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Abstract

Fuzzy TOPSIS is one of the various models of multiple attributes decision making with
fuzzy values that so far diverse models have been introduced for it. In this paper,
according to these models, a new method is presented for fuzzy TOPSIS with
triangular fuzzy data. So, it has better and more accurate outputs in comparison with
previous methods. At last, we solve a fuzzy multiple attributes decision making
problem to demonstrate the proposed method.
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1. Introduction

TOPSIS method is one of the best grading methods of multi criteria decision making (MCDM) that is
taken place in compromising -subgroup of compensating models of decision making. [1]
As indicators are fuzzy in many decision making problems, scientists have tried to expand TOPSIS
decision making model to fuzzy TOPSIS to solve such problems. (in the next part we are talking about
some of these efforts),but in the models which have been introduced up to now , limits and problems have
been seen that are due to characteristics of fuzzy numbers algebraic use such as multiple, division and so
on.

In this paper in order to solve the problems of the presented models and by getting help from the
definition (5).we present a new method to expand TOPSIS model to fuzzy TOPSIS that doesn’t carry last
problems and limits of last models and moreover, the proposed model is efficient in following three
conditions:

A: When decision making matrix data is combination of fuzzy and crisp Values.

B: When decision making matrix data is just fuzzy value that can even consist of negative support

C: When decision making matrix data is just crisp number, so, the proposed model accurately is changed
to TOPSIS model.

2. Reviewing last models of fuzzy TOPSIS
As it has been said in introduction many scientists made some efforts to expand TOPSIS model to
fuzzy TOPSIS that some of them are following:

1- Chen,C.T., "Extensions of the TOPSIS for group decision-making under fuzzy environment", Fuzzy Sets and
Systems 114,(2000), 1-9.

2- Deng, H,, Yeh, C.H.,, Willis, R]J., "Inter-company comparison using modified TOPSIS with objective weights",
Computers & Operations Research, 2000, 27, pp. 963-973.

3- ChuT.C, "Selecting plant location via a fuzzy TOPSIS approach”, International Journal of Advanced
Manufacturing Technology, accepted, 2001.

4- Chu, T.C, "Selecting plant location via a fuzzy TOPSIS approach”, International Journal of Advance
Manufacturing Technology, 2002: 859- 864.

5- Chu, T.C, "Facility location selection using fuzzy TOPSIS under group decisions”, International Journal of
Uncertainty, Fuzziness and Knowledge-Based Systems, 2002, 10(6), pp. 687-701.

6- Abo-Sina, M.A,, Amer , A.H. "Extensions of TOPSIS for multi objective large-scale nonlinear programming
problems", Applied Mathematics and Computation, 2004, Article in press

7- Abo-Sinha ,M.A., Amer ,A.H., "Extensions of TOPSIS for multi-objective large-scale nonlinear programming
problems"”, Appl . Math. Comput. 162 (2005), 243-256.

8- Saghafian, S. and Hejazi, S. R, "Multi-Criteria Group Decision Making a Modified Fuzzy TOPSIS Procedure”,
Web Technologies and Internet Commerce, 2,215-221,(2005).

9- Jahanshaloo,G.R, Hosseinzadeh Lotfi,F., Izadikhah,M., "An algorithmic method to extend TOPSIS method for
decisionmaking problems with interval data", Appl. Math. Comput. 175 (2006), 1375-1384.

10- Jahanshaloo,G.R, Hosseinzadeh Lotfi,F., Izadikhah,M., "Extension of the TOPSIS method for decision-making
problems with fuzzy data", Appl. Math. Comput . 181 (2006), 1544-1551.

11- Hsu- Shih, Shih; Huan -Jyh, Shyur and E. Stanley, Lee , "An Extension of TOPSIS for Group Decision Making",
An International Journal Mathematical and Computer Modeling, 45, 801-813, (2006) .

12- Wang,Y ], Lee H.S,, "Generalizing TOPSIS for fuzzy multiple-criteria group decision-making", Comput. Math.
Appl. 53,(2007),1762-1772.

13- Chen,T.Y, Tsao,C.Y, "The interval-valued fuzzy TOPSIS method and experimental analysis" , Fuzzy Sets and
Systems,159 (2008), 1410-1428.

14- Chu,T.-C, and Lin,Y.-C., "A Fuzzy TOPSIS Method for Robot Selection".
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15- Jin Han Park, Il Young Park ,Young Chel Kwun , Xuegong Tan, "Extension of the TOPSIS method for decision
making problems under interval-valued intuitionist fuzzy environment".

16- Ertugrul, _I, & Karakasoglu, N. ," Performance evaluation of Turkish cement firms with fuzzy analytic
hierarchy process and TOPSIS methods" Expert Systems with Applications, 36(1), 702-715, (2007).

17- Wang, Y. M., & Elhag, T. M. S."Fuzzy TOPSIS method based on alpha level sets with an application to bridge
risk assessment",Expert Systems with Applications, 31, 309-319, (2006).

18- Wang ,J.W , Cheng, C.H., Cheng ,H. K" Fuzzy hierarchical TOPSIS for supplier selection” Applied Soft
Computing, 9,pp. 377-386, (2009).

3. TOPSIS DECISION MAKING METHOD

The TOPSIS (technique for order performance by similarity to idea solution) was first developed by
Hwang & Yoon (1981). According to this technique, the best alternative would be the one that is nearest to
the positive-ideal solution and farthest from the negative ideal solution (Ertugrul & Karakasoglu, 2007).
The positive- ideal solution is a solution that maximizes the benefit criteria and minimizes the cost
criteria, whereas the negative ideal solution maximizes the cost criteria and minimizes the benefit criteria
(Wang & Elhag, 2006). In short, the positive-ideal solution is composed of all best values attainable from
the criteria, whereas the negative ideal solution consists of all worst values attainable from the criteria
(Wang, 2007). There have been lots of studies in the literature using TOPSIS for the solution of MCDM
problems. (Chen, 2000; Chu & Lin, 2002; Wang et al., 2009; Boran et al., 2009).
The calculation processes of the method are as following:
Step1l. Establish a decision matrix for ranking. A MCDM problem can be concisely expressed in matrix
format

As:
Cl c2 cn
Al Xll X12 . . . Xln (1)
A2 X21 X22 X2n
A X X X

where A1,A;,...,An are possible alternatives among which decision makers have to choose, C1,Cz,....Ch are
criteria with which alternative performance are measured, x; is the rating of alternative ,A; with respect to
criterion G;

Step 2. Calculate the normalized decision matrix. The normalized value nj; is calculated as :

nij = ! lj:ll...ln (2)

Step 3. Calculate the weighted normalized decision matrix. The weighted normalized value v; is calculated
as:
V. = W. X N. =1, m,j=1,.., n (3)

n
Where wj is the weight if the ith criterion, and z w, =1

j=1
Step 4. Determine the positive ideal solutions and negative ideal solutions respectively :
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At = {[[m?x Vilied J[mlln Vilied ’Ni =12,.., m} = {vf,v;,..., vn*q} (4)
A = {([m!n vij|j el J,[ma?x vij|j el ’Nﬁ =12,.., m} {vl’,vz’,..., vn]} (5)

Where J is associated with the positive criteria, and J' is associated with the negative criteria.

Step 5.Calculate the separation measures using the n-dimensional Euclidean distance. The separation of
each alternative from the ideal solution is given as:
n
d'= > (vi-v,fi=12..,m (6)
j=1
Similarly, the separation from the negative-ideal solution is given as

d- = Zn: (v;-v,f.i=12,..,m (7)

i i
=t

Step 6.Calculate the relative closeness to the ideal solution. The relative closeness of the alternative A;
with respect to A+ is defined as:

o/ = d—'il =1,2,.., m (8)
d*+d

Step 7.Rank the preference order. A large value of closeness coefficientcl ;" indicates a good performance

of the alternative Ai .The best alternative is the one with the greatest relative closeness to the ideal
solution.

4. Definitions

Definition 1- triangular fuzzy set:
A triangular fuzzy set is defined as following:

0 for x<a 14 (%)
X—a
for a<x<m

S(=1Mm"2 9) O [23]
# s_:; for m(x<b /\
n .

for b<x a

Definition 2- normal fuzzy set:

The fuzzy set which owns at least a member with the membership’s rate of 1. [24]

Definition 3 - convex fuzzy set:

The fuzzy set A is convex if:

153



Ali mohammadi, Abolfazl mohammadi, hossain aryaeefar/ TIMCS Vol .2 No.1 (2011) 150-159

VX, € X,VX, € X,VAe[0]]
. (10) [25]
{luﬂ(/ixl +(@=A)x; 2min( g (%), 445 (X,))
Definition 4- fuzzy number:
We call the set A as a fuzzy number if:
1-it is normal
2-itis convex
3- Its membership’s function is continuous fragmentarily
4. The support and the scope are limit and definite. [24]

For example: we can define the approximate number 1.3 as a triangular fuzzy number as following

0 for x<12 /uﬂ(x)
10(x—-1.2) for 1.2<x<13

_(X) = 11
=V 1004-x) for 13x<14 D1 /\
0 for 1.4<x | ! X

Attention: if A is a triangular fuzzy number with following membership's functions:

v

0 for x<a
X—a M)
for a<x<m

_(x)=<Mm-2 (12) y I S .
Hi =X for m(x<b /\

0 for b<x a m b

v

The number is shown in the front form: A = (@ ,m,b)
For instance the triangular fuzzy number 1.3 is shown below:

A=(1.21.31.4)

Definition 5-The distance of two triangular fuzzy numbers:
IfA =(a,,a,,a;), B =(b,b,, b,)are two triangular fuzzy numbers, then the distance of A from B

is achieved by following relation:

(b1+2b2 +b3);(a1+2a2 +a3) (13)

S(B, A) =

154



Ali mohammadi, Abolfazl mohammadi, hossain aryaeefar/ TIMCS Vol .2 No.1 (2011) 150-159

It is clear that the distance of the triangular fuzzy number A the crisp number 0 equals following value:

-~ 2
S(A,O)ﬁ+z+as) a4

5. The proposed fuzzy TOPSIS method
The steps of the proposed fuzzy TOPSIS method are following:

Step1. Establish a decision matrix for ranking. A MCDM problem can be concisely expressed in matrix
format as:

cl CZ Cn
Al Xll X12 Xln
AZ X21 XZZ XZn (15)

m2 . . N ;( mn

where Ay,A;,...An are possible alternatives among which decision makers have to choose, C1,Cy,...,.Cn
are criteria with which alternative performance are measured, Xx; = (xi?,xi’},xi?)is the fuzzy rating of
alternative ,A; with respect to criterion C;.

Step 2.Calculate the normalized decision matrix. The normalized value n; = (nf, nfj’ ,n;) is calculated as :
~ X ij

my .
m _ , :17..., 16
U2 sxop: n (16)

a b 2
+ 2xij + X

~ Xij
Where s(X;,0) = I n
Step 3.Calculate the weighted normalized decision matrix. The weighted normalized value

\7“_ = (Vi?!vik;!vi(j:) is calculated as:
1- If w is a crisp value:
Uy =w,xf, i=1., m,j=21.,n (17)

] ]

Where wj is the weight if the ith criterion, and Zn: w, =1
j=1
2-if w is a triangular fuzzy value:
V; = (s(w;,0)) x iy = ((s(w;,0)) x nf, (s(w;,0)) x niﬁ?,(s(vT/j,O)) xng),i=12,..,m,j=12..,n (18)

Where wj is the weight if the ith criterion, and Zn: s(W;,0) =1;s(W;,00>0,j=12,..,n-

i=1

Step 4.Determine the positive ideal solutions and negative ideal solutions respectively:
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A= T, T = {[vm jeld J’[V“" ljel J} (19)
A =, T )= {mj el M’v‘m jeld J} (20)

Where:
J is associated with the positive criteria
J ' is associated with the negative criteria
U is the value between 1 to m that V,; has the most distance from the crisp number 0,it means:

0)>s(V;,0) ,i=12..,m

D is the value between 1 to m thatV,; has the most distance from the crisp number 0,it means

S(\7dj 10) < S(Vij 10) , = 1,2,..., m

S(Vy»

Step 5.Calculate the separation measures using the n-dimensional Euclidean distance. The separation of
each alternative from the positive-ideal solution is given as:

d' = > (@ 7)) i=12,., m (21)
j=1
Similarly, the separation from the negative-ideal solution is given as

d = > (@ ,9,)fi=12,..m (22)

=1

Step 6.Calculate the relative closeness to the ideal solution. The relative closeness of the alternative A;
with respect to A* is defined as:

o/ = d—'il =1,2,., m (23)
d; +d,

Step 7.Rank the preference order. A large value of closeness coefficientcl ;" indicates a good performance

of the alternative A; .The best alternative is the one with the greatest relative closeness to the ideal
solution.

6. Example

suppose that we grade three alternatives A,B,C according to the indicators I4,I5,I3 that their weights are
respectively 0.25,0.5 and 0.25 and grade by the proposed fuzzy TOPSIS method , the indicators I; and I3
are from income type and I, from cost type, so, we do like following:

First step: Establish decision making Matrix: suppose that it is like below according to the information:

indicator I Iz Is
alternative
A (-1,2,3) (5,8,9) (20,2,3)
B (0,2,4) (4,6,9) (15,17,20)
C (0,1,2) (1,3,7) (17,22,25)
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Second step: making normalized matrix: we use following relation to get normalized matrix

X .

= 1 ljzll"'vn

ij ™
,/Z (s(%;.0))"

S

(-1,2,3) - G123 h37,0.741.12)

(—1+4+3)2+[0+4+4j2+(0+2+2j2 2.69
4 4 4

Other methods of normalized matrix are computed in the same relation and so:

Indicator I Iz Is
alternative
A (0.37,0.74,1.12) | (0.77,0.48,0.87) ,0.71,0.68)
(0.55
B (0,0.74,1.48) (0.39,0.58,0.87) (0.41,.47,0.55)
C (0,0.37,0.74) (0.1,0.29,0.68) (0.47,0.6,0.68)

Third step: making weighted matrix:
At this stage we can make weighted matrix according to the following relation:

V, =W, xfi, =0.5x(0.48,0.77 ,0.87 ) = (0.24 ,0.39 ,0.44 )

Others are computed in the same relation and so:

indicator I I I
alternative
A (0.24,0.39,0.44) (0.14,0.17,0.18)

(.
0.09,0.19,0.28)
B (0,0.19,0.38) (0.2,0.29,0.44) (0.1,0.12,0.14)
C (0,0.09,0.19) (0.05,0.15,0.34) | (0.12,0.15,0.17)

Fourth step: comparing negative and positive ideal solution:

As an example if we want to compute the positive ideal value of the indicator I;, we do as following:
First in the indicator I;, we compute the distance of the values A, B and C from 0.
-0.09 +0.38 +0.28

$((~0.09,0.19,0.28),0) = 7 — 0.142
5((0,0.19,0.38),0) = 27038 +0.38 _ 4 19
5(00.09,0.19),0) = X212 0,14

Because in the indicator Iy, (that I; is positive’s criteria)the distance of the alternative B from 0 is more
than the alternatives A and C, the value of this alternative is chosen as ideal positive value in this indicator
according to the indicator I;.it meansv,” = (0,0.19,0.38)

And like the same relation :
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A" = {7,V ., ¥, }=1{(0,0.19,0.38),(0.5,0.15,0.34),(0.14,0.17,0.18)}

A =0, ¥, ...V, }=1(0,0.09,0.19),(0.24,0.39,0.44),(0.1,0.12,0.14) }

Fifth step: computing the distance of each alternative from positive and negative ideal:
We do the following relations to compute them:

; Zn: (s(\7j‘,\7ij )2 =12, m

j=1
4 ~ o~ .

i > (s(vj*,vij)) Ji=12,.,m
j=1

As an example:

o
|
Il

o
+
Il

0.24+0.78+0.44 +0.05+0.3+0.34,, ,0.14+0.34+0.18+0.14-0.34-0.18

. [&,0+0.38+0.38+0.09-0.38—0.28
dlz\/Z( )"+ ( )2+ ( )2 =0.21
=1 4 4 4
Others are computed in the same way

d; =015 , d; =01 , d; =0.08 , d, =012 , d; =02

Sixth step: computing the relative distance of each alternative from positive ideal:
We compute them by following relation:

cl /' =d—‘,i=1,2,..., m
d;” +d;

ol 02 4z
0.21 + 0.08

c;, =05 , «cl, =0.33

Seventh step: grading alternatives:

At this step we arrange the values respectively that are computed in the last step, so, the number with
the lowest value of relative distance shows the first preference.

So, in this example, the alternative C is in the first preference, the alternative B second preference and
A is the third preference.

7. Conclusion:

In this paper a new method has been presented to expand TOPSIS decision making model to fuzzy
TOPSIS with triangular fuzzy data by considering computation mode of the distance between two fuzzy
numbers which are brought in the definition [5].

Regarding the steps of the proposed model deeply and its results due to solve presented examples,
clearly show efficiency and rationality of the proposed method.

From other considerable points in this proposed model we can say following issues:

1. Its simplicity and comprehensible mode for all

2. Big similarity of the proposed model to TOPSIS model

3. Solving the problems and limits of fuzzy TOPSIS last methods

4.its usage capability to solve decision making problems whose decision making matrix data consist of just
crisp, just fuzzy, combination of fuzzy and crisp data.

5. Equal outputs of the proposed method with TOPSIS method when decision making data is crisp number
in both models.

6. Expansion capability of the proposed model to other fuzzy numbers (such as trapezoidal, s-curve, etc)
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