RIEMANN-LIOUVILLE-k-AND-HADAMARD-k-FRACTIONAL-DERIVATIVES-AND-THEIR-APPLICATIONS.pdf
https://www.researchgate.net/profile/Nisar_K_S/publication/325568361_CERTAIN_GRONWALL_TYPE_INEQUALITIES_ASSOCIATED_WITH_RIEMANN-LIOUVILLE_k-AND_HADAMARD_k-FRACTIONAL_DERIVATIVES_AND_THEIR_APPLICATIONS/links/5b1c0a860f7e9b68b42afe77/CERTAIN-GRONWALL-TYPE-INEQUALITIES-ASSOCIATED-WITH-RIEMANN-LIOUVILLE-k-AND-HADAMARD-k-FRACTIONAL-DERIVATIVES-AND-THEIR-APPLICATIONS.pdf
https://hal.archives-ouvertes.fr/hal-01788916/
https://hal.archives-ouvertes.fr/hal-01788916/
https://www.mdpi.com/2073-8994/10/11/614/htm
https://www.mdpi.com/2073-8994/10/11/614/htm
http://www.bmathaa.org/repository/docs/BMAA8-3-7.pdf
http://www.bmathaa.org/repository/docs/BMAA8-3-7.pdf
https://doi.org/10.1007/s13398-019-00731-3
https://doi.org/10.1007/s13398-019-00731-3
https://www.preprints.org/manuscript/201712.0101
https://doi.org/10.1090/S0002-9904-1960-10507-1

R. S. Ali, S. Mubeen, K. S. Nisar, S. Araci, G. Rahman, J. Math. Computer Sci., 24 (2022), 10-21 21

[31] M. Samraiz, E. Set, M. Hasnain, G. Rahman, On an extension of Hadamard fractional derivative, J. Inequal. Appl,,
2019 (2019), 15 pages. 1

[32] E. Set, M. A. Noor, M. U. Awan, A. Gozpinar, Generalized Hermite-Hadamard type inequalities involving fractional
integral operators, J. Inequal. Appl., 2017 (2017), 10 pages. 1

[33] R. F. Swarthow, An Addition Theorem and Some Product Formulas for the Hahn-Exton q-Bessel Functions, Canad. J.
Math., 44 (1992), 867-879. 1

[34] A. Tanguria, R. Sharma, Advanced q-Bessel Function of Two Variables, Int. J. Sci. Eng. Res., 5 (2014), 2229-5518. 2.3

[35] M. Tomar, S. Mubeen, J. S. Choi, Certain inequalities associated with Hadamard k-fractional integral operators, J. Inequal.
Appl., 2016 (2016), 14 pages. 1


https://doi.org/10.1186/s13660-019-2218-0
https://doi.org/10.1186/s13660-019-2218-0
https://doi.org/10.1186/s13660-017-1444-6
https://doi.org/10.1186/s13660-017-1444-6
https://www.cambridge.org/core/journals/canadian-journal-of-mathematics/article/an-addition-theorem-and-some-product-formulas-for-the-hahnexton-qbessel-functions/C7C6E37A78781BCE24BA60CCB5CB0B14
https://www.cambridge.org/core/journals/canadian-journal-of-mathematics/article/an-addition-theorem-and-some-product-formulas-for-the-hahnexton-qbessel-functions/C7C6E37A78781BCE24BA60CCB5CB0B14
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Advanced+%24q%24-Bessel+Function+of+Two+Variables&btnG=
https://journalofinequalitiesandapplications.springeropen.com/articles/10.1186/s13660-016-1178-x
https://journalofinequalitiesandapplications.springeropen.com/articles/10.1186/s13660-016-1178-x

	Introduction
	preliminaries
	
	
	Conclusion

