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Abstract

In this paper, we prove some new fractional dynamic inequalities on time scales of Hardy’s type due to Yang and Hwang.
The results will be proved by employing the chain rule, Holder’s inequality, and integration by parts on fractional time scales.
Several well-known dynamic inequalities on time scales will be obtained as special cases from our results.
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1. Introduction

In 1920, Hardy [19] proved the discrete inequality

00 P p
Y (31 3 a(i)) < <p31> Y aP(n), p>1, (1.1
n=1 i n=1

i=1

where a(n) is a positive sequence defined for all n > 1. In 1925 Hardy [20], by using the calculus of
variations, proved the continuous inequality of (1.1) which has the form

(A " P\ [T
L <XJ0 f(s)ds> dx < <p—1> L fP(x)dx, (1.2)

for a given positive function f, which is integrable over (0,x), fP is convergent and integrable over (0, co)
and p > 1. In (1.1) and (1.2), the constant (p/ (p —1))" is a sharp constant. The generalizations of (1.2)
have been proved by Hardy [21] who showed that when p > 1, then

o0 X P p P roo
J x ¢ (J f(s)ds) dx < (> J xP7¢fP(x)dx, forc > 1, (1.3)
0 0 c—1 0
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o] e 0 P P )P 0 p—cep
Jo X <L f(s)ds> dx < (1—c L xP7fP(x)dx, forc < 1. (1.4)

The constants (p/(c —1))P and (p/(1—¢))? in (1.3) and (1.4) are the best possible. Copson [15] considered
the adjoint operator and proved that if f(x) > 0, p > 1 and fP(x) is integrable on the interval (0, c0), then

I (f(:)) ds converges if x > 0 and

L
where pP is the best possible. In [16] Copson extended the inequalities due to Hardy and proved that if
p>1,a1)>0,A1)>0,vVi=>1,Q1n) =1 ,A(i),and ¢ > 1, then

= A (v o) ’
L ot <.Z““M> \<c_1> ZA jarFnjain) (15)

i=1

and

Joo 1:(S)ds>p dx < pP JOO P (x)dx,
0

x S

andif p>1and 0 < c <1, then

00 00 P o
Z{i\ia <Z“ ) (1_6) Z n)QP~¢(n)aP(n). (1.6)
n=1 = n=1

The continuous versions of the inequalities of (1.5) and (1. 6) were proved by Copson in [17, Theorems 1
and 3]. In particular, he proved thatif p > 1, ¢ > 1, and Q(s) = [; A(t)dt, then

< Als) P\ [ Als)
L QC(S)@p(s)ds< (C_1> Jo chp(s)fp(s)ds,

where O(s) = [ A(t)f(t)dt, and if p > 1,0 < ¢ < 1, then
® A(s) =p p pr" A(s)
< R e
L QC(S)@ (s)ds < <1—c . Qc—p(s)f (s)ds,

where O(s) = f:o A(t)f(t)dt. An interesting variant of Copson inequalities (1.5) and (1.6) was proved by
Leindler in [28] and Bennett in [8]. Leindler proved that if Q*(n) = {2 A(l) <oo,p>1,and0<c <1,

then .
o0 n P o0
“§%y<zpmm0 <GEJ D> AM)(Q* ()P CaP(n),

n=1 i=1 n=1

and Bennett in [8] showed that if 1 < ¢ < p, then

g o <Za )p\<c_1> Zx caP(n).

Levinson [29] proved that, if ¢(u) is a real - valued positive convex function for u > 0, p > 1, f(t) > 0,
A(t) > 0 for t > 0, and there exists a constant K > 0 such that

N ()Y (t)

p—1+ 2%, forall t > 0,

then o t 00
J ¢ (1J A(s)f(s)ds) dt < KPJ ¢ (f(t)) dt, (1.7)
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where Y (t) = fg A(s)ds. Yang and Hwang [41] generalized the inequality (1.7) and proved that, if p > 1,
A(t), q(t), f(t) are nonnegative functions and there exists a constant K > 0 such that

q)Yit) _p
p—l‘i‘m = E, forallt>0,
then )
Jo Alt)d <C;)E3> dt < KP Jo AP (t)dt, (1.8)
where

t t

Y(t) ::J A(s)q(s)ds, and O(t) ::J A(s)q(s)f(s)ds.
0

In last decades, the study of dynamic equations and inequalities on time scales has become an important
major field in pure and applied mathematics, we refer to the books [4, 31]. The book [4] contains the time
scales versions of several inequalities of Hardy’s type their extensions. The idea of time scales goes back
to Stefan Hilger [22] who begin the study of dynamic equations on time scales. The two books by Bohner
and Peterson in [12, 13] summarized and organized most calculus of time scales. The most three popular
examples of calculus on time scales are difference calculus, differential calculus, and quantum calculus
(see Kac and Cheung [25]),i.e, when T=IN, T=R,and T = qNo ={q': t € Ng}, where q > 1.

In recent years, some authors studied the fractional inequalities by using fractional Caputo and
Riemann-Liouville derivatives, we refer the reader to the papers [9, 24, 42] and the references cited
therein. In [1, 26] the authors extended the calculus of fractional order to conformable calculus. Very
recently, some authors have extended classical inequalities by using conformable fractional calculus such
as Opial’s inequality [37, 38], Hermite-Hadamard’s inequality [14, 27, 40], Chebyshev’s inequality [6] and
Steffensen’s inequality [39]. In [1, 26] the authors extended the calculus of fractional order to conformable
calculus and gave new definitions of the derivatives and integrals. In [7, 30], the authors combined a
conformable fractional calculus and a time scale calculus and obtained new fractional calculus on time
scales.

Our aim in this paper is to employ these new theory to prove some fractional dynamic inequalities
on time scales. The new inequalities contain the classical Hardy, Copson, Yang and Hwang inequalities
as special cases. The paper is organized as follows. In Section 2, we present some preliminaries about
fractional calculus on time scales and in Section 3, we will prove the main results.

2. Preliminaries and basic lemmas

In this section, we present the basics of fractional calculus on time scales that will be needed through-
out the paper. The results are adapted from [7, 12, 13, 30]. A time scale T is an arbitrary nonempty closed
subset of the real numbers R. We assume throughout that T has the topology that it inherits from the
standard topology on IR. We define the forward jump operator o: T — T, as

o(t):=inf[s € T:s > t},
while the backward jump operator p : T — T, is defined by:
p(t) :=sup{seT:s <t}
for any t € T and the notation f°(t) refer to f(o(t)), i.e,, f = fo o. Finally, the graininess function

n:T — [0, co) is defined by
u(t) :=o(t) —t.
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Definition 2.1 (Conformable «-fractional derivative). Let the function f: T — R and « € (0, 1]. Then, for
t > 0, we define T2 (f)(t) to be the number (provided it exists) with the property that, given any € > 0,
there is a neighborhood U of t such that for all t € U,

(£ (1) — f(s)t' ™ * = TR (F(1)) (0(t) — 5)| < elo(t) — ).

To%(f (t)) is called the conformable x-fractional derivative of f of order « at t on T, and we define the
conformable fractional derivative on T at 0 as

TA(£(0)) = Lim T2 (f(t)).

t—0

The conformable fractional derivative has the following properties.

Theorem 2.2. Let u, v : T — R be conformable fractional derivative of order « € (0,1]. Then the following
properties are hold.

(i) The u+v : T — R is conformable fractional derivative and
Toc (Wt v) = Tg (w) + T (v).
(if) Forany A € R, then Au: T — R is «-fractional differentiable and
T2 (Au) = ATZ (w).
(iii) If wand v are x-fractional differentiable, then the product uv : T — R is -fractional differentiable and
Tﬁ(uv) = Tﬁ(u)v +(uo G)T(f (v) = Tﬁ(u) (voo)+ uTo%(v).

(iv) If uis «~fractional differentiable, then 1/u is «-fractional differentiable with

u u(uoo)’

(V) If wand v are o-fractional differentiable, then \/v is «-fractional differentiable with

vTg (W) —uTe(v)

Tﬁ(u/v) - v(vo o)

, (2.1)

valid at all points t € T* for which v(t)(v(o(t)) # 0.

Lemma 2.3 (Chain rule A). Let v: T — R be continuous and «-fractional differentiable at t € T, for « € (0,1],
and u : R — R be continuously differentiable. Then there exists d € [t, o(t)] with

T2 (wov)(t) = u (v(d) T2 (v(1)). (2.2)

Lemma 2.4 (Chain rule B). Let u : R — R be continuously differentiable, and v : T — R be «-fractional
differentiable for o« € (0,1]. Then (wov) : T — R is also a-fractional differentiable, and we have

1
T2 (wov)(s) = (Ju (v(s) + hu(s)s* I TL(v(s))) dh) T2(v(s)).

0

Definition 2.5 (Conformable fractional integral). For 0 < « < 1, the a-fractional integral of f is defined by

Jf(s)A(xs = Jf(s)s“‘lAs.
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The conformable fractional integral satisfies the following properties.
Theorem 2.6. Leta,b,c € T,A€ Randletu, v: T — IR. Then

@i) fZ[u(s) +V(s)]Ays = fz u(s)Ays + IZV(S)A(XS;
(ii) fz AM(s)Axs = ?\fz u(s)Agys;
(iii) fz u(s)Ags = — [ ul(s)Aqs;
(iv) fz u(s)Axs = [ u(s)Ags+ f}; u(s)Ays;
V) [ou(s)Ags =0.

Lemma 2.7 (Integration by parts). Let T be a time scale, a, b € T where b > a. Let u, v be conformable
o-fractional differentiable, o« € (0,1]. Then the formula of integration by parts is given by

b b
J u(s)Tﬁv(s)A(xs = [u(s)v(s)]z —J vG(s)Tﬁu(s)A“s. (2.3)

a

Lemma 2.8 (Holder’s inequality). Let T be a time scale, a, b € T and o € (0, 1] and let u, v: T — R. Then

q

, (2.4)

b [ob
J v(s)[9A«s

a

b b
J u(s)v(s)Aas < U u(s)P Accs

a a

wherep >1and 1/p+1/q=1.

3. Main results

In this section, we will prove our main results by employing Holder’s inequality, chain rule, and
integration by parts for fractional on time scales. Throughout this paper (without mentioning it) we
assume that the integrals in the statements of the theorems are assumed to exist and finite. For simplicity,
we define the operators

A(s)q°(s)Ays, and O(t) = Jt A(s)q(s)f(s)Axs,

a

Y(t) := J

a

where
°° A(s)

. WAOCS < 0.

O(o0) <0, and J

Theorem 3.1. Let T be a time scale with a € [0,00)y, 1 <y < p, and « € (0,11, and q(t) be an increasing
function on [a, co)y . Furthermore, assume that there exists a constant K > 0 such that

TAq(1)Y°(1)OP(t) P for t € la,00) . (3.1)

A(t) (ge(1)* (@°(1)P ~ K

Y— o+

Then ( D)
(o) o Y—x+ P—
(re(v)) AP (£ Ant. (3.2)

ro Alt)

Yoyt (@7(1))" Axt < KP J

a YPv—a(t)
Proof. By employing the formula of integration by parts (2.3) on the term

J'°° At)

ro(y)— T (©°(t)P Aat,
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with vo(t) = (©°(t))P /q°(t) and TAu(t) = 29N e have that

(Yo ()Y
er() ™ [ " (@P(t))
. +L u(t)TA At Aqt, (3.3)

q(t)

J A (v(?)()t)—ﬂ (O7(1)P At = u(t)

where

) = [T AE)a%s) s o [Tra o cyya—v—1
u(t) —L (T"(s))y_“HA“S_L TEY(s) (Y(s)) Ays.

Since TﬁY(t) =A(t)q9(t) > 0, and by using chain rule (2.2), we obtain that

(Y=o TEY(H) _ (v =) TRY(t)

STA (YUY (1) = —(a—y) T Y () TAY(1), where d € [t, o(t)] = YYy=erl(d) © (yo()Y -l

Then we have

TAY() (Y7 ()% < - TA (YY),
Y—«
and thus ©  A(s)q(s) . —
B S qO' S _ (e ¢] A o xX—
—u(t) = L —(W(s))V*“HA“S < v CXL T (Y7 (s)) Ags < v—— (3.4)
By using the quotient rule (2.1), we see that
A <®P(t)> _ q)TREP(t) —Or (1) Teq(t) (35)
“\aqt) ) q(t)qo(t) ' '
and by using chain rule (2.2), we have that
T2 (OP (1)) = pOP 1(d)TLO(t), where d € [t, o(t)],
since TAO(t) = A(t)q(t)f(t) > 0 and d < o(t) we have
T2 (OP (1)) = pOP~ 1 (A)T2O(t) < pA(t)q(t)f(t) (@ ()P . (3.6)
From (3.5) and (3.6), we have that
A <®P(t)) _ qWTEOP(H) —OP (1T2q(t) _ pA(t)q(t)f(t) (O°(1))" "  eP(H)TRq(t) (37)
“\qlt) q(t)q(t) - q°(t) q(t)qo(t) ‘
Since ©(a) =0, u(oo) =0, and from (3.4), (3.7), and (3.3) we have
* A(t) O(411P YY) [ pA(t)q(H)f(t) (°(1)P " OP ()T q(t)
|, Gy @ aas [ S ( 4o (1) TOFHCR A
P[P A1) (©°)" 1 [(*  erTeq(t)
< 5l T emen A, wesagteemiet

since TAY(t) = A(t)q°(t) > 0, and d < of(t), then we have (note that q(t) is an increasing function on
[al OO)T)

© A 6P p(CABFW @MW) 1 (¢ eP(HTRq(Y)
J. oy O W et e = (i Sy | o) (e (0r "
hence

© A P | T2q(t)Y°(t)OP(t) © A)F(t) (©°(1)P "

|, Ty @) [Y terorerr) 8 <L T ey st 69
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From (3.1), and (3.8), we see that

JOO Alt)
a (Yo(t)y ot

RRCLOICHON
a TY=e(t)

(©°(1))P At < KJ At

(y—a+1)(p—1)

o p-1 o —141 o 0
—KJ (7\ P(t) (©7(1)P AP (1) (YO(t)) fm) Aqt,

(Yc(t)) (vfoc+;)(p71) Y‘y—oc(t)

a

by applying Holder’s inequality (2.4) with indices p and p/(p — 1), we have

o0 At)
—  _(O° PA(X < ~ _
Ja (Yo(t)y—** (O] ts KJ (Yc(t))% Yy—e(t)

a

00 pt o —1 % p fr=etlp=L)
(A P @7 AP (1) f(t)) t

p—1
P

M) e
<f O ragye o) A“t>

A (re ()Y ey
’ <J YPOr—a (1) Aat]

=

then

—_

o0 Alt) . % 0 \(t) (’Y‘G(t))(Y*OCJrl)(pfl] a0 P
(L W(@ (t)P Aoct) <K (L TP At ] .

This leads to

%0 A(t) (Tcr(t))(v—cxﬂ)(p—l) P (1)

Axt,
a YP(y—a)(t) &

Joo At)

W (©°(1))P Aqt < KP J

which is the desired inequality (3.2). The proof is complete. O

Remark 3.2. In Theorem 3.1 at « = 1, we have the inequality

00 (Yc(t))Y(Pfl)

(L)
J . Yp(y——l)(t)}\(t)fp (t)At,

gy @O Ar< KT |

where

A o P
y—14-14 L)Y (;)@ ) > P fortela o0,
A(t) (qo(1)” (@°(t)P =~ K
that is the time scales version of inequality (2.7) in [34].

Remark 3.3. In Theorem 3.1 if q(t) = 1, we have the inequality

* P o (yo (y—o+1)(p—1)

that is the inequality (22) in [33].
Remark 3.4. In Theorem 3.1 at o« = q(t) = 1, we have the inequality

© P oo (yo(e))Y(P—1)
J, ey ©oracs (J25) | St Ao

which is the time scales version of inequality (2.8) in [35].
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IFT=R(Y°(t)=7(t)), we have the following Copson integral inequality

o0 t P o0
L ;‘52) <L A(s)f(s)ds) dt < <YE1>pL YPY (DA ()dt,

whenA(t)=1land a=0 ( Y(t) = t A(s)ds = t ), then we have Hardy integral inequality (1.3),
0 y g q y
o0 1 t P _p P roo 1
— (| f t< | —— —— P (t)dt.
L o <L (s)ds) d (y—l) Jo tyﬂof (t)dt

Also if v = p, we have the inequality
o 1 Jt >P ( P >P 00
— f(s)ds | dt< | —— J fP(t)dt,
Jo tp < 0 p—1/ Jo
which is the classical Hardy inequality (1.2).
When T = IR, then o(t) =t and Theorem 3.1 gives us the following results.
Corollary 3.5. Let 1 <y < p,and « € (0,1], and q(t) be an increasing function on [a, co). Furthermore, assume

that there exists a constant K > 0 such that
q' (Ot o7 (1)

Y—o+ NOR) > %, fort € [a,00),
then © ) -,
J vy (@) dat <K L YT (WA (N dat, (3.9)
where

t t
Y(t) ::J A(s)q(s)d«s, and O(t) ::J A(s)q(s)f(s)d«s,

a a

if « =1, then the inequality (3.9) becomes

Joo Alt)
a YY(1)

(©(t))P dt < KP J ” Y (OA)FP (1) dt,

a

where

q'Y(t) _p
m > E, fort < [Cl,OO),

and if y = p, then we have the Yang and Hwang's inequality (1.8).

y—1+

In the following, we prove a new inequality with different operators ©(t) and Y (t) which are defined
by

0]

Y(t) == Jt A(s)q(s)Axs, and O(t) := J A(s)q(s)f(s)Aqs,

a t

where
°° A(s)

a (Yo(s))y >

Theorem 3.6. Let T be a time scale with a € [0,00), p > 1,and 0 < vy < a < 1, and q(t) be an increasing
function on [a, co)y . Furthermore, assume that there exists a constant K > 0 such that

O(a) < oo, and J Ays < 00.

A o
- W > % fort € [a,00)g. (3.10)
Then - -
J m(;()tv)om O1)7 Axt < KPJ (Yo(0)PYFIA WP (1) At (3.11)
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Proof. By employing the formula of integration by parts (2.3) on the term

o At —
L (W(t)()y)"‘“ (B(1)" Aat,

with u(t) = (@(t))p /q(t) and TAv(t) = A(t)q(t) (Yo (t))* Y, we have that

o 1) 3P
+J Vo (1) (—To% <@; (S)>> Ant, (3.12)

a

where . .
v(t) :J A(s)q(s) (Yo(s)* Y 1 Ags :J TAY(s) (YO(s)) Y ! Ags.

Since T2Y(t) = A(t)q(t) = 0, and by using chain rule (2.2), we obtain that

(=VTEY() _ (x=VTRY(L)
Yy—etl(d) T (yo(g))ym

TR (YY) = (a—y)Y Y HA)TLY(t), where d € [t, o(t)] =

Then we have 1
TEY(t) (Yo(1)* Y < r_Yfox (YY),

and thus

o(t) o(t)
V) = | TR () T A < | o TE (1 (s)) s € o (TU0)FY. (319

By using the quotient rule (2.1), we see that

A(O°())  —q)TAO" (1) +O°(1)TLq(t)  —T28" (1) +@p(t)T£q(t) (3.14)
*\alt)y | q(t)qe(t) T qo(t) q(t)qo(t) ’ '

and by using chain rule (2.2), we have that
i (@p(t)) = p®" (A)TAB(t), where d € [t, o(t)],
since T2O(t) = —A(t)q(t)f(t) < 0 and t < d we have
i (@p(t)) = —p@" (A)TAB(t) < pAtIq(D)F(t) (B(1)" . (3.15)
From (3.14) and (3.15), we have that

L (') -T2 | @ 0TRa(t) _ pAanIY) (B(1)" ' 8" (yTéq(t)
“\a q°(t) qa(t)a°(t) q°(t) q(t)qo(t)

Since ©(00) =0, v(a) = 0, and from (3.13), (3.16), and (3.12) we have

© A s [Frer (pa (@)

L (Yo(t))Y >+ () A“KL ! m( E ( q(t) ))A“t

[ (ro() Y (PABgf @) 8 wTRaw , |
q°(t) qatige(t) )7

(3.16)
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since TAY(t) = A(t)q(t) > 0, and d < of(t), then we have (note that q(t) be an increasing function on
[al OOJT)

OO )\(t) oy P 1% © o X—Y (& p—1
J. e BT At < (P | A (7)Y (@11)" At
1 [ e’ (1)T&q(t)
Tay L (Ye(e)r = qz(t)A"‘t’
hence
© AY) o [ B _To%q(twc(t)] 0 A()E(t) (O(1)"
Ja —(’Y'O'(t))y_o""l (@(t)) A(xt xX—%Y A(t)qz(t) Aoctng'a (Yo_(t))y_(x Aoct (317)

From (3.10), and (3.17), we see that

©A() o © \(D)f(t) (B(1)7
Ja (Yo(e)y ot (1)) Aat < KL roy At
00 %1 = p—1 % o %
_x J A () ((®(t)))[ L AO0em) ),
a \(Yor) (Yo(t)”
by applying Holder’s inequality (2.4) with indices p and p/(p — 1), we have
% o (B (B AL o () LR
J }\(t), - (@(t))p Agt < KJ Avo(t) (((?S)n)( % Av (1) (YO(t)) — f(t) Agt
a (Yo())y« a (’Y‘U(t))% (Yo(t))

|
AN
.

0 =) P % 00 o (y—oa+1)(p—1) P
<K J At) (G(f)) At J A(t) (Yo ()Y *_ P fp(t)Acxt ,
a (Yo(t)Y ** a (Yo ()P (1)

then ]

( [ (@(t))pA(xt> e ([T an)”

a (Yo(t))y &t a
This leads to

(O(1)” At < KP jw (Yo ()P A (1) At

a

J > Alt)
a (Yot
which is the desired inequality (3.11). The proof is complete. O

Remark 3.7. In Theorem 3.6 at « = 1, we have the inequality

(0.¢]

J A mrM(tt))) (©(1))" At < K‘”J (YOOI AP (DAL

where

qi(B)Yot) _ p
1_Y_W > ¢ forté€la o),

that is the time scales version of inequality (2.27) in [34].

Remark 3.8. In Theorem 3.6, if q(t) = 1, we have the inequality

© A Sie\P 1. S N
L W(@(t)) Aqt < (H) J (YOENP YT AP (DAt

that is the inequality (26) in [33].
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Remark 3.9. In Theorem 3.6 at « = q(t) = 1, we have the inequality

0 Poee
J W);((?))y(@(t))pm<<1:/> J (Yo ()P Y AP (t)At,

which is the time scales version of inequality (2.22) in [35].
If T =R (so that Y°(t) = Y(t)), we have the following Copson integral inequality

ro YAY% (EO A(s)f(s)ds) "< (ﬁy) ’ Joo YPY (DA (1) dt,

when A(t) =1and a =0 (Y (s)ds = t) then we have Hardy integral inequality (1.4),

L <J )ds>p dt < <1Ey>p J:O tyl_p P (t)dt.

When T = R, then o(t) = t and Theorem 3.6 gives us the following results.

Corollary 3.10. Let p > 1,and 0 < v < « < 1, and q(t) be an increasing function on [a, co) . Furthermore,
assume that there exists a constant K > 0 such that

q V()

x—vy— oo % fort € [a,00).
Then - A) -
J W YY—aFi(y) (©(t))" dat < KP L YT AP (1) dect, (3.18)
where

(o.¢]

Y(t) == r A(s)q(s)das, and O(t) ::J A(s)q(s)f(s)das.

a t

If x =1, then the inequality (3.18) becomes

EO ;‘52  (Bl1)” < kP Eo YT (OAD) P (D) dt,
h
where L q’ ()Y (t) S P fort e la,00).
NOE(H) ~ K’
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