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Abstract

This research article elaborates on a novel expansion of the beta function by using the multi-index Mittag-Leffler function.
Here, we derive some basic properties of this new beta function and then present a new type of beta dispersal as an application
of our proposed beta function. We also introduce a novel expansion of Gauss and confluent hypergeometric functions for our
newly initiated beta function. Some important properties of our proposed hypergeometric functions (like integral represen-
tations, differential formulae, transformations formulae, summation formulae, and a generating relation) are also pointed out
systematically.
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1. Introduction

Innumerable primitive functions in applied sciences are explicit via improper integrals. These innu-
merable functions are primarily called special functions. Such functions play a discernible role in a variety
of appropriate fields of science and engineering. Therefore, many researchers have demonstrated (from
time to time) various extensions and analogous properties of such type of functions.

Throughout in this paper, let N, R and C be the sets of natural numbers, real numbers and complex
numbers, respectively, and let

No:=1{0,1,2,3,...} =INU{0}.
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The Leonhard Euler’s classical beta function B((;, (2) is a function of two complex variables ¢; and (; and
is defined by the following integral representation (see [18], see also [20]):

1

B(l1, &) = JO wo Tl (1—w)2 ldw, (R(&) >0, R(G) > 0). (1.1)

In 1997, Chaudhry et al. [3] defined the following extension of (1.1) by inserting the regularization
factor exp [—ﬁ] in the integrands as follows:

B.(C1, (o) = Jl

woi—1 (1 _W)szl exp {_
0

——— | dw, R(Q1)>0, R(G) >0, R >0).  (12)
w(l—w)

Clearly, for T = 0, (1.2) reduces to (1.1). The most interesting applications of (1.2) are given by Chaudhry
et al. [4]. They generalized the classical Gauss and confluent hypergeometric functions by using the
extended beta function B ({7, (») as follows:

2 (k1)1 Br(ko + 1, k3 — ko) ul
P, ki) = 3 (ZERELOZBIN (0, i< 1, k) > Ra) >0),
1=0 ! ’

and .
(o/e] B .
Orlkgk3iu) = Y pla bl —ka) W k) > R(kg) > 0).
— Blxyka—x) U

In [4], the authors also defined the subsequent Euler’s type integral representations of Fr(k1, kp; k3; u) and
D (Kkp; K3;U), respectively:

1 1 T
F A Ka=1 (1 _ ) Kke—K2=1 (1 _ —K1 — | dw,
(K1, K2; K3; 1) B(xa k3 — ko) Jo w (1—w) (1—uw) “texp [ wil —w)] w
(t>0, [arg(l —u)| <7, R(k3) > R(k2) >0),
and
D (K Kk3;U) = 1J1 w1 — )kl exp |uw — T dw
e B(k2, k3 —x2) Jo w(l—w) ’

(t >0, R(kz) > R(ky) > 0).

Due to assorted applications of beta function in a wide range of engineering and sciences, a number
of researchers have introduced and investigated a list of extended beta functions (see, for details, [1-3, 5-
7,11, 12,16, 17, 19]).

In particular, Shadab et al. [19] defined the following generalization of beta function:

! T

w(l—w)

BR (@) = |

wa =l (1 —w)e2 1 E, [
0

] dw, (AeR{, R(t)>0), (1.3)

where E; (.) is the classical Mittag-Leffler function of one parameter (which is a natural extension of the
exponential function) defined by Gosta Mittag-Leffler as follows (see [10]):

0 k

w
_—E A > 0).
Ea(w) kZOF(l N (weCand A > 0)

If we put A = 1 in (1.3) then we get the extended beta function defined by (1.2). Moreover, the authors
also investigated some interesting properties of B} ({1, (2) in [19].
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More recently, Ghayasuddin et al. [7] introduced the following multi-index generalization of the beta
function by making use of the multi-index Mittag-Leffler function:

1

B’([allu.,aS’bll.”,bS)(Cll CZ) _ J T
0 w(l—w)

(m(C1) > 0/ %(CZ) > 0/ ai > O/ bi € R ;T P O)/

W/\)Cli1 (1 —W)Czil E(ai)/(bi) |:— :| dW,

(1.4)

where E (g, (b,)(W) is the multi-index (2m-parameter) Mittag-Leffler function given as follows (see [8, 9,

21], see also [15]):

wk

E . . = s
(al)’(b‘)(w) ];) I'by +kag)---T'(bs +kag)

(1.5)

here s > 1 is an integer and ay,...,as > 0 and by,..., b are arbitrary real numbers. Clearly, for s = 2, if
we set a; = A, a; =0, and b; = by = 1in (1.4) then we get the extended beta function B} ((y, (2) given in
(1.3).

A further generalization of (1.5) so-called the multi-index (3m-parameter) Mittag-Leffler function
E(Cii) . (w) is defined by (see [13, 14], see also [15])

(ai),(bi)
-~ (es)k wk
E 1.
Z I'(by +ka1 - T(bs +kag) (k!)s’ (1.6)
where s > 1 be an integer, ai, bi,ci € C, R(ai) >0 (foreveryi=1,2...,s). f wesetci =cp=---,c5s =1

in (1.6) then this multi-index (3m-parameter) Mittag-Leffler function easily reduces to the multi-index
(2m-parameter) Mittag-Leffler function given in (1.5).

The main motive of the paper is to introduce a further extension of beta function B(Tal"" /as/b1 b )(Cl, ()
by making use of the multi-index (3m-parameter) Mittag-Leffler function EEZZ));(bi) (w) and also to present

a new multi-index generalization of Gauss and confluent hypergeometric functions.

2. A new type of multi-index beta function

In this section, we elaborate the following new multi-index beta function by making use of the multi-

index Mittag-Leffler function EES )) (bs) (w):
1
(ay, - ,as,by, - ,bs) _ =1 (1 _ 1 Ca—1 plei) . T
B i (1, C2) —Jow T A—w) ST R [ w(l—w)} dw, @.1)
(%(Cl) > 0/ %(CZ) > 0/ ai > 0/ bilci € R ;T 2 0)
Remark 2.1. If we set ¢c; = cp = --- = ¢s = 1 in (2.1), then we get the extended beta function defined by

Ghayasuddin et al. [7], which again for s = 2, by setting a; = A, a = 0, and b; = by = 1, yields the
extended beta function introduced by Shadab et al. [19].

3. Integral representation of BES:SS S)’:T’m’bS) (¢, C2)

Theorem 31 For ai > 0, bj,ci € Rand 1t > 0, we have the subsequent integral representations of
B e (G, )

(c1,+-,e8),T

s b, 12 .
gl fs),Tl (C1,C2) —ZJO cos?@ 1y sin?® 1uEEZi)),(bi)(—TseC2u cscu)du, (3.1)

B(a],...,as,b],..-,bs)(c 0) = 00 uéi—1 E(ci) T 2+u+1 du (3.2)
(c1,e,€s),T V520 = T +w)ate (a(by) u ’ '
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and
1
(a1, as,by,,bs) _al-G—C -1 to—1 plei) il
B(Cllz"~,cs),”r1 (Cq, () =242 J_l(l—i-u) (1 —uw)®? Bl 0 [_(1—11,2)] du. (3.3)
Proof. On setting w = cos?u, w = 13- and w = 51 in (2.1) yields, respectively, the integral representa-
tions (3.1)-(3.3). O

4. Properties of the multi-index beta function

This section deals with some basic properties of our newly initiated multi-index beta function
B(al Qs b1, (Cl CZ)

(c1,0-,68),T

Theorem 4.1. The following identity holds true for our multi-index beta function B (31

where 1 € INp.

Proof. From (2.1), we have

Qa0 (0, G) = BEe P (6 1, G) B (G, G 4 1), (4.1)

s b1bs) (0 2y pla., /D1, b
ngllca)bl G, 0) = cas)zl NG +2,0)
,,,,, 5/D1e b ey Qs D1 O
+ZB(C; ,,,,, St G L DB (G, G+ 2).
Proceeding in the same manner, induction on k proves the desired result O
Theorem 4.2. The following result holds true for our multi-index beta function B Cas SJ’T ””” )y, Go):
— (&) by,...b
..... ob 2)k 1 (ay,.,a5,b1,0 b5
Bl ot (G, 1= G) = ) B (G k). 4.2)
k=0
Proof. On using (2.1) in the left side of (4.2), we get
(@1 s, D1 ) - ¢ plet) T
Treeer Ry V2R s _ — _ — i _
B(cl,...,cs),T (C1,1—0) = L worT (1 —w)™ 2 E(ai]/(bi) [ wil _WJ dw
1 0 Kk
— | a1 (C2)k W* (o) T
_Jow 1 Z e E(ai),(bi) [ W(l—W)] dw.

Now interchanging the order of integration and summation in the above expression and then upon using
(2.1), we arrive at our claimed result. O



M. Ali, M. Ghayasuddin, W. A. Khan, K. S. Nisar, J. Math. Computer Sci., 23 (2021), 145-154 149

Theorem 4.3. The following result holds true for our multi-index beta function Bégll """ G Ou) (01 0

,esCs ), T
B(al,...,as,bl ..... bs) - = B(a1/~~/a51b1 ,,,,, bs) k, 1
(Cre (CLCZ)—Z (Croey T (Gt +k G+1).
k=0

Proof. This theorem can be established with the help of (2.1) by writing (1 —w)®2 1 = (1—w)% 3 wk.
k=0
We omit the details. O

5. The new beta distribution

The beta distribution is a commonly used distribution and is frequently employed to model data. In
reliability and life testing experiments, many times the data are modeled by finite range distributions.
In this section, we define the following new beta distribution as an application of our multi-index beta
function:

-1 —1 (Cl) T
twy = J CWT AW EGS o [ | 0<w <), o)
0, otherwise,

where p,c € R,a; >0, bi,cie R, t>0and C! = BESJ’;’:’SSJ’T """ bS)(p, 0).

Next, we have presented here some fundamental properties of our introduced beta distribution (5.1).
For r € R, the ™ moment of the p.d.f f(w) about the origin is given by

(ag,., as,by,..,bs)
o Blepmege . (p+1,0)
EW') = , (p,0eR,a;>0, bi,cie R, t=0). (5.2)
B(al ~~~~~ as,by,..., bs)(p 0_)
(C1,eCs),T ’

..... s,01,...,05
Bads i) (p 11, o)
E(W) (a as,b bs)
B 1rees s, 01,000, s (p 0_)
(cq,..Cs),T ’

The variance of our beta distribution is defined by
Var(W) = E(W2) — [E(W)%,

2
B(al,...,as,bl,...,bs) (p + 2/ O_) B(Clll,..'...,as,lbl ..... bs ) (p, G) o |:B(C11’,......,C15,’bl ..... bs ) (p + 1, O_):|

(C1,mCs),T

Var(W) =

The coefficient of variation of our introduced distribution (which is defined as the ratio of the standard
deviation and mean) can be expressed as

(ai,...,as,by,...,bs) (ay,...,as,bq,...,bs)
cv_ Blecor (p+2,0) B "7 52 (p,(r)_
..... b1 bs
[B[o1ds 01l (p 41, )2

[e¢]

t 1 - (ai,...,as,by,...,bs) tr
Mw (1) = ~_E(W" M (1) = g (a1 as/ b bs v
w(t) =) (W7),  Mw(t) > , (p+70)

T!
=0 (C1Cs),T
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The characteristic function of our proposed distribution can be calculated as follows:

E(eitW) — i iTtTE(WT) E(eitW) - 1 o glaiasbr ...,bs)( +10) i
= - Tl ’ - B(al,...,aS,bl,..‘,bs)(p o) = (C1yerCs )T p g -
i (c1,Cs),T ’ r=

The cumulative distribution function of our beta distribution (5.1) can be expressed as

w B(a1 ..... Cls,bl,. bs)
cream (P, 0)
F(w) =PW <w] = f(w)dw, Flw)= ( ,
0 B QAq,e.., Cls,b],...,bs)( O_)
(c1,.0Cs),T P,

(a4
where B (cimnCs),T,W

4%
(aln-vas/bl ~~~~~ bs) — pfl — o—1 (Ci) _L
B ’ (p,0) = Jo WP (1=w)" T E ) o) [ w(l—w)] dw.

The reliability function (which is simply the complement of the cumulative distribution function) of our
newly introduced distribution is given by

00 B(al aS/bll- bs) (p/ 0_‘)
R(w) =PIW >w] =1—F(w) = J fw)dw, R(w) = il ,
W B(al ., Qg bl,...bs)(p 0_)
(¢c1,...,Cs),T 4
where Bgsl """ éls S)’zl;\')"bS) (p, 0) is the incomplete beta function defined by
B(a1r~~-/a3/b1 ,,,,, bs)( o) = oowpfl (1 _W)O'fl E(Ci) . T dw
(crpmes)iw  PrOT= (@), () | w(l—w) |

6. Multi-index hypergeometric functions and their associated properties

In this section, we present the following multi-index Gauss and confluent hypergeometric functions

by making use of our introduced multi-index beta function BES;CGSS)T """ bs) (C1,00):

----- s/01,-,Ds
F(Cll,...,(ls,bl,...,bs)( ) — (Kl)l BE(clllln..,(fls)rTl )(KZ + l/ K3 o KZ) ul
K1, K2, K3, W) = E T
(c1,Cs),T 1,82, 83 B(Kz, K3 — K2) U (61)

e o) B(fl1 ,,,,, as,bq,...,bs) 1 _ .
OOl () k) = ) (°1~~-,cs),]; (k241 ks —Kk2)yl
o 1=0 (K2, K3 — K2) U 6.2)
(>0, R(ks) >R(k2) >0, a; >0, by, ci € R).
Remark 6.1. On setting ¢c1 = ¢ = --- = ¢s = 1, (6.1) and (6.2) reduce to the known extensions of Gauss

and confluent hypergeometric functions defined by Ghayasuddin et al. [7], which further for s = 2, with
a; =1, a =0, and b; = by = 1, yields the known extensions of Gauss and confluent hypergeometric
functions defined by Shadab et al. [19].

Theorem 6.2. The following integral representations of our multi-index Gauss and confluent hypergeometric func-
tions holds true:

(ay,...,as,by,...,bs) .
F ‘ Ky, Ko; K3; 1)
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1 S | (c0) T
— Ko— 1 o K3—Kpy— 1 o —K]E i . .
el R e R s P v | LU
(t >0, |arg(l —u)| < 7w, R(k3z) > R(k2) >0, a3 >0, by, ci € R)
and
d)(al ///// as,by,...,bs) . . _ 1 ! Ko—1 1 K3—Kp—1 uWE(Ci) T d
(C1,Cs),T (K2’ K3, u) o B(Kz, K3 — KZ) 0 w ( _W) € (ai),(by) _W(l — W) W,

(T >0, m(K3) > %(Kz) >0, a; > 0, bi,Ci S IR)

Proof. Each of the above integral representations can be easily established by using the integral represen-
tation of our multi-index beta function (2.1) in the right sides of (6.1) and (6.2), respectively. O

Theorem 6.3. The following differential formulas for our multi-index Gauss and confluent hypergeometric functions
holds true:

(Kl)m(KZ)m (ay,...,as,by,...,bs)
—————————F Vs TS (k4 m, K + My K3 s,
(k3)m  (Crmcs)T (6.4)

and

dam { (ay,...,as,by,...,bs) (KZ)m (aq,...,as,by,...,bs)
D210 (g k) b = () (1 i ),
/ (K3)m ~ (C1mcs)T (6.5)

(TZO, ai >0, bi,Ci S IR, mENo).

Proof. On differentiating (6.1) with respect to u, we get

((11 ..... as,bl,...,bs)
i {F(al""'as'bl """ bS)(K1 K2, Ks‘u)} = i (kih B(Cl ----- cs),T (k2 +1,Kk3 —Kk2) -1
du U (c1mes)T e — B(ky, K3 — K2) -1
On replacing 1 by 1+ 1, we have
(Cll ..... Cls,bl,.‘.,bs)
d {F(a1 ..... Qs D1Lb) (o .u)} _ i (k)i By 77 5 (ko+14+1, k3 — k) ui
du (C1,Cs),T s 827 R3s = B(kp, K3 — K3) U

Now, by using B(kp, k3 — kp) = %B(Kz +1,k3 —k2) and (kq)141 = K1(k1 + 1)1, we get

(ai,...,as,b1,..., bs)
i{F(al ..... a3 D1Lb) (o .u)} _ KiKk i (ki + DB (ko +1+1, K3—K2)£
du U (e1mmes)T 1Ry K3 = B(ky + 1, k3 — k) I 6.6)
K1K
_ 1K2 (Cl],...,(ls,bl ..... bS)(K1+1, K2+1; K3+1;u)_

K3 (C1/sCs),T
Further, on differentiating (6.6) with respect to u, we get

1 1
_— K3;u)} _ kiK1 +T)Ka(ka + )F(al,...,as,bl,...,bs)(

2 2; 2;u).
alio+1)  emede TR EZG R

d2 {F(al ..... as,bl,...,bs)(
du? /

Proceeding in the same manner, by induction, we obtain our claimed result (6.4). Similarly, we can
establish the result (6.5). O
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Theorem 6.4. The following transformation formulas for our multi-index Gauss and confluent hypergeometric
functions holds true:

-----

((11 ..... as,bl ..... bs) . . _ o —K1 (Cl],...,as,bl,...,bs) o . . u
F(Cl,...,Cs),T (Kll K2, K3, 'LL) - (1 'LL) F(Cl cs),T <K1/ K3 K2; Kp; (1 — U,)) ’ (67)

(t>0, a; >0, bi,c; € R)

@ Qs DL (1) i) = euCDE?f/’f.’_','(is)'i]'""bs) (k3 —Kkp;k3;—u), (120, a; >0, bi,ci € R). (6.8)

Proof. On replacing w by 1 —w in (6.3) and then by using [1 —u(l —w)]™ = (1—u)™" [1 + ﬁw] e
we obtain

..... o b1,.b
FEZ e k1, k25 K351)
(1 _u)i i Jl K3—Kp—1 —1 u “ (ci) T
e — 1 _ K2 1 E i s
Blka k3 —k2) Jo (1=w) T (a0),(b3) | (1 —w) dw,
which further on using (6.3), yields our needed result (6.7). In a similar way, we can establish (6.8). O]

Theorem 6.5. The following summation formula for our multi-index Gauss hypergeometric function holds true:

by,...,bs)
B(alr ,Qs,01,...,0¢ Ko Ka— Ki—K
F(al ///// as/blr--vbs)( ( 2,13 1 2)

(C1/0Cs),T

,K2;K3;1) = ,
K1, K2; K3 ) B(Kz, K3—K2) (69)

(T >0, a;>0, bj,ci € R, %(Kg,— K1 — Kz) > 0)
Proof. On putting u =1 in (6.3) and then by using (2.1), we get our required result (6.9). O

Theorem 6.6. The following generating function for our multi-index Gauss hypergeometric function holds true:
o 1

reeer s/b ----- bs w
Z(C)l F(alpwcas),,tl )(Kl +1, Kp;K3; u)7 =

(t>0,a;>0, bj,ci € R, w<1).

%)
I-w/"  (6.10)

—kiplay,..as,by,..bs) o
(1—w) 1F(C1MC:),T I ESPIVHXY

Proof. Using (6.1) on the left side of (6.10), we have

0 1
(ai,.., as,by,...,bs) . .
> (eh Feldy” (k1 +1 ko ka;u)
1=0
= 2 (k14 Un Bie 8o (kg 4 ks — k) yn | ol
- Z(Ch B(kp, K3 — K2) n! | U’
1=0 n=0 ’ 3 ’ '

Now, by using the identity (c)n(c +n)1 = (c)1(c + 1)n, in the above expression, we obtain

s 1
ooy Qs, b1, b
S e FE
1=0 :
(ai,..,as,by,...,bs)
_i(c) Blemc) e (k2 +1, K3 — i (k1 1), wt wh|un
_n*O " B(Kz,K3—K2 = 1 |
[e%e) (ai,...as,by,..,bs) o
:Z(c)nB(Cv-st)ﬂ ot Kz)(l—w)*("ﬁn)ﬂ
B(ko, k3 —K2) nt’

which, in view of (6.1), yields our claimed result (6.10). O]
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7. Concluding remarks

In this article, we have elaborated a novel expansion of beta function by means of the multi-index
Mittag-Leffler function. First we have derived some basic properties of our introduced beta function and
then we have presented a new type of beta distribution as an application of our proposed beta function.
We have also defined a novel expansion of Gauss and confluent hypergeometric functions with respect to
our new multi-index beta function. Next, we have indicated some analytical properties of our introduced
hypergeometric functions in a systematic manner.

Furthermore, in this section, we briefly discuss about the variations in the definition of our proposed

multi-index beta function BEgll""’as’bl """ bs) (C1, Co).

The multi-index Mittag-Leffler function Eg(clii)), ( ,)(w) have the following relations with Wright hyper-

by
geometric function ,¥4(w) and Fox H-function Hg};}“(w) (see for details [14]):

[ m 1-1 (Ci/ 1)%
Eled w0 = [TT roo)]  s¥ae W 1)
i ] | (b, a7, (1,15
and
e fm 11 1 [ (1_Y1/1)(1_Ym11)
Ci
Elan, o) = [T TO] Hilom |- ' 7.2)
[i=1 | i [(0,1), (1 by, ai)]

Therefore, our new multi-index beta function given in (2.1), is easily converted in terms of Wright hyper-
geometric function and Fox H-function as follows:

m —1
WOl (1)@t [H rm)]
0

i=1
(Cill)f .
X SWZS—l | m dw
(bi, ay)i, (1,1)771
and
b b 1 m —1
Bl (G, ¢) = L waL (1 — )@ [H rm)]
i=1

| dw.
[(O, 1)/ (1 - bi/ ai)]ig

T
Hl,m _
% Mmam w(l—w)

Note that, by using the relations (7.1) and (7.2), we can also define some variations in the integral
representations of our introduced multi-index Gauss and confluent hypergeometric functions.
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