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Abstract

This research article elaborates on a novel expansion of the beta function by using the multi-index Mittag-Leffler function.
Here, we derive some basic properties of this new beta function and then present a new type of beta dispersal as an application
of our proposed beta function. We also introduce a novel expansion of Gauss and confluent hypergeometric functions for our
newly initiated beta function. Some important properties of our proposed hypergeometric functions (like integral represen-
tations, differential formulae, transformations formulae, summation formulae, and a generating relation) are also pointed out
systematically.
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1. Introduction

Innumerable primitive functions in applied sciences are explicit via improper integrals. These innu-
merable functions are primarily called special functions. Such functions play a discernible role in a variety
of appropriate fields of science and engineering. Therefore, many researchers have demonstrated (from
time to time) various extensions and analogous properties of such type of functions.

Throughout in this paper, let N, R and C be the sets of natural numbers, real numbers and complex
numbers, respectively, and let

N0 := {0, 1, 2, 3, . . .} = N∪ {0}.
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The Leonhard Euler’s classical beta function B(ζ1, ζ2) is a function of two complex variables ζ1 and ζ2 and
is defined by the following integral representation (see [18], see also [20]):

B(ζ1, ζ2) =

∫ 1

0
wζ1−1 (1 −w)ζ2−1dw, (<(ζ1) > 0, <(ζ2) > 0). (1.1)

In 1997, Chaudhry et al. [3] defined the following extension of (1.1) by inserting the regularization
factor exp

[
− τ
w(1−w)

]
in the integrands as follows:

Bτ(ζ1, ζ2) =

∫ 1

0
wζ1−1 (1 −w)ζ2−1 exp

[
−

τ

w(1 −w)

]
dw, <(ζ1) > 0, <(ζ2) > 0, <(τ) > 0). (1.2)

Clearly, for τ = 0, (1.2) reduces to (1.1). The most interesting applications of (1.2) are given by Chaudhry
et al. [4]. They generalized the classical Gauss and confluent hypergeometric functions by using the
extended beta function Bτ(ζ1, ζ2) as follows:

Fτ(κ1, κ2; κ3;u) =
∞∑
l=0

(κ1)l Bτ(κ2 + l, κ3 − κ2)

B(κ2, κ3 − κ2)

ul

l!
, (τ > 0, |u| < 1, <(κ3) > <(κ2) > 0),

and

Φτ(κ2; κ3;u) =
∞∑
l=0

Bp(κ2 + l, κ3 − κ2)

B(κ2, κ3 − κ2)

ul

l!
, (τ > 0, <(κ3) > <(κ2) > 0).

In [4], the authors also defined the subsequent Euler’s type integral representations of Fτ(κ1, κ2; κ3;u) and
Φτ(κ2; κ3;u), respectively:

Fτ(κ1, κ2; κ3;u) =
1

B(κ2, κ3 − κ2)

∫ 1

0
wκ2−1 (1 −w)κ3−κ2−1 (1 − uw)−κ1 exp

[
−

τ

w(1 −w)

]
dw,

(τ > 0, | arg(1 − u)| < π, <(κ3) > <(κ2) > 0),

and

Φτ(κ2; κ3;u) =
1

B(κ2, κ3 − κ2)

∫ 1

0
wκ2−1 (1 −w)κ3−κ2−1 exp

[
uw−

τ

w(1 −w)

]
dw,

(τ > 0, <(κ3) > <(κ2) > 0).

Due to assorted applications of beta function in a wide range of engineering and sciences, a number
of researchers have introduced and investigated a list of extended beta functions (see, for details, [1–3, 5–
7, 11, 12, 16, 17, 19]).

In particular, Shadab et al. [19] defined the following generalization of beta function:

Bτλ(ζ1, ζ2) =

∫ 1

0
wζ1−1 (1 −w)ζ2−1 Eλ

[
−

τ

w(1 −w)

]
dw, (λ ∈ R+

0 , <(τ) > 0), (1.3)

where Eλ(.) is the classical Mittag-Leffler function of one parameter (which is a natural extension of the
exponential function) defined by Gosta Mittag-Leffler as follows (see [10]):

Eλ(w) =

∞∑
k=0

wk

Γ(1 + λk)
, (w ∈ C and λ > 0).

If we put λ = 1 in (1.3) then we get the extended beta function defined by (1.2). Moreover, the authors
also investigated some interesting properties of Bτλ(ζ1, ζ2) in [19].
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More recently, Ghayasuddin et al. [7] introduced the following multi-index generalization of the beta
function by making use of the multi-index Mittag-Leffler function:

B
(a1,...,as,b1,...,bs)
τ (ζ1, ζ2) =

∫ 1

0
wζ1−1 (1 −w)ζ2−1 E(ai),(bi)

[
−

τ

w(1 −w)

]
dw,

(<(ζ1) > 0, <(ζ2) > 0, ai > 0, bi ∈ R , τ > 0),
(1.4)

where E(ai),(bi)(w) is the multi-index (2m-parameter) Mittag-Leffler function given as follows (see [8, 9,
21], see also [15]):

E(ai),(bi)(w) =

∞∑
k=0

wk

Γ(b1 + ka1) · · · Γ(bs + kas)
, (1.5)

here s > 1 is an integer and a1, . . . ,as > 0 and b1, . . . ,bs are arbitrary real numbers. Clearly, for s = 2, if
we set a1 = λ, a2 = 0, and b1 = b2 = 1 in (1.4) then we get the extended beta function Bτλ(ζ1, ζ2) given in
(1.3).

A further generalization of (1.5) so-called the multi-index (3m-parameter) Mittag-Leffler function
E
(ci)
(ai),(bi)

(w) is defined by (see [13, 14], see also [15])

E
(ci)
(ai),(bi)

(w) =

∞∑
k=0

(c1)k · · · (cs)k
Γ(b1 + ka1) · · · Γ(bs + kas)

wk

(k!)s
, (1.6)

where s > 1 be an integer, ai,bi, ci ∈ C, <(ai) > 0 (for every i = 1, 2 . . . , s). If we set c1 = c2 = · · · , cs = 1
in (1.6) then this multi-index (3m-parameter) Mittag-Leffler function easily reduces to the multi-index
(2m-parameter) Mittag-Leffler function given in (1.5).

The main motive of the paper is to introduce a further extension of beta function B(a1,··· ,as,b1,··· ,bs)
τ (ζ1, ζ2)

by making use of the multi-index (3m-parameter) Mittag-Leffler function E(ci)(ai),(bi)
(w) and also to present

a new multi-index generalization of Gauss and confluent hypergeometric functions.

2. A new type of multi-index beta function

In this section, we elaborate the following new multi-index beta function by making use of the multi-
index Mittag-Leffler function E(ci)(ai),(bi)

(w):

B
(a1,··· ,as,b1,··· ,bs)
(c1,··· ,cs),τ (ζ1, ζ2) =

∫ 1

0
wζ1−1 (1 −w)ζ2−1 E

(ci)
(ai),(bi)

[
−

τ

w(1 −w)

]
dw,

(<(ζ1) > 0, <(ζ2) > 0, ai > 0, bi, ci ∈ R , τ > 0).
(2.1)

Remark 2.1. If we set c1 = c2 = · · · = cs = 1 in (2.1), then we get the extended beta function defined by
Ghayasuddin et al. [7], which again for s = 2, by setting a1 = λ, a2 = 0, and b1 = b2 = 1, yields the
extended beta function introduced by Shadab et al. [19].

3. Integral representation of B(a1,··· ,as,b1,··· ,bs)
(c1,··· ,cs),τ (ζ1, ζ2)

Theorem 3.1. For ai > 0, bi, ci ∈ R and τ > 0, we have the subsequent integral representations of
B
(a1,··· ,as,b1,··· ,bs)
(c1,··· ,cs),τ (ζ1, ζ2):

B
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (ζ1, ζ2) = 2

∫ π
2

0
cos2ζ1−1 u sin2ζ2−1 u E

(ci)
(ai),(bi)

(−τ sec2 u csc2 u)du, (3.1)

B
(a1,··· ,as,b1,··· ,bs)
(c1,··· ,cs),τ (ζ1, ζ2) =

∫∞
0

uζ1−1

(1 + u)ζ1+ζ2
E
(ci)
(ai),(bi)

[
−τ

(
2 + u+

1
u

)]
du, (3.2)
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and

B
(a1,··· ,as,b1,··· ,bs)
(c1,··· ,cs),τ (ζ1, ζ2) = 21−ζ1−ζ2

∫ 1

−1
(1 + u)ζ1−1 (1 − u)ζ2−1 E

(ci)
(ai),(bi)

[
−

4τ
(1 − u2)

]
du. (3.3)

Proof. On setting w = cos2 u, w = u
1+u and w = 1+u

2 in (2.1) yields, respectively, the integral representa-
tions (3.1)–(3.3).

4. Properties of the multi-index beta function

This section deals with some basic properties of our newly initiated multi-index beta function
B
(a1,··· ,as,b1,··· ,bs)
(c1,··· ,cs),τ (ζ1, ζ2).

Theorem 4.1. The following identity holds true for our multi-index beta function B(a1,...,as,b1,...,bs)
(c1,...,cs),τ (ζ1, ζ2):

B
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (ζ1, ζ2) =

l∑
k=0

(
l

k

)
B
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (ζ1 + k, ζ2 + l− k),

where l ∈N0.

Proof. From (2.1), we have

B
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (ζ1, ζ2) =

∫ 1

0
wζ1−1 (1 −w)ζ2−1{w+ (1 −w)} E

(ci)
(ai),(bi)

[
−

τ

w(1 −w)

]
dw,

B
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (ζ1, ζ2) = B

(a1,...,as,b1,...,bs)
(c1,...,cs),τ (ζ1 + 1, ζ2) +B

(a1,...,as,b1,...,bs)
(c1,...,cs),τ (ζ1, ζ2 + 1). (4.1)

Again, applying the same argument to each of two terms in the right side of (4.1), we get

B
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (ζ1, ζ2) = B

(a1,...,as,b1,...,bs)
(c1,...,cs),τ (ζ1 + 2, ζ2)

+ 2B(a1,...,as,b1,...,bs)
(c1,...,cs),τ (ζ1 + 1, ζ2 + 1) +B(a1,...,as,b1,...,bs)

(c1,...,cs),τ (ζ1, ζ2 + 2).

Proceeding in the same manner, induction on k proves the desired result.

Theorem 4.2. The following result holds true for our multi-index beta function B(a1,...,as,b1,...,bs)
(c1,...,cs),τ (ζ1, ζ2):

B
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (ζ1, 1 − ζ2) =

∞∑
k=0

(ζ2)k
k!

B
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (ζ1 + k, 1). (4.2)

Proof. On using (2.1) in the left side of (4.2), we get

B
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (ζ1, 1 − ζ2) =

∫ 1

0
wζ1−1 (1 −w)−ζ2 E

(ci)
(ai),(bi)

[
−

τ

w(1 −w)

]
dw

=

∫ 1

0
wζ1−1

∞∑
k=0

(ζ2)k w
k

k!
E
(ci)
(ai),(bi)

[
−

τ

w(1 −w)

]
dw.

Now interchanging the order of integration and summation in the above expression and then upon using
(2.1), we arrive at our claimed result.
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Theorem 4.3. The following result holds true for our multi-index beta function B(a1,...,as,b1,...,bs)
(c1,...,cs),τ (ζ1, ζ2):

B
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (ζ1, ζ2) =

∞∑
k=0

B
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (ζ1 + k, ζ2 + 1).

Proof. This theorem can be established with the help of (2.1) by writing (1 −w)ζ2−1 = (1 −w)ζ2
∞∑
k=0

wk.

We omit the details.

5. The new beta distribution

The beta distribution is a commonly used distribution and is frequently employed to model data. In
reliability and life testing experiments, many times the data are modeled by finite range distributions.
In this section, we define the following new beta distribution as an application of our multi-index beta
function:

f(w) =

{
C wρ−1 (1 −w)σ−1 E

(ci)
(ai),(bi)

[
− τ
w(1−w)

]
, (0 < w < 1),

0, otherwise,
(5.1)

where ρ,σ ∈ R,ai > 0, bi, ci ∈ R, τ > 0 and C−1 = B
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (ρ,σ).

Next, we have presented here some fundamental properties of our introduced beta distribution (5.1).
For r ∈ R, the rth moment of the p.d.f f(w) about the origin is given by

E(Wr) =
B
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (ρ+ r,σ)

B
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (ρ,σ)

, (ρ, σ ∈ R,ai > 0, bi, ci ∈ R, τ > 0). (5.2)

The specific case of (5.2) for r = 1 yields the mean of our proposed beta distribution (5.1):

E(W) =
B
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (ρ+ 1,σ)

B
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (ρ,σ)

.

The variance of our beta distribution is defined by

Var(W) = E(W2) − [E(W)]2,

Var(W) =
B
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (ρ+ 2,σ) B(a1,...,as,b1,...,bs)

(c1,...,cs),τ (ρ,σ) −
[
B
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (ρ+ 1,σ)

]2

[
B
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (ρ,σ)

]2 .

The coefficient of variation of our introduced distribution (which is defined as the ratio of the standard
deviation and mean) can be expressed as

C.V =

√√√√√B
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (ρ+ 2,σ) B(a1,...,as,b1,...,bs)

(c1,...,cs),τ (ρ,σ)

[B
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (ρ+ 1,σ)]2

− 1.

The moment generating function (m.g.f) about origin of our extended beta distribution is given by

MW(t) =

∞∑
r=0

tr

r!
E(Wr), MW(t) =

1

B
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (ρ,σ)

∞∑
r=0

B
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (ρ+ r,σ)

tr

r!
.
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The characteristic function of our proposed distribution can be calculated as follows:

E(eitw) =

∞∑
r=0

irtr

r!
E(Wr), E(eitw) =

1

B
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (ρ,σ)

∞∑
r=0

B
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (ρ+ r,σ)

irtr

r!
.

The cumulative distribution function of our beta distribution (5.1) can be expressed as

F(w) = P[W < w] =

∫w
0
f(w)dw, F(w) =

B
(a1,...,as,b1,...,bs)
(c1,...,cs),τ,w (ρ,σ)

B
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (ρ,σ)

,

where B(a1,...,as,b1,...,bs)
(c1,...,cs),τ,w (ρ,σ) denotes the new incomplete beta function defined by

B
(a1,...,as,b1,...,bs)
(c1,...,cs),τ,w (ρ,σ) =

∫w
0
wρ−1 (1 −w)σ−1 E

(ci)
(ai),(bi)

[
−

τ

w(1 −w)

]
dw.

The reliability function (which is simply the complement of the cumulative distribution function) of our
newly introduced distribution is given by

R(w) = P[W > w] = 1 − F(w) =

∫∞
w

f(w)dw, R(w) =
B
(a1,...,as,b1,...,bs)
(c1,...,cs),τ,w (ρ,σ)

B
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (ρ,σ)

,

where B(a1,...,as,b1,...,bs)
(c1,...,cs),τ,w (ρ,σ) is the incomplete beta function defined by

B
(a1,...,as,b1,...,bs)
(c1,...,cs),τ,w (ρ,σ) =

∫∞
w

wρ−1 (1 −w)σ−1 E
(ci)
(ai),(bi)

[
−

τ

w(1 −w)

]
dw.

6. Multi-index hypergeometric functions and their associated properties

In this section, we present the following multi-index Gauss and confluent hypergeometric functions
by making use of our introduced multi-index beta function B(a1,...,as,b1,...,bs)

(c1,...,cs),τ (ζ1, ζ2):

F
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (κ1, κ2; κ3;u) =

∞∑
l=0

(κ1)l B
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (κ2 + l, κ3 − κ2)

B(κ2, κ3 − κ2)

ul

l!

(τ > 0, |u| < 1, <(κ3) > <(κ2) > 0,ai > 0, bi, ci ∈ R)

(6.1)

and

Φ
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (κ2; κ3;u) =

∞∑
l=0

B
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (κ2 + l, κ3 − κ2)

B(κ2, κ3 − κ2)

ul

l!

(τ > 0, <(κ3) > <(κ2) > 0, ai > 0, bi, ci ∈ R).

(6.2)

Remark 6.1. On setting c1 = c2 = · · · = cs = 1, (6.1) and (6.2) reduce to the known extensions of Gauss
and confluent hypergeometric functions defined by Ghayasuddin et al. [7], which further for s = 2, with
a1 = 1, a2 = 0, and b1 = b2 = 1, yields the known extensions of Gauss and confluent hypergeometric
functions defined by Shadab et al. [19].

Theorem 6.2. The following integral representations of our multi-index Gauss and confluent hypergeometric func-
tions holds true:

F
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (κ1, κ2; κ3;u)
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=
1

B(κ2, κ3 − κ2)

∫ 1

0
wκ2−1 (1 −w)κ3−κ2−1 (1 − uw)−κ1E

(ci)
(ai),(bi)

[
−

τ

w(1 −w)

]
dw, (6.3)

(τ > 0, | arg(1 − u)| < π, <(κ3) > <(κ2) > 0, ai > 0, bi, ci ∈ R)

and

Φ
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (κ2; κ3;u) =

1
B(κ2, κ3 − κ2)

∫ 1

0
wκ2−1 (1 −w)κ3−κ2−1 euwE

(ci)
(ai),(bi)

[
−

τ

w(1 −w)

]
dw,

(τ > 0, <(κ3) > <(κ2) > 0, ai > 0, bi, ci ∈ R).

Proof. Each of the above integral representations can be easily established by using the integral represen-
tation of our multi-index beta function (2.1) in the right sides of (6.1) and (6.2), respectively.

Theorem 6.3. The following differential formulas for our multi-index Gauss and confluent hypergeometric functions
holds true:

dm

dum

{
F
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (κ1, κ2; κ3;u)

}
=

(κ1)m(κ2)m
(κ3)m

F
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (κ1 +m, κ2 +m; κ3 +m;u),

(τ > 0, ai > 0, bi, ci ∈ R, m ∈N0)

(6.4)

and

dm

dum

{
Φ

(a1,...,as,b1,...,bs)
(c1,...,cs),τ (κ2; κ3;u)

}
=

(κ2)m
(κ3)m

Φ
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (κ2 +m; κ3 +m;u),

(τ > 0, ai > 0, bi, ci ∈ R, m ∈N0).
(6.5)

Proof. On differentiating (6.1) with respect to u, we get

d

du

{
F
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (κ1, κ2; κ3;u)

}
=

∞∑
l=1

(κ1)l B
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (κ2 + l, κ3 − κ2)

B(κ2, κ3 − κ2)

ul−1

(l− 1)!
.

On replacing l by l+ 1, we have

d

du

{
F
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (κ1, κ2; κ3;u)

}
=

∞∑
l=0

(κ1)l+1 B
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (κ2 + l+ 1, κ3 − κ2)

B(κ2, κ3 − κ2)

ul

l!
.

Now, by using B(κ2, κ3 − κ2) =
κ3
κ2
B(κ2 + 1, κ3 − κ2) and (κ1)l+1 = κ1(κ1 + 1)l, we get

d

du

{
F
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (κ1, κ2; κ3;u)

}
=
κ1κ2

κ3

∞∑
l=0

(κ1 + 1)l B
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (κ2 + l+ 1, κ3 − κ2)

B(κ2 + 1, κ3 − κ2)

ul

l!

=
κ1κ2

κ3
F
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (κ1 + 1, κ2 + 1; κ3 + 1;u).

(6.6)

Further, on differentiating (6.6) with respect to u, we get

d2

du2

{
F
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (κ1, κ2; κ3;u)

}
=
κ1(κ1 + 1)κ2(κ2 + 1)

κ3(κ3 + 1)
F
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (κ1 + 2,κ2 + 2; κ3 + 2;u).

Proceeding in the same manner, by induction, we obtain our claimed result (6.4). Similarly, we can
establish the result (6.5).
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Theorem 6.4. The following transformation formulas for our multi-index Gauss and confluent hypergeometric
functions holds true:

F
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (κ1, κ2; κ3;u) = (1 − u)−κ1F

(a1,...,as,b1,...,bs)
(c1,...,cs),τ

(
κ1, κ3 − κ2; κ2;−

u

(1 − u)

)
,

(τ > 0, ai > 0, bi, ci ∈ R)

(6.7)

and

Φ
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (κ2; κ3;u) = euΦ(a1,...,as,b1,...,bs)

(c1,...,cs),τ (κ3 − κ2; κ3;−u) , (τ > 0, ai > 0, bi, ci ∈ R). (6.8)

Proof. On replacing w by 1 −w in (6.3) and then by using [1 − u(1 −w)]−κ1 = (1 − u)−κ1
[
1 + u

1−uw
]−κ1 ,

we obtain

F
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (κ1, κ2; κ3;u)

=
(1 − u)−κ1

B(κ2, κ3 − κ2)

∫ 1

0
wκ3−κ2−1 (1 −w)κ2−1

(
1 +

u

1 − u
w

)−κ1

E
(ci)
(ai),(bi)

[
−

τ

w(1 −w)

]
dw,

which further on using (6.3), yields our needed result (6.7). In a similar way, we can establish (6.8).

Theorem 6.5. The following summation formula for our multi-index Gauss hypergeometric function holds true:

F
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (κ1, κ2; κ3; 1) =

B
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (κ2, κ3 − κ1 − κ2)

B(κ2, κ3 − κ2)
,

(τ > 0, ai > 0, bi, ci ∈ R, <(κ3 − κ1 − κ2) > 0).

(6.9)

Proof. On putting u = 1 in (6.3) and then by using (2.1), we get our required result (6.9).

Theorem 6.6. The following generating function for our multi-index Gauss hypergeometric function holds true:
∞∑
l=0

(c)l F
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (κ1 + l, κ2;κ3;u)

wl

l!
= (1 −w)−κ1F

(a1,...,as,b1,...,bs)
(c1,...,cs),τ

(
κ1, κ2; κ3;

u

1 −w

)
,

(τ > 0, ai > 0, bi, ci ∈ R, |w| < 1).

(6.10)

Proof. Using (6.1) on the left side of (6.10), we have
∞∑
l=0

(c)l F
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (κ1 + l, κ2; κ3;u)

wl

l!

=

∞∑
l=0

(c)l

 ∞∑
n=0

(κ1 + l)n B
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (κ2 +n, κ3 − κ2)

B(κ2, κ3 − κ2)

un

n!

 wl
l!

.

Now, by using the identity (c)n(c+n)l = (c)l(c+ l)n, in the above expression, we obtain
∞∑
l=0

(c)l F
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (κ1 + l, κ2; κ3;u)

wl

l!

=

∞∑
n=0

(c)n
B
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (κ2 +n, κ3 − κ2)

B(κ2, κ3 − κ2)

[ ∞∑
l=0

(κ1 +n)l
wl

l!

]
un

n!

=

∞∑
n=0

(c)n
B
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (κ2 +n, κ3 − κ2)

B(κ2, κ3 − κ2)
(1 −w)−(κ1+n)

un

n!
,

which, in view of (6.1), yields our claimed result (6.10).
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7. Concluding remarks

In this article, we have elaborated a novel expansion of beta function by means of the multi-index
Mittag-Leffler function. First we have derived some basic properties of our introduced beta function and
then we have presented a new type of beta distribution as an application of our proposed beta function.
We have also defined a novel expansion of Gauss and confluent hypergeometric functions with respect to
our new multi-index beta function. Next, we have indicated some analytical properties of our introduced
hypergeometric functions in a systematic manner.

Furthermore, in this section, we briefly discuss about the variations in the definition of our proposed
multi-index beta function B(a1,...,as,b1,...,bs)

(c1,...,cs),τ (ζ1, ζ2).

The multi-index Mittag-Leffler function E(ci)(ai),(bi)
(w) have the following relations with Wright hyper-

geometric function pΨq(w) and Fox H-function Hm,n
p,q (w) (see for details [14]):

E
(ci)
(ai),(bi)

(w) =

[
m∏
i=1

Γ(γi)

]−1

sΨ2s−1

 (ci, 1)s1

(bi, ai)
s
1 , (1, 1)s−1

1

| w

 (7.1)

and

E
(ci)
(ai),(bi)

(w) =

[
m∏
i=1

Γ(γi)

]−1

H1,m
m,2m

−w |

(1 − γ1, 1) · ·(1 − γm, 1)

[(0, 1), (1 − bi,ai)]
s
1

 . (7.2)

Therefore, our new multi-index beta function given in (2.1), is easily converted in terms of Wright hyper-
geometric function and Fox H-function as follows:

B
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (ζ1, ζ2) =

∫ 1

0
wζ1−1 (1 −w)ζ2−1

[
m∏
i=1

Γ(γi)

]−1

× sΨ2s−1

 (ci, 1)s1

(bi, ai)
s
1 , (1, 1)s−1

1

|
τ

w(1 −w)

dw
and

B
(a1,...,as,b1,...,bs)
(c1,...,cs),τ (ζ1, ζ2) =

∫ 1

0
wζ1−1 (1 −w)ζ2−1

[
m∏
i=1

Γ(γi)

]−1

×H1,m
m,2m

− τ

w(1 −w)
|

(1 − γ1, 1) · ·(1 − γm, 1)

[(0, 1), (1 − bi,ai)]
s
1

dw.

Note that, by using the relations (7.1) and (7.2), we can also define some variations in the integral
representations of our introduced multi-index Gauss and confluent hypergeometric functions.
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[12] E. Özergin, M. A. Özarslan, A. Altın, Extension of gamma, beta and hypergeometric functions, J. Comput. Appl. Math.,
235 (2011), 4601–4610. 1

[13] J. Paneva-Konovska, Multi-index (3m-parametric) Mittag-Leffler functions and fractional calculus, C. R. Acad. Bulgare
Sci., 64 (2011), 1089–1098. 1

[14] J. Paneva-Konovska, From Bessel to multi-index Mittag-Leffler functions: Enumerable families, series in them and conver-
gence, World Scientific Publishing, London, (2016). 1, 7

[15] J. Paneva-Konovska, A survey on Bessel type functions as multi-index Mittag-Leffler functions: Differential and integral
relations, Int. J. Appl. Math., 32 (2019), 357–380. 1, 1

[16] R. K. Parmar, A new generalization of gamma, beta, hypergeometric and confluent hypergeometric functions, Matematiche
(Catania), 68 (2013), 33–52. 1

[17] P. I. Pucheta, A new extended beta function, Int. J. Math. Appl., 5 (2017), 255–260. 1
[18] E. D. Rainville, Special functions, Macmillan Co., New York, (1971). 1
[19] M. Shadab, S. Jabee, J. Choi, An extended beta function and its application, Far East J. Math. Sci., 103 (2018), 235–251.

1, 1, 2.1, 6.1
[20] H. M. Srivastava, H. L. Manocha, A treatise on generating functions, John Wiley & Sons, New York, (1984). 1
[21] S. B. Yakubovich, Y. F. Luchko, The hypergeometric approach to integral transform and convolutions, Kluwer Academic

Publishers Group, Dordrecht, (1994). 1

https://www.sciencedirect.com/science/article/pii/S0377042796001021
https://www.sciencedirect.com/science/article/pii/S0377042796001021
https://www.sciencedirect.com/science/article/pii/S0096300303011470
https://www.sciencedirect.com/science/article/pii/S0096300303011470
http://www.ndsl.kr/soc_img/society/hmsk/HNSHCY/2014/v36n2/HNSHCY_2014_v36n2_357.pdf
http://www.ndsl.kr/soc_img/society/hmsk/HNSHCY/2014/v36n2/HNSHCY_2014_v36n2_357.pdf
http://dx.doi.org/10.12732/ijam.v33i1.1
http://dx.doi.org/10.12732/ijam.v33i1.1
https://www.sciencedirect.com/science/article/pii/S0377042700002922
https://www.sciencedirect.com/science/article/pii/S0377042700002922
https://www.sciencedirect.com/science/article/pii/S0898122109005665
https://www.sciencedirect.com/science/article/pii/S0898122109005665
https://doi.org/10.1007/BF02403200
https://doi.org/10.1007/BF02403200
https://www.researchgate.net/profile/Nisar_K_S/publication/319980220_An_extended_beta_function_and_its_properties/links/59c4ce1eaca272c71bb8951e/An-extended-beta-function-and-its-properties.pdf
https://www.researchgate.net/profile/Nisar_K_S/publication/319980220_An_extended_beta_function_and_its_properties/links/59c4ce1eaca272c71bb8951e/An-extended-beta-function-and-its-properties.pdf
http://www.ams.org/mathscinet-getitem?mr=2805702
http://www.ams.org/mathscinet-getitem?mr=2805702
http://www.proceedings.bas.bg/cgi-bin/mitko/0DOC_abs.pl?2011_8_03
http://www.proceedings.bas.bg/cgi-bin/mitko/0DOC_abs.pl?2011_8_03
https://books.google.com/books?hl=en&lr=&id=qYn4DAAAQBAJ&oi=fnd&pg=PR7&dq=From+Bessel+to+Multi-index+Mittag-Leffler+functions:+Enumerable+Families&ots=V0A0EPB-9x&sig=rUgGDp6EPnYP3NF4YB2pRegzTsw
https://books.google.com/books?hl=en&lr=&id=qYn4DAAAQBAJ&oi=fnd&pg=PR7&dq=From+Bessel+to+Multi-index+Mittag-Leffler+functions:+Enumerable+Families&ots=V0A0EPB-9x&sig=rUgGDp6EPnYP3NF4YB2pRegzTsw
http://dx.doi.org/10.12732/ijam.v32i3.1
http://dx.doi.org/10.12732/ijam.v32i3.1
https://lematematiche.dmi.unict.it/index.php/lematematiche/article/view/974
https://lematematiche.dmi.unict.it/index.php/lematematiche/article/view/974
http://repositorio.unne.edu.ar/handle/123456789/9105
https://doi.org/10.1090/S0002-9904-1960-10507-1
https://www.researchgate.net/profile/Junesang_Choi/publication/322235631_AN_EXTENDED_BETA_FUNCTION_AND_ITS_APPLICATIONS/links/5a4d5cbe0f7e9b8284c4d9aa/AN-EXTENDED-BETA-FUNCTION-AND-ITS-APPLICATIONS.pdf
https://scholar.google.com/scholar?as_q=&as_epq=A+treatise+on+generating+functions&as_oq=&as_eq=&as_occt=title&as_sauthors=&as_publication=&as_ylo=1984&as_yhi=1984&hl=en&as_sdt=0%2C5
https://link.springer.com/978-94-011-1196-6
https://link.springer.com/978-94-011-1196-6

	Introduction
	A new type of multi-index beta function
	Integral representation of B(a1,@let@token ,as,b1,@let@token ,bs)(c1,@let@token ,cs) ,(1,2)
	Properties of the multi-index beta function
	The new beta distribution
	Multi-index hypergeometric functions and their associated properties
	Concluding remarks

