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Abstract

In this paper, it is tried to describe Hardy-type inequalities with certain kernels by using Jackson Norlund integrals. In
order to obtain the desired Hardy type inequalities, firstly, we prove Jensen’s inequality involving super quadratic function
and Jackson Norlund integrals. Further, we discuss Hardy-type inequalities by choosing special kernels. Polya-Knopp type
inequalities are also deduced to find applications.
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1. Introduction

1.1. Hahn operators

The Hahn differential operator (introduced in 1949), which is a beginner guitar for building orthogonal
polynomial families and researching some issues of approximation, unifies (in the limit) the two most
well-known and used Jackson g-difference operators namely the Jackson q-difference derivative D, for
q € ]0,1[ given in [5] and the forward difference A,,, where w > 0. In [9] Hahn difference operator D g,
has been introduced in the following way:

gt +w) — (t) w
Dg,w C(t) := -1 tw t;«é—l_q, q €]0,1[ w > 0.
It can be observed:
Dg,wC(t) = Aw ¢(t), whenever q =1,
Dq,w C(t)=Dgq(

q C(t), whenever w = 0, and
(
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However, in 2012 the construction of a proper inverse of D, or the associated integral (namely Jackson
Norlund integral) has been introduced by Aldwoah et al. [3]. [16] addresses the basic ideas of Hahn
variational calculus, such as the equations of Euler Lagrange for isoperimetric problems, as well as optimal
control issues. In [15] in order to generalize the Hahn calculus of differences, Malinowska and Martins
had used Hahn variation calculus and got circumstances of transversality.

1.2. Hardy inequalities

“The discrete Hardy inequality asserts that if p < 1 and {Ag}{° is a sequence of nonnegative real
number, then

00 1 n P P p o
> <n > Aw) < <p_1> PICH
n=1 =1 n=1

holds”. The classical Hardy inequality states that if g(z;) > 0 is integrable over any finite interval (0, z;)
2]

and (P is integrable and convergent over (0,00) and p > 1, then for G(z;) = [, g (t) dt, the following

holds: 0 /1 P P (oo
L <ZlG(Zl)> < <1Ep> Jo gP(z1)dz1 p>1, (1.1)

unless g = 0, the constant appeared in (1.1) is best possible. Hardy inequality has been generalized by
Hardy himself. He showed that, “for any m # 1,p > 1, and any integrable function g(z;) > 0 on (0, c0),
the following holds:

00 P poo
|z mer < <|mp_1|) |z iz, (12)

unless g = 0, where the constant is also best possible”. These inequalities can be found in [10]. Because of
fundamental importance of Hardy type inequalities in the discipline, there has been a great deal of effort
and time over the years to improve and generalize the inequalities of Hardy [7, 8, 11-14]. Whereas one of
Hardy inequalities for superquadratic function, denoted by Y, proved in [2] is

Y(J am) < J (Yc(s))—mc(s)—J fduf)dus
Q Q Q

for all non-negative probability measure u, and integrable function . However in time scales settings
Hardy inequalities for superquadratic functions are established in [6].

Hardy type inequalities for convex functions by using Jackson Norlund integrals can be seen in [4].
Now we extend the results of [4] for superquadratic function by using Jackson Noérlund integrals.

2. Preliminaries

2.1. Superquadratic function

A function Y : [0,00) — R is said to be superquadratic [1] provided that for all z; > 0 there exists a
canstant ¢ (z1) € R such that

Y(z2) = Y(z1) = Y(lz2 —z1]) > c(z1)(z20 — z1) 2.1)
holds for all z, > 0.

2.2. Properties of superquadratic functions
Let Y be a superquadratic function with c (z;) € R, then

1. Y(0) <0;
2. if Y(0) =Y'(0) =0, then c(z1) = Y/(z1), whenever Y is differentiable at z; > 0;
3. if Y <0, then Y is convex and Y(0) = Y/(0) = 0.
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2.3. Jackson Norlund integration
“Let I = [a, a’] be a closed interval of R. The q, w integral [3] of g1 : I — R is defined by

i I

a a a
| ort0dgn (0= | ailtgm(t~ | ar(dque), 22)
a wWo wWo
and
z1 o0
| artidqut = @1-a)-w) ¥ a®ai(zde + wialgw) 23)
Wo =0
where wy = %, [@]gw = Wq:g@) , and the series on the right hand side are convergent at z; = a and
Zl — a///

2.4. Properties of Jackson Norlund integrals
“Let g1,92 : I1 = R be q,w integrable on I;,¢ € Rand a,a’,b,c € I, then

[% g1(t) dgwt = 0;
a q,
[ cqi(t) dgwt = [ gi(t) dgwt;
a q, q,
J‘ gl(t) dq,wt Ia/ gl dq wt
f gl(t) dq,wt f 91 dq wt+ fb 91 d-q wt
f g1(t) £ ga(t )dqwt—j gi(t dqwtif g1(t dqwt”

Ul W N e

3. Main results

3.1. Jensen's inequality
Theorem 3.1. Let I = [a, a’] C R be an interval. Assume that Y € C(I,R) is superquadratic. Moreover, (: 1 — R

is q, w-integrable such that [, |¢(1)|dqw(l) > 0, then the following holds:
| (Y(C(l)) -Tiw-| )dqwu) darl > Y (J cmdq,wl> .
Proof. Let
1
R Ja ((Ddgwl. 3.1)

By using (3.1) in (2.1) with z = (1) for fixed 1 € I, we have

(e >Y< L j cmdq,wt> +elz) (cm— ! J cmdq,wl>

/
a’'—aj,

Y <|cm - cmdq,wl) .

Integrate (3.2) from a to a’ to get

(3.2)

!

| (Y(cm) i - o | cmdq,wu> dgmt= [ 7 (a,l_ | C(l)dq,wl> doml

! !

= Ja T(C(l))dqlwl—Ja/Y <|C(l) — all_ . Ja/ C(l)dq,wll> dq,wl—Ja/ Y (all . Ja C(l)dq,wl> dgwl

a a a a - a
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a’ 1 a’
>ela) | (1= g | cdgutl] daut
a a —aljq
a’ a’ 1 a’ a’
= c(z) J (:(qu,wt—J : J (U dgal | dguwl| = clz1) J ((Vdgwl— (@' —a)z| =0,
a a a —aljq a
O
3.2. Hardy Inequalities with general kernels
Theorem 3.2. Let
I =[a,a’] and I, =[b,b’] a,a’,b,b’ € R (3.3)
be two intervals. Define
1 (v
= — I 4
Aalla) =7 | @ m)laldgnn = € b (3.4
where @ : 1] x I, — R, is such that
—_ b,
W(Zl) :J G)(Zl,Zz) dq,w <oo, z1 € 1. (35)
b
Also,m : I1 = R is such that
' ®(z1,22)n(z1)
= - =, < d I . .
wlz) = | SEEEL 4z <o, m e (36)
If Y € C(Iy,R) is superquadratic where 1y C R is an interval, then
a’ b’ ra’
z1)W(z
| v etz iz dgute+ || ¥ 2tz - Atz EIWE) 4 o ay ()

b/
< j Y (L(z2)) w(z2) dgp(22)
b

holds for all q, w-integrable C : I, — R such that ¢ (I) C L.

Proof. Theorem 3.1 gives

! a/

J Y(A@azl))n(zl)dq,w(m=J nz) ¥

a

1 (Y
J ® (21,22) {(z2) dq,w(zZ)> dgw(z1)

b/
J ® (z1,22) Y(Lz ))dq,w(zZ)> dgw(z1)

By using (2.3), it can be written as

a’ b’
:J T](Zl) (J @(ZLZZ)Y(C(ZZ))dq,W(ZZ)_J

b

o« Wi(z1) \Uw, WO@(lelz)T(C(Zz))dq,w(Zz)> dqw(z1)

b/
J ® (21,22) Y0 (22) — Ao C(22)]) dgwl(z2)

b/
J (21,22)Y (10(z2) — Ao L(z1)]) dgw(z2) dgow(z1).
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b
—J ® (z1,22) Y (IC(22) — A C(z1)]) dq,w(22)> dgw (z1)

!/

a b/
:Lvo \:\]/((Zzll)) (JWOa>(m,zz)Y(C(zZ))dq,w(Zz)_JWO

b

® (z1,22) Y(C(z2)) dq,w(Zz)) dg,w(z1)

ra b’ b

-] \2/((2)) (JW ® (21,22) Y(C(22))dgw (22) — LVO ® (21,22) Y(C(22)) dq,w(22)> dqwl(z1)
a’ b’

- JV((Z)) (JW ® (21,22) Y(IL (22) — A C(20)]) dgw(22)
b

[ (z1,22) Y (IC(22) — A C(z1)]) dq,w(lz)> dqw (z1)

JWg

ra

N (z1)
Jwg W(Zl)
b

b/
(J ® (z1,22) Y(IC(z2) — Aw C(z1)]) dqw(22)

Wo

- @ (z1,22) Y (IC(22) — A C(z1)]) dq,w(22)> dgw (z1)

=a Z qm \]/%/(((11;:3) <bl Z qna)(a/mrb/n)Y(C(b/n))_bZ qna)(a/m/bn)Y(C(bn))>

m=o n=0 n=0

Te 2 C‘v((ii)) (b’ 2 a"@(am by T ) q"m(am,bnmf(bn))>

=0
—a ) qmw (b’ D " @(an, b)Y (C(b ) — Ag (a'm)))

N - n a’ Z%i:o qm@(a/m/b/n)n(a/m) _a Ziﬁ:o qm@(amrb/n)n(am) ’
oy 0 ( e S ) Y

0
= n a’ Zﬁ:(} qmw(a/m/bn)n(a/m) a Zﬁ:o qmw(am/bn)n(am)
— b Z q < W(a/m) - W(am) ) T(C(bn))

/ n a’ Zfﬁ:o qmn (a'm)@(a’m, b'n) Y(C(b'n) — Ak C(a’m)l)
- P 1;) q ( W(a/m)

_a Z?ﬁ:o qmﬂ (am) w(am/b/n) Y(|C(b/n) - AkC(am)D)

Wi(an)
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S (YR g™ (e m) ®@(a’m, bn) Y(IC (bn) — Ak C(a'm)l)
“b) ( Wla/m)

oy, 1 0] Ol ) T ) Akuam)n)

b’ a
=J Y (¢(z2)) (J ‘7‘1"7‘2 (21 ) dgw (z
b a

!

b’ ra
—U Y (l(z2) — Aw Uiz )\)“("‘1 ((")1'7‘2) dgm(z1) dgw(z2)

b’ b’ ra’
_ L T (4(22)) W (22) A (22) — L j Y (l(z2) — Ao C(zl)qu,w(zl) dqlz2),
which gives (3.7). O

Remark 3.3. If the function Y is subquadratic, then the Jensen’s inequality for superquadratic function is
reversed, which means that reversed sign in (3.7) holds.

Corollary 3.4. Assume (3.3)-(3.6) hold. If p > 2, then
! b/ a/

|”Ancem @ dqme+ | [ e - Aa P MBI 4 1) dg(z)

b/
<J (P (22) w (22) dgw(22)
b

holds for all q,w integrable g1 : I — R4. If0 < p < 2, then above inequality holds in reversed direction.
Proof. Put Y (z1) = z;P in Theorem 3.2. O

Remark 3.5. In particular, if, p = 2 in Corollary 3.4, the following identity is obtained

! b/ a/

J Aéc(c)n(zndq,w(zmu |(:(zn—A@c(zmzwdq,w(zl)dq,w(m

b/
< J 2 (22) W (22) dgw(z2)-
b

Corollary 3.6. Assume (3.6)-(3.7) hold. If P > 1, then
a’ b’
| nzexp (An g ) dap (@) +1< | g7 (22w (z2) g (22)
a b

holds for all q,w integrable g : I, — (0, co) with

Po(Y
Aag(ai) = i | @(zm)Ing (z2) das (22

and

!/

b’ ra n(z1) @ (21,29)

1 —Apf P 1 122

[ — J J /g (z) (z1)] WE g (1) dgw (22).
b

Proof. Use Y (z1) = e*! —z; — 1 and f = In(gP) in Theorem 3.2. O]

a
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Corollary 3.7. Assume (3.6)-(3.7) hold, then
a/ b/
| nizexpiae g (z1) dam (21) +1< | g(z2)w (z2) dao (22
a b

holds for all q,w integrable g : I — (0, co) with

Aw g(z1) = W) J: ®(z1,22) In g (z2) dqw (22)
and .
. Jb Ja e|ln9(Zz)*AmC(Zl)|W1\/)V®(7z[lz)ll2)dqrw (Zl)dq,w (22).
b a
Proof. Use p = 1 in Corollary 3.6. O

Corollary 3.8. Let (3.3)-(3.7) hold and denote fgl dgwz2 = la’ —d], jg’ dgq,wz2 = |b’ —bl, such that |a’ —
al,|b’ — bl < co. If Y € C(I,R) is superquadratic, then

a’ 1 b’
Y| —— d d
Ja b/ — b Jb C(ZZ) q,wZ2 q,wZ1

1 b’ ra’ 1 b’ I b’
+ J J Y (C(ZZ) - J C(ZZ) dq,w) dq,wzl dq,wZZ < a GJ Y (C(ZZ))dq,wZZ

b/ —bl Jy Ja b’ =1l Jp b’ —b Jp

holds for all d, w-integrable C : 1o — R such that (1) C 1;. If function Y is subquadratic, then above inequality
is reversed.

Proof. Tt follows form Theorem 3.2 by taking @ (z1,2z;) = 1 and 1(z1) = 1, in this case W(b) = IE/ dqwz2 =

’ a’ 1 la’—al
b’ — bl and wz, = J‘a mdq,wzl = % —p - U

3.3. Hardy inequalities with special kernels
In this section we assume

I=1=h=[aad), 0<a<a <. (3.8)

Theorem 3.9. Supposen : I — R is a q, w-integrable function and denote

/

Ja n(z1)
2 ((qz1+w) — a)

®(z2) = dq,wz1-

If Y € C(LR),I C R, is superquadratic function, then

/ ! !

Jn(mw(%““”dq"“ﬁj J ((th(i;—a)

Y (C(z2) —Am C(21)) dgwz1 dgwz

o (3.9)
< J ® (22) Y (£ (22))dq w22

a

holds for all q, w-integrable ¢ : 1 — R such that ((I) C I, where

B 1 J(qzler)

(Ax)0) (z1) = ((qzl+w) — ) C(Zz)dq,wlz-

a

If Y is subquadratic, then (3.9) is reversed.
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Proof. Statement follows from Theorem 3.2 by using

1, fa<zm<qun+w < d,
®(z1,22) = { 0, otherwise,
since in this case
_ qx+w
W) = [ dgwz = (g2 +@) - a)
a
and thus Ag = Ag, w = @. O

Corollary 3.10. In (3.8) if we take a = 0 and Y € C(I,R) is superquadratic for I C R, then

! ! !

J Y(A@C(z1))W+L J Y (10 (22) — A & (z0)]) —S90ZL_g

0 ) z 2 z1(qz1 + w) (3.10)
< J W (22) Y (€ (22))dg 022
0
holds for all q, w-integrable ¢ : 1 — R such that {(1) C 1, where
1 qz1+w
A = .
Aol)la) = | Clealdgw
Proof. Use n(z1) = z% in Theorem 3.9, since in this case
a’ 1 1 1
wlz) J 21 (qzr + @) 190! <zZ a’)
O

Remark 3.11. If b = oo, then inequality (3.10) takes the form

[T Re ez s [T T i) - Aw ) 0 Sdgam < [ V() S22
0 z 0 Jz 71 (qz1 + w) 0 z
If Y is subquadratic then above inequality is reversed.
Theorem 3.12. Let us take a > 0, a’ = oo in (3.8) and let ¢ : I — R be defined by
1 qztw a
o) = e o e = (1 e
If Y € C(I,R) is superquadratic, then

°° ®  {(z) ) dq oz
Y(z | —22 4,0z '
L < ! Ll nlqm+w) O7?) g

0 rqzztw s C(z) dq w2z o dq,wz2
+ Y — J — = 4 d e J Y (zp) -9 L2
L L <|C(Zz) z . Z(qz + @) q,w22|> q,wZ1 22(qz2 + @) i @ (22) Y (22) -

holds for all q, w-integrable ¢ : 1 — R such that (1) C L If Y is subquadratic, then above inequality is reversed.

Proof. Statement follows from Theorem 3.9, by using

I S
®(z1,2p) = #=laztw)’ forz, > zy,
0, otherwise,
since in this case W(z;) = -, and replace n(z;) with -, to obtain w(z,) = %ﬁﬂ ' -

Remark 3.13. Let Y(v) = vP in Theorems 3.9 and 3.12, then for p > 2 the corresponding inequalities are
reversed. However, for p € (0, 2] the corresponding inequalities will be preserved.
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3.4. Polya-Knopp type inequalities
Corollary 3.14. Assume the hypothesis (3.8) with a > 0 and a’ = oo. If Y € C(I,R) is superquadratic, then

ron(zﬂY (1 J(qzl+°") C(z2) dg,a Zz) dq w21 +J°O Joo N (z1)

a (qzl+w)_a a a Jzp ((qzl+w)_a)

(qz1 + w)
x Y <|C(ZZ) — ({(1)_(1 J C(22) dg,a zﬂ)) dq,wzt dq,wz (3.11)

qz; +w a

< jwa)(mmam))dq,m

a

holds for all q, w-integrable g1 : I — RR.
Proof. The statement follows from Theorem 3.9. 0

Example 3.15. Use Y = z;P, p > 1 in (3.11), to get the inequality

o0 1 (421 + w) . P
jn(zl) (J (z2)dgez) dgwz

a qzl—i—w)—a a

B n(z1) 1 (qz1+ @) P
+Ja Jzz ((q Z1 +w) — a) ('C(Zz) a (Wu))_Cl Ja C(ZZ) dq,w ZZ|)> dq,wzl dq,wZZ

< ro © (22) (¢(22))P deoza-

a

Example 3.16. Use ¥ = e*! —z; —1 and ((z1) = Ing(z;1) for p > 1 in (3.11), to get

& 1 rlantw)
J n (Zl) elaz tw)—a Ia C(z2) dq,w 22 dq,w21
a
+JOO Joo nizy o022~ (o= [ C(z2) dgu )l 4 21 dq w2
a Jzp ((qz1 +w) — a) qw q,w

< r, @ (22) (¢(22))P deoz2-

a

Remark 3.17. If superquadratic function reduces to convex function, then we get results given in [4].
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