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Abstract

For an intuitionistic fuzzy set S = {< a,S,(a),Sx(a) >;a € A} of a universe set A, we discuss and study properties on an
intuitionistic fuzzy graph like r-edge regular intuitionistic fuzzy graph and strongly regular intuitionistic fuzzy graph. In this
paper, we describe variously related to these graphic’s. Also, we have provided many examples to explain these concepts.
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1. Introduction

In 1965, Zadeh [20] introduced a fuzzy set concept which led to change the science face and technol-
ogy to a great extent. Since then, a fuzzy set theory has became a vigorous research area in different
disciplines, like computer network, engineers, life sciences, mathematical modeling and medical science.

Rosenfeld [16] introduced fuzzy relations on fuzzy sets and generalized a fuzzy graph structure.
Hereafter, several interesting results about fuzzy graphs and it’s application have been obtained [6, 7,
11, 12, 15, 17]. Atanassov [1] in 1983 introduced intuitionistic fuzzzy set. An intuitionistic fuzzy set is
characterized by two functions that expressing the membership degree and the non-membership degree of
elements of the universe to intuitionistic fuzzy set. Research on intuitionistic fuzzy sets theory has been
witnessing and exponential growth in mathematics and it’s application. Karamambigai and Parvathi
[13] studies intuitionistics fuzzy graph. The concepts of intuitionistics fuzzy graph and it’s matrix was
introduces by Karamambigai and Kalaivani [5]. In 2015, Pathinathan and Rosline [14] studied cartesian
product of intuitionistic fuzzy graph and vertex degree, while Mishra and pal [8] discussed the concepts
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of regular interval valued intuitionistic fuzzy graph. Various authors have discussed many properties and
theorems for this concepts [2—4, 9, 10, 18, 19].

In this paper, we study intuitionistic fuzzy graph with the help of some properties of r-edge regular
and absolute degree of vertex. This paper is an attempt to generalize some concept from fuzzy graph to
intuitionistic fuzzy graph.

2. Preliminaries

Definition 2.1 ([12]). A Graph G = (V, E) is an ordered pair consisting of a non empty vertex set V, an
edge set E and a connection that associates with every edge between two edges called its end points.

Definition 2.2 ([12]). Let G = (V, E) be a graph. Then 6g = (A, B) is said to be subgraph of Gif A C V
and B C E.

Definition 2.3 ([20]). A fuzzy set 1 on a set A is just a function p: A — [0, 1].

Definition 2.4 ([16]). A fuzzy graph g = (V,A, ) is a non empty set V together with pair of functions
A:V—=0,1]land u: VxV — [0,1] such that foralla, b € V, u(ab) < min{A(a), A(b)} where A(a) and
1(ab) represent the membership values of the vertex a and the edge ab in 5, respectively. The underlying
crisp graph of the fuzzy graph ¢ = (V, A, u) is denoted by 6g* = (V,A*, u*) where A* ={a € V;A(a) > 0}
and pu* ={ab € V x V;u(ab) > 0}. Thus for underlying fuzzy graph A* = V.

Definition 2.5 ([16]). A fuzzy graph g = (V, A, 1) is said to be complete if p(ab) = min{A(a), A(b)} for all
a,b € V where ab denoted the edge between a and b.

Definition 2.6 ([16]). A fuzzy graph 6sg = (V, As, us) is said to subgraph of 6g = (V, A, ) if
As(a) < A(a) and ps(ab) < up(ab) for all a € V and all edges ab.

Definition 2.7 ([13]). If A is a non-empty set, an intuitionistic fuzzy set u of A is an object
o= {< aléu(a)/ 67\((1) >,ac A}/

where 6, : A — [0,1] and &) : A — [0,1] define the degree of membership and the degree of non-
membership of the element a € A, respectively, with 0 < 8, (a) +dx(a) <1 for all ain A.

Definition 2.8 ([13]). An intuitionistic fuzzy set 6 in V is defined by
5= (5,8x):VxV—1[01x[01],
an intuitionistic fuzzy relation on V such that d,yu(a, b) € [0,1] and 8x(a, b) € [0,1].

Definition 2.9 ([13]). Let vy = (v, vYa) be an intuitionistic fuzzy set on a set V. If § is an intuitionistic fuzzy
relation on V, then 9 is called an intuitionistic fuzzy relation on v if

Yulab) < min{d,(a),8,(b)}, valab) > max{dx(a),dx(b)}
for all ab in E.

Definition 2.10 ([13]). An intuitionistic fuzzy graph is a pair G = (§,v) of a graph G* = (V, E), where
d = (du,0)) is an intuitionistic fuzzy set on V and y = (y,,va) is an intuitionistic fuzzy relation on E
such that

Yul(ab) < min{d,(a),8,.(b)}, valab) = max{sx(a),ox(b)}

for all a, b in V. The underlying crisp graph of G = (9,v) is the crisp graph G* = (V, E), where
V ={a;0x(a) >0 or dp(a)=0} and E ={ab;y.(ab)>0 or yx(ab) =0}
Example 2.11. Consider an intuitionistic fuzzy graph G, such that
V ={aj,a,a3,a4,a5} and E ={ajay, araz, azas, asas, a;az, azas, aras}

as in Figure 1.
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Figure 1: An example of an intuitionistic fuzzy graph.

3. Intuitionistic fuzzy graph in r-edge regular

Definition 3.1. An intuitionistic fuzzy graph G = (3, A) of a graph G* = (V, E) is said to be strong if
Yu(ab) = min{d,(a),8,(b)}, yalab) =max{dx(a),5A(b)}

for all ab € E.

Definition 3.2. An intuitionistic fuzzy graph G = (5,7v) of a graph G* = (V, E) is said to be complete if
Yu(ab) = min{s,(a),8,(b)}, yalab) =max{dx(a),dr(b)}
forall a,b € V.
Definition 3.3. A complement of an intuitionistic fuzzy graph G = (9,v) is an intuitionistic fuzzy graph
G¢ = (8%,v¢), where
60 =0= (6u(a)/ 67\((1)) and ’YC - (Yﬁ(a)rysl\(a))/

here

Yulab) = min{d,(a),8,,(b)} —yu(ab), yX(ab) =max{dx(a),dx(b)}—va(ab)
forall ab € E.
Definition 3.4. If G = (9,7) is an intuitionistic fuzzy graph, then the absolute degree of any vertex a is
defined by

Do = (HD(G)J\D(G))/

where

pD(a):Zyu(ab);ayéb,abeE, and Ap(a ZYA (ab);a #b,ab € E,

and hence

Da =) vulab)—) valab)|.

a#b
acV

Example 3.5. Let G* = (V,E), where V ={a, b, ¢, d, e} and E = {ab, ae, bc, bd, cd, de} (Figure 2), then

Do =(0.1+0.1) — (0.5 +0.5)| = 0.8,

Dp = (0.1 +0.1+0.3)—(0.5+05+05) =1,
De = [(0.340.3) — (0.2 +0.4)| =0,
Dg = (0.3+0.2+0.3) — (0.2 + 0.6+ 0.5] = 0.5,
D =(0.2+0.1) — (0.6 +0.5)| = 0.8.
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Figure 2: graph G* which is defined in Example 3.5.

Definition 3.6. Let G* = (V, E) be a crisp graph and i = ab be an edge in G*, then the degree of an edge
e € E is defined as D, = D, + Dy — 2.

Definition 3.7. A minimum open neighborhood degree of an edge is defined as Ag = min{D4y; ab € E}
and the maximum open neighborhood degree of an edge is defined as Ag = max{Dqp; ab € E}.

Definition 3.8. The total open neighborhood degree of an edge ab € E in an intuitionistic fuzzy graph
G = (9,7y) defined as
TD (Clb) = (TDép(ab)/TDAM(ab))/

where
Tpdu(ab) = up(a) +up(b) —yulab), TpA.(ab)=Ap(a)+Ap(b)—yu.(ab).

The minimum total open neighborhood degree of an edge is defined as
Ate = min{Tp (ab); ab € E}

and the maximum open neighborhood degree of an edge is defined as
Ate = max{Tp(ab); ab € E}.

Definition 3.9. Let G = (3,7v) be an intuitionistic fuzzy graph. The degree neighborhood of a vertex a is
defined as Dn(a) = (Ns(a), Ny (a)), where

Ns(a)= >  8(b) and Ny(a)= ) 5,(b).
beN(a) beEN(a)

Definition 3.10. Let G = (,v) be an intuitionistic fuzzy graph on G*, then

1. if all edges have the same neighborhood degree 1, then G is said to be r-edge regular intuitionistic
fuzzy graph;

2. the open neighborhood degree of an edge ab € E in an intuitionistic fuzzy graph G = (9,v) is
defined as Dqp = (D5 (ab), Dsa(ab)) such that:

Dsul(ab) = up(a) + up(b) —2yu(ab), Dsalab) =Ap(a) +Ap(b) —2ya(ab).
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Example 3.11. Consider an intuitionistic fuzzy graph G = (9,v) such that

(0.3, 0.6)
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Figure 3: An example of an intuitionistic fuzzy graph.

Dq, = (0.6,16), D, = (0.6,1.7), Da, = (0.5,2.1),
Da, = (03,1.6), Da, = (0.3,1.6),

Dsu(aiaz) = up(a1) + up(az) —2yu(araz) = 0.6 +0.6 —2(0.3) = 0.6,

Dsalaiaz) =Ap(a1) +Ap(az) —2yalaiaz) = 1.6 +2.1 —2(0.6) = 2.6,
Da,a, = (Dsplaraz), Dsa(araz)) = (0.6,2.6),

Dsu(aias) = up(a1) + pup(asz) —2yu(araz) = 0.6 +0.6 —2(0.2) = 0.8,

Dsalaias) =Ap(a) +Ap(az) —2ya(ajaz) =1.6+2.1—2(0.5) =2.7,
Da,a; = (Dsp(araz), Dsalaras)) = (0.8,2.7),

Dsulaias) = up(a1) + puplag) —2yp(aray) = 0.6 +0.3—-2(0.1) =0.7,

Dsalaiag) =Ap(aq) +Ap(ag) —2ya(aiag) = 1.6 +1.6 —2(0.5) =2.2,
Da,a, = (Dsp(aras), Dsalaras)) = (0.7,2.2),

Dsulazas) = up(az) + up(az) —2yu(azaz) = 0.6 +0.5—2(0.1) = 0.9,

Dsalazaz) =Ap(az) +Ap(az) —2ya(azaz) =1.7+2.1—-2(0.6) =2.7,
Da,a; = (Dsp(azaz), Dsalazaz)) = (0.9,2.7),

Dsu(a2as) = up(az2) + pup(as) —2ypu(azas) = 0.6 +0.3 —2(0.1) = 0.7,

Dsalaras) =Ap(az) +Ap(as) —2ya(aras) =1.7+1.6 —2(0.6) = 2.1,
Da,a; = (Dspl(azas), Dsa(azas)) = (0.7,2.1),

Dsu(azas) = up(as) + pup(ag) —2yp(azay) = 0.6 +0.3 -2(0.1) =0.7,

Dsal(aras) =Ap(az) +Ap(ag) —2ya(aray) =2.1+1.6—2(0.5) =2.7,
Dasa, = (Dsp(azay), Dsalasay)) = (0.7,2.7),

Dsyu(aszas) = up(as) + up(as) —2yu(azas) = 0.6 +0.3—-2(0.1) = 0.7,

Dsalazas) = Ap(az) +Ap(as) —2ya(azas) =2.1+ 1.6 —2(0.5) =2.7,
Dasas = (Dsp(azas), DdA(azas)) = (0.7,2.7),

Dsu(asas) = up(as) + up(as) —2ypu(agas) =03 +0.3-2(0.1) = 0.4,

Dsalagas) = Ap(ag) +Ap(as) —2ya(agas) = 1.6 +1.6 —2(0.5) =2.2,
Da,as = (Dsplasas), Dsalasas)) = (0.4,2.2),

Tpdu(ajaz) = puplar) +puplaz) —vulajaz) =0.64+0.6 —0.3 =0.9,
TpAu(aiaz) =Apl(ag) +Aplaz) —valaa2) =1.6+21-0.6 =31,
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Tp(aiaz) = (Tpdy(araz), TpAy(araz)) = (0.9,3.1),
Tpdu(ajaz) = puplar) +puplaz) —ymulajaz) =0.64+0.6 -02 =1,
ToAu(aiaz) =Ap(a1) +Ap(az) —valajaz) =1.6+21-05=32,

Tp(aia3) = (Tpdu(aias), ToAu(aras)) = (1,3.2),

Tpdyu(ajay) = ppla) +pplas) —vulajay) =0.64+03—-0.1=0.38,
TpoAu(aras) =Ap(ar) +Ap(ag) —valaas) =1.6+1.6—-05=27,

Tp(ajas) = (Tpdy(ajay), TpAu(ajas)) = (0.8,2.7),
Tpdu(azaz) = up(az) +up(az) —yulazaz) =0.6+0.5—-0.1 =1,
TpAu(azaz) =Ap(az) +Ap(az) —ya(azaz) =1.7+21—-0.6 =32,

Tp(azas) = (Tpdy(azas), TpAy(azas)) = (1,3.2),

Tpd,(azas) = up(az) + uplas) —vulazas) =0.64+0.3-0.1 =0.8,
TpAu(azas) =Ap(a2) +Aplas) —valazas) =1.7+1.6-0.6 =27,

Tp(azas) = (Tpdy(azas), TpAy(azas)) = (0.8,2.7),
Tpdu(azay) = up(asz) + up(as) —yvulazas) =0.6+03—-0.1 =0.8,
TpoAu(azay) =Ap(az) +Ap(as) —valazay) =21+1.6—-05=32,

Tp(aszas) = (Tpdu(asas), ToAu(asay)) = (0.8,2.7),
Tpdu(azas) = up(az) + up(as) —yulazas) =0.6+0.3—-0.1 =0.8,
TpAu(azas) =Ap(az) +Ap(as) —yalazas) =2.1+1.6—-0.5=32,

Tp(asas) = (Tpdy(azas), TpAy(azas)) = (0.8,2.7),
Tpd,(agas) = puplag) + puplas) —vulagas) =034+0.3-0.1 =0.5,
TpAu(agas) =Ap(ag) +Ap(as) —yalasas) =1.6+1.6 —05 =27,

Tp(asas) = (Tpdy(agas), TpAy(agas)) = (0.5,2.7).

Definition 3.12. Let G = (9,7v) be an intuitionistic fuzzy graph. If every vertex in G has the same degree
(r1,12), then G is said to be regular intuitionistic fuzzy graph of degree (r, 12).

Definition 3.13. In an intuitionistic fuzzy graph G = (§,v) if every edge has the same degree (11, 17), then
G is said to be (71, 12)-edge regular intuitionistic fuzzy graph.

Definition 3.14. If every edge in an intuitionistic fuzzy graph G has the same total degree (11, 12), then G
is said to be a totally (1, 12)-edge regular intuitionistic fuzzy graph.

Theorem 3.15. If G is an edge reqular intuitionistic fuzzy graph on a cycle G*, then

Y Daq =) Da,.

ai(leE aieV

Proof. Since G is an edge regular intuitionistic fuzzy graph, thus

n n n

Z Dajay = <Z D5u (aiai)' Z Ds, (aiaj)>’

i—1 i1 i1
n
Z Ds, (aiai+1) = Dsp(araz) + Dsy(azaz) 4 - -+ Dsp(anar),
im1

since

an41 = a1 = D5y (ar) + Dsy(az) —2yu(ajaz) + Dsyu(az) + Dsy(az)
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_2Yu(a203) + Déu(an) + Déu(al) _ZYu(anal)
=2Dsu(a1) +2Dsp(a2) +2Dsp(an) —2(vulara2) + yulazaz) +yvulanar))

n n
=2 Y Ds,fla1)+2) vulaiai) =2 vulaiai)

a eV i=1 i=1
= ) Ds,(a).
a; €V
Then,
n
) Ds,(aiaiz1) = ) Ds,(ay).
i=1 aieV
Similarly,
n
ZDF);\ (aiait1) = Z Ds, (ai).
i=1 aieV
Therefore,
n n n
ZDaiaiH = <ZD5u(aiai+1),ZD5A (aiai+1)> = Z Dai'
i=1 i=1 i=1 a eV
O
Lemma 3.16. If G is an edge reqular intuitionistic fuzzy graph on G*, then
n n n
> Dagq = ( > De(aigj)yulaiay), Y DG*(aiaj)YA(aiaj)>-
ai(leE (liajGE aiajeE
Since,
D’é(aiaj) = D*G(ai) + DE(a]‘) -2,V ajaq; € E.
Proof. Straight forward. O

Proposition 3.17. If G is an edge reqular intuitionistic fuzzy graph on a r-reqular G*, then

> Dawarn = (=1 Y Ds,la),(r=1) Y Ds,(ai)).

aia;c E aj aj
Proof. By Lemma 3.16 we obtain

ZDatai:< Z De-(aiaj)yu(aiaj), Z DG*(aiaj)Y)\(aiaj))

ajaq;eE aja;€E
- (Z (De+(as) + De-(a)) =2)vulaiay), Y (De-(ai) + De-(a) —2)maiaj)).

We know G* is a regular then the degree of every vertex in G* is r, this means that Dg * (a;) = r and
hence

> Daay = (r+7-2) Y valaiey), (r+1-2) Y valaiqy))
(20 =1 ) valaia)), 261 Y_valaia))

(r=1)) Ds,(a),(r=1) Y Ds,(ay).
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Corollary 3.18.

ZTD axa] (ZDG ala)h/u(ala] +ZYu ala) ZDG ala)h/?\(ala) +ZV)\ ala]))

where G is an edge regular intuitionistic fuzzy graph on G*.

Proof.

ZTD(aia] (ZTDé aia;) ZTDZS;\ ala])

Z Tpou(aiaj) +Yu(aiaj)/ZTD5u(aiaj) +Y>\(aiaj))

(Z Ds, (aiqj) + ZYu(aiaJ’)/Z Ds, (aiq;) + ZYA(W%‘))-

By Lemma 3.16, we get

ZTD ala] (ZDG ala)h’u(ala] +Z'Yu ala) ZDG ala))'Y?\(ala) +Z‘Y)\ ala)))

Definition 3.19. An intuitionistic fuzzy graph G is said to be strongly regular when:

1. Gis (rq,12)-regular intuitionistic fuzzy graph;

2. the sum of member value and non-membership values of the common neighborhood vertices of any
pair of adjacent vertices and non adjacent vertices a;, a; of G has the same weight and its denoted
by o = (1, x2), 3 = (B1,P2), respectively. A strongly intuitionistic fuzzy graph G is denoted by
SIG = (T, X, B)

Theorem 3.20. Let G be a complete intuitionistic fuzzy graph such that (8,,0x) and (v, yA) as a constant
functions, then G is a strongly regular intuitionistic fuzzy graph.

Proof. Since that (8,,,05) and (y,,va) are constant functions, then
dulai) =k, 0x(ai) =s and Odu(aja;) = dy, dx(aiaj) = da,
such that k, s, dq, d, are constants, and G is complete, then
Da;q; = (n—1)dy1, (n—1)da),
therefore G is
(> dulaiqj), > Salaiqj)) = (Dsplaiaj), Dsalaias)) = (n—1)dy, (n—1)da),

regular intuitionistic fuzzy graph, where n is the number of vertices. On the other hand, the sum of mem-
bership values and non membership of common neighborhood vertices of any pair of adjacent vertices
a = ((n—2)k, (n—2)s) are equal, and the sum of membership values and non membership values of
common neighborhood vertices of any pair of non adjacent vertices 3 = 0 are the same. O

Theorem 3.21. If G is a strongly reqular intuitionistic fuzzy graph which is strong, then G€ is a (r1,12) regular.
Proof. We know G is strong, then
0, aia; €, 0, aia; €,
Yulaia)) =9 7. v yilaiaj) = v
min{6,(ai), 6u(aj)}, aia; €, max{dx(ai),or(qj)}, aiqj .

Also
Dg(ai) = (upg“(ai),Apc“(ai)),



A. Al-Jarrah, et al., J. Math. Computer Sci., 23 (2021), 279-288 287

such that
upcSlai) = Y vilaiqy) = Y min(5(aq), 85 (a5)) =i,
ai#a; ai#aq;
upc(a) = Y Ylaiq) = ) min(85(ai),85(aj)) =72,
(1175(1]' (117561]'
for all a; € V. Thus, D, a = (r1,12). Hence G€ is (11, 12) regular intuitionistic fuzzy graph. O

4. Conclusion

The models of graph are used in wide application in many area of computer science, mathematical
models of social sciences. These graph models need to incorporate more structure than simply the adja-
cency between vertices. In the discussion of set behavior, it is observed that certain people can influence
thinking of others. Each element of a set is represented by a node. There is a directed path from node a;
to node a; when the member represented by node a; influence the node represented by node a;.

In any social set all the nodes can never be members of the group always. Any node can be removed
from the set at any time if his/her activity is against the set.

Each node of the set is represented by a vertex and every vertex has two values; the first value
represents the power of the node in the set which means how much it posses to control the set, the
second value represents the power of the node in the set when it become removed itself from the set.
Each path has also two values such that the first component represents the influence by the first node
over the second node when the first node is element of the set. The second component represent the
influence by the first node over the second node when the first node is non-member of the set.

Any different fuzzy graph needs large data for training to be able to help in decision making technol-
ogy and science. The new style which is generalized in this research is based on the pattern of unique
cases that can help us to make a better choice in the contrast to the established solutions of fuzzy graph.
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