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Abstract

Recently, some generalizations of the Apostol-Bernoulli polynomials, Apostol-Euler polynomials, and Apostol-Genocchi
polynomials were introduced (see for instance [V. Kurt, Appl. Math. Sci., 3 (2009), 2757-2764], [Q.-M. Luo, Taiwanese ]. Math.,
10 (2006), 917-925], [Q.-M. Luo, H. M. Srivastava, J. Math. Anal. Appl., 308 (2005), 290-302], [D. Q. Lu, H. M. Srivastava, Comput.
Math. Appl., 62 (2011), 3591-3602] and [W. Wang, C. Jia, T. Wang, Comput. Math. Appl., 55 (2008), 1322-1332]). In this paper, we
introduce and investigate an analogous generalization of Fubini polynomials of higher order, which we call bivariate Apostol-
Fubini polynomials of higher order. We then obtain an explicit formula of these generalized Fubini polynomials and establish
several symmetry identities. Moreover, we also establish relations of these polynomials with other Apostol-type numbers and
polynomials.
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1. Introduction

Throughout this paper, we use the usual notations IN, Z, R, and C for the sets of natural numbers, inte-
gers, real numbers, and complex numbers respectively. Also, we let Ng :=INU{0}, Z~ :={-1,-2,-3,.. .},
and Z, = Z~ U{0}.

The classical Fubini polynomials or geometric polynomials F,,(y) are defined in [25] by

Faly) =) Sa(n,k)kly*, (1.1)
k=0

where Sy(n, k) is the Stirling numbers of the second kind [7]. These polynomials satisfy the generating
function

1 — tm
- FTl YA
1—y(et—1) Z (y)n!

n=0
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and the recurrence relation

Froon(y) = yddy [Fr(y) +yFn(y)] (see [5)).

Setting y =1 in (1.1), we obtain the n'" Fubini number or the ordered Bell number F, defined by

n
=F,=) S(nkk!
k=0

Combinatorially, the number F,, counts all the possible set partitions of an n-element set such that the
order of the blocks matters.
As generalization of the classical Fubini polynomials, the bivariate Fubini polynomials of order « are
defined through the generating function
ext

T o0 =Y R, y — (see [12, 14-16]). (1.2)

n=0

When o« =1, FE{") (x,y) := Fn(x,y), the two-variable Fubini polynomials are given by

ext 00 tn
Toylet—1) D Fnlxy) g (see [9,10,13)).
n=0
Moreover, setting x = 0 in (1.2), we obtain
20,y) == F(y) and F(1) = FY,

where F;“)(y) and Fﬁfx) are called the higher order Fubini polynomials and the higher order Fubini
numbers respectively (see [8, 11]).

Recently, a g-analogue of F,,(y) called g-Fubini polynomials was introduced by Duran et al. [6]
through the generating function

- Z T (1.3)
y n—
where
qn -1 0 tn
nlq := q—1 and eq(t
n:()

are the g-analogues of the nonnegative integer n and the exponential function e, respectively. When
y = 1in (1.3), Fyy q(1) := Fy g, the n'" g-Fubini numbers. Of course, as ¢ — 1~, one can obtain

lim F, 4(y) =Faly).
q—1
The classical Bernoulli polynomials By, (x), Euler polynomials E,, (x), and Genocchi polynomials G (x)

together with their natural higher order generalizations Bgfx(x), E,(fx(x), and G Ef"(x) are usually defined by
means of the generating functions (see [2—4])

o4 (e e] n
( E ) et =Y BWS (tl<2m aeC),

et —1
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<et+1> =) En'( (tl<m xeC),

2t & > tT‘L
(et+1> et=Y 6 (t<m aeC).

Hence, ) . .
BY(x) :=Bn(x), EW(x):=En(x), and GY(x):=Gn(x).

The classical Bernoulli numbers By, Euler numbers E,,, and Genocchi numbers G,, are obtained by
setting further x = 0. That is

Bn(0):=Bn, En(0):=E,, and G,(0):=Gnu.

The higher order Apostol-Bernoulli polynomials BE{X) (x;A), higher order Apostol-Euler polynomials

E%‘x)(x;?\), and higher order Apostol-Genocchi polynomials GE{X)(X,’)\) (see [17-21, 24, 27]) are defined
through the generating functions:

(o) o n
t
( t ) =) B;“)(x;x); (tl < 2mif A =1,1t| < [InAif A £ ;1% =1, € C), (1.4)

Aet —1 !
n=0
2 ) e = 3 e (i < (WIS = Lae ©) (15
Aet +1 — "l ’ !
2\ et = i G AT (1t < [In(—A)1% = 1, € ©). (1.6)
Aet +1 "l ’ ’
n=0
For A =1,

B (1) =B%(x), Ex1)=EM(x), and; G{(x1) =6 (x),

where B (x), EX(x), ang G5 (x) are the Bernoulli, Euler and Genocchi polynomials of order «, respectively.
Further setting o = 1, each reduces to its classical kind.
It follows directly from the generating functions (1.4), (1.5), and (1.6) (see also [26]) that

ABRY (x + 1A) — B (x:A) =nBl XV (x;), (17)
NER) (x4 1A) + B (6 A) = 2E8 D (), (1.8)
AGHY (x+1;4) + G (4 A) = 2nGL Y (M), 19)

2. Generalized Fubini-type polynomials

Motivated by the definitions of the higher order Apostol-type polynomials mentioned above, we con-
sider an analogous definition of higher order Apostol-Fubini polynomials and explore some of its prop-
erties.

Definition 2.1. Let « be an arbitrary real or complex number. We define the higher order bivariate
Apostol-Fubini polynomials of order « through the generating function (see also [1, p.590])

1 oxt iF(“)(x e 2.1)
(1—y(Aet —1))x R R I '

n=0

<|t|<27tif?\:yjl,lt< 'm(”}\;l)' if?\;«éy;l; 19— 1 )\GC>.
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When x = 0, we obtain the higher order univariate Apostol-Fubini polynomials L) (y; A) given by

(1— y(7\et Z R

Taking A = 1 in (2.1), we obtain the higher order bivariate Fubini polynomials F;‘”) (x,y).

Remark 2.2. Following the works of Srivastava [23] (see also Luo and Srivastava [21], Dere et al. [3]) on
Apostol-type polynomials, the constraints on [t| in Definition 2.1 are meant to ensure that the generating
function (2.1) are analytic throughout the prescribed open disks in the complex t-plane (centred at the
origin t = 0) in order to have the corresponding convergent Taylor-Maclaurin series expansions (about the
origin t = 0) occurring on the right-hand side of (2.1) (with a positive radius of convergence). Moreover,
throughout this investigation, Inz is tacitly assumed to denote the principal branch of the multi-valued
function In z of complex variable z with the imaginary part J(In z) constrained by —7t < J(Inz) < 7. More

importantly, throughout this presentation, wherever ’ln (%) ‘ and ‘ln (—%) ‘ appear as the radii of the
open disks in the complex t-plane (centred at the origin t = 0) in which the defining generating functions

are analytic, it is tacitly assumed that the obviously exceptional cases when yTJ;l =1 emdy)\;1 = -1,
respectively, are to be treated separately.
Theorem 2.3. The higher order bivariate Apostol-Fubini polynomials satisfy the following relations:
NFR Ot L ysA) = (y + DR i) = (i), (22)
e (x4 1,4 0) = F 0o uid) =P (i ). (2:3)
Proof. Applying (2.1), we have
AyF 1,y;\)— = 24
> W L = 9
_My+1) —(1—yAe*—1))]
a (1—y(Aet —1))=
[e¢] _ tn
=Y W+ DR oy =R i) 25)
n=0
Comparing the coefficients of % in (2.4) and (2.5), we get (2.2).
Now, differentiating both sides of (2.1) with respect to t, we get
oAy (x+1)t x S Fl)
F ;
A_yet—1)oH 1 T _yhet—1))= Z ns1(v YA
Hence,
00 . i 00 n
> [MyF%” x+ 1y A) +xFY (x, yA } oyl > Fifﬂl(x,y;k)a.
n=0 —
Comparing the coefficients of n, , we get (2.3). O
Theorem 2.4. For arbitrary real or complex number o, we have
o/
e x+zyA) = Y ( >Ff<“)(x,y;7\)znk, z#0, (2.6)
o \K
n

= (E) F](:x) (z,y; A)x™ 7K, x £0. (2.7)
0

k=



N. G. Acala, J. Math. Computer Sci., 23 (2021), 10-25 14

Proof. Note that

i]:(oc X+Zy )ﬂ _ 1 e(X+Z)t
" "l (1—y(Aet—1))x ’
n=0

1 xt Lzt

n=0 n=0
(o0]
n R A
=3 3 ()R
n=0%k=0

Comparing the coefficients of & n,, we obtain (2.6); and interchanging the roles of x and z, we obtain
(2.7). O

Taking z = 0 in (2.7), we obtain a relationship between the bivariate Apostol-Fubini polynomials
) (x,Y;A) and univariate Apostol-Fubini polynomials F%“) (y; A) in the next corollary.

Corollary 2.5. For n € INg and x # 0,

n
n _
F& (x, y;A) = > (k) FL (y; A)x™ K,

k=0

For the basic derivative and integral properties of FT({X) (x,y;a,b, c), we have the following theorem.

Theorem 2.6. For arbitrary real or complex number «,

d
aFﬁi’” (Y A) =1 F (g5 M), (2.8)
() (o . 1 .
JanX (x,y;A)dx = (n+1)Fnﬁ1(x,y,)\). (2.9)

Proof. 1t follows from Corollary 2.5 that

d n—1 n B n—1 n—1 o
EF%M(X,U;M = Z (k> (n— k) (y, xR =n Z ( K >F]((“)(y;7\)x(n D=k — nFEla_)l(x,y;)\).
k=0 k=0
Equation (2.9) follows directly from (2.8). O
Note that for any real number «,
ext 0 (oc tn

Separating the right-hand side of (2.10) in terms of the parity of the indices using the identity
D faw) =D fanwW)+ ) fanga(w)
n=0 n=0 n=0

and then replacing t by it, where i> = —1, we obtain the next identities involving trigonometric functions
and Apostol-Fubini polynomials.
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Theorem 2.7. The following summation formulas for higher order bivariate Apostol-Fubini polynomials hold true:

[(y+1)cos(xt) Ay cos(t —xt] ZF ( 1) 20
2n X, Y I T A1

N(Uz7\/ t) (21’1)' ’
(y+1)sin(xt) — Ay sin(t —xt) o (—1)n2n+l
| Ny A1 | - ZOFQ“L““"'”;” T

where N(y, A\, t) = (y+1)2 + (Ay)? —2Ay(y + 1) cos t.

Setting « = A =y =1, and x = 0 in Theorem 2.7, we obtain the well-known formula involving the
classical Fubini numbers.

Corollary 2.8. The following summation formulas for Fubini numbers hold true:
)nt2n+1

2—cost > (=12 sint =
— = E Fon—F—~—, E 2n+17-
= n)! 5—4cost = n+1)!

3. Explicit formulas of F,(fx) (x,y;A)

In this section, we obtain some series representations of the polynomials Fﬁf‘) (x,y; A).
First, we give the representation of higher order bivariate Apostol-Fubini polynomials FLo) (x,Y;A) in
terms of the higher order bivariate Fubini polynomials FE{X) (x,y) in the next theorem.

Theorem 3.1. For o, A € C and n € N,
ln Ak
() (x, YA =A" Z Fn+k o

Proof. With the aid of (2.1) and (1.2), we have

o
m x(t+InA)
YR yN g me M e
= n! (1—yle —-1))
o0
_ (t+InA)k
—e xln)\ZF]((OC)(X’y) o
A () . t(InA)k—n
— —xIn F
y ) Ry ) (k—n)in!
k=0 n=0
o0 oo k n
_ exInA (o) (InA)* | t
=e *n Z ZFn+k(x,y) |
n=0 Lk=0
Thus, comparing the coefficients of %, we obtain desired result. O

Now, we establish an explicit expression of Fi (x,y;A) in terms of the Gaussian hypergeometric func-
tion 2F;(a, b; c;z) which is given by

0 Zn

2F1abc, Z TCI

n=0

where ¢ ¢ Zy;|zl < 1,z =1and R(c—a—b) > 0;z=—1 and R(c—a—b) > —1. Here, (q)g = 1, and
(@n=9q(g+1)---(q+n—1) forn > 0.
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Theorem 3.2. For n,r € Ny, we have

n . i 1
1 : i
FO (x,y;A) = > (T) (Tj“; > (—D)™A™m! <nl1> (x+m)™" oF <—“+i'i;1+i; m?x) '

i=0 m=0

Proof. By (2.1), we have
Ay =DF [(1-y (et 1)) Ted]

where Dy := %. Thus,

s=0
Using
- r+i-—1 —r—1i i
(A+w =Z< . )A (—w)Y, (vl < IA])
i=0
and

T = N 2
(et =1 =) SG N5,
j=1
where S(j, 1, A) is the A-Stirling numbers of the second kind (see [21]) we obtain

n

. S s 1 .
O oyid) =) (TSL)x“—S 3 (Tﬂ >y‘i!$(s,i;?\).
i=0

s=0

Using the explicit formula

and the identity

we get
( = n . r+i—1 i n—s : i—m( v m..s
F (xy,%)=Z(S>Z( : )y > (1) <m>7\ m
s=0 i=0 m=0
33 () ewe e (D)
i=0 s=1i m=0
:Z (n_:_l> (T-i—;—l) (_y)lxn s—1i Z(_}\)m<;>ms+1
i=0 s=0 m=0
Using the identity
(n—s—i) (—1)*(n—1)!
(—n+1i)s
gives

n . i .
Fg)(XIU;M = Z <n> <T+'.L_1> (_U)i (_}\)m< ' )TTLani AR (—Tl—l—i, 1;1 _|-i;_nl> .
- 1 1 0 m X
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Finally, applying Pfaff-Kummer hypergeometric transformation

oFi(a,b;c;z) = (1—2)" ¢ oF (a,c—b;c;z_21> (c¢ Zy;larg(l—z)|<m—e (0<e<m),

yields

n . i .
-1 ) . . m
Fooud) = 3 <“> <”T )(—y)l (—7\)‘“<1>m‘ (x+m)™t oF (—n+i,i;1+i; )
5 i 1 0 m m-+x

i= m=

O

Remark 3.3. It follows from the proof of Theorem 3.2 that FL) (x,4Y;A) can be written explicitly in terms of
the Apostol-Stirling numbers of the second kind:

(r) AV AZ N B A
Fnl(xyd) =) )X > o Jutis(s A,

s=0 i=0

4. Symmetry identities for F,({x) (x,Y;A)
We now derive some symmetry identities for the higher order bivariate Apostol-Fubini polynomials

Fle) (%, y; A).

Theorem 4.1. For integers a,b and n € Ny, we have

n n
> <E> a*b" R RN (ox, Y AR (az,yid) = Y <2> b a™ R (ax, > AR, (bz, y;A).
k=0 k=0

Proof. Consider
eab (x+2z)t

(1—y(Aeat —1))% (1 —y(Aebt 1))

Expanding A(t) into a series, we obtain

At) =

ebx(at) eaz(bt)
A(t)—(li T —
yAedt —1)% (1 —y(Aebt—1)
IR %) (@) & (a), (bt
=2 P (bxy )= ) Ftlaz y ) (4.1)
n=0 n=0
o n n "
= Z Z <k> akbn—kF]({“)(bx,y,A)F oi)k(az,y;x)—'
n=0k=0
Similarly,
eax(bt) ebz(at)
At) = = _ - _
(1—yAebt—1))% (1 —-yAest 1))
v ) RN L o (at)™
=2 P ey ) R bz g A (4.2)
n=0 n=0
= Z Z <k) bk nko](c(X](ax,y;A)F.(aa_)k(bZ,y;A)—,
n=0k=0

Comparing (4.1) and (4.2), we get the desired identity. O]
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Theorem 4.2. For positive integers a,b and n € INg, we have
a—1b—1 b a
Z < > Z Z akpn— kF (bx+ i,y;?\) FL“_)k(aer Ej,yﬂ\)
i=0 j=0 a
o) bolad
_ Z (k) > > bRan kR (ax+ =i, y,7\) F (bz+ j,y;7\).
k=0 i=0 j=0
Proof. Consider
eab(x+z)t (eabt _ 1)2
B(t) = et —1)(ebt—1
W e T Aypert o ¢ DY
Expanding B(t) into a series, we get
ebx(at) eabt -1 eaz(bt) eabt -1
Blt) = (1—y(7\eat—1))o< ebt—1 '(1—y(>\ebt—1))oc eat—1
bx( bt eaz (bt) .
l a
:(1 y)\eat ocZe y(Aebt — ocZe ]
o a—1 o b-1 (4.3)
b. (at)™ (o) a, (bt)™
= Z ZFnoc) (bx+ 1,y;7\> ) Z ZFn (az+ —j,y;A)—
(n—O i=0 a n! n=0j=0 b n
o mn a—1b—-1
n b. a, t"
Z Z <k> Z Z a*pn k]: (bx—i— al,g;A) F;oi)k(az—i— E]'y;)\)ﬁ
n=0k=0 i=0 j=0
Similarly,
eax(bt) eabt -1 ebz(at) eabt -1
B(t) = .
B = Ay Reb —1))% e =1 (1 —y(re —1))& &b —1
oo b—1 oo a—1
_ «) a, .\ (bt)" o) (at)™
— Z . Fi (ax+61,y,?\) _ Z ZF bz+ ] y;A) = (4.4)
n=0i=0 n=0j=0
oo n a—1b-1
tTl
=Y S (D)3 Y vkar R (axr ly,?\ F (bz+ j,y;A)—
!
n=0k=0 ( ) i=0 j=0 ( ) n
Comparing (4.3) and (4.4) yields the desired result. O]

Theorem 4.3. For positive integers a,b and n € INo, we have

a—1b—1

Z ( ) Z Z akpn— kF (bx—i—l—l—] y,?x) Fgloi)k(az,y;k)
0j=0
T n n b—1a—1
— Z <k> Z Z bka“_kF](:X) (ax+ b1+] y,?\) )k(bZIU;M-

k=0 i=0 j=0

Proof. Consider
eab(x+z)t (eabt o 1)2

(1—yAet —1))% (1 —y(Aebt —1))*

C(t) =
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Expanding B(t) into a series, we get
C(t) B ebx(at) eabt -1 eaz(bt) eabt -1
~ (1—y(Aeat—1))x ebt—l (1—y(>\ebt—1))cx eat—l
B ebx(at Z bti eaz(bt)
T A—yest —1))x £ °

t]
)\ebt oc Z e
o a—1b—-1 IS (45)
b bt)™
ZZZFE{X} <bx+i+j,y, > ZF(oc (az,y; A ( )
n=0i=0 j=0 ¢

n

n!
© n a—1b—1
b th
Z Z <E> Z Z akpn— kF (bx—i— ai—i—j,y;?\) Filoi)k(az,y;?\)ﬁ
n=0k=0 i=0 j=0
Similarly,
eax(bt) eabt 1 ebz(at) e(1bt -1
Ct) = .
(t) (1—y(AePt —1))x eat —1 (1 —y(Aeat —1))* ebt—1
o© b—1la—1
a, . (at)“
— (Z Flo) (ax+61+),y, ) ) Z FL (bz, y; A o (4.6)
n=01i=0 j=0 ’
o n n b—1a—1 a i
-y ¥ (k> Y Y bran R (ax—l-gi—i—j,y;)\) F (bz,y;A)—.
n=0k=0 i=0 j=0

Comparing (4.5) and (4.6) yields the desired result

O
In the next result, we establish symmetry identitity involving generalized Apostol-Fubini polynomials
and the generalized sum of powers

For each k € INp, the sum of integer powers Sy (n) is defined by 8y (n

n—1
Z j* and has the exponential
generating function

j=0
> th ent—1
k=0

In [22], Lu and Srivastava defined the generalized sum of integer powers 8y (n;A) through the gener-
ating function

Ae™t —1
Zsknxk!:)\t (A eC).

Clearly, 8¢ (n;1) = 8¢ (n).
Theorem 4.4. For a,b € IN; n € Ny, and y # —1, we have
k

Z(’;) nRpRE), (b, y; )Z(L) < A >F(°‘ 2
k=0 1=0

y+1) Kkt (az,y; )

- =k MY\ (a1
_ k k ox— .
— kz_o ( >b“ F (ax,y; A E (l) ( oy 1) F. (bz,y;A).

1=0
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Proof. Let
eab(x+2)t (1 —y ()\eabt o 1))
(1—y(Aeat —1))* (1 —y (Aebt —1))*"

Grouping factors and expanding D(t) into series, we obtain

D(t) =

D(t) _ ebx(at) . 1 _y(}\eabt _ 1) . eaz(bt)
(1—y et —1))* 1—y(Aebt—1) 1—y(Aebt —-1)x"1
- (at)™) [ & Ay \ (b & (et (bt)™
_ (Z Fnoc)(bx,y;A) o an a,yfl y . ZFTLCX )(az,yﬂ\) oy
n=0 n=0 n=0 (4 7)
(o) (at)™) [ ¢+ n\. . AY Y\ pla1) " '
= (Z > (bx, y; A) | Z Z L b"&; a,ijl Fn‘x_l (az,y,?\)—'
n=0 n=01=0
_ - = n TlfkbkF(OC) b A - k IS }\y F(‘X 1) A "
- Z Z k a n k( X'/y/ )Z l 1 a/y+1 k—1 (aZ/y, ) 7"
n=0 \k=0 1=0 )
Similarly,
D(t) _ eax(bt) ‘ 1 _y()\eabt o 1) ‘ ebz(at)
(1—yAebt—1))* 1—y(Aeet—1) 1—y(Aeat —1)x"1
S ) 4y (bt)" - A () & (a1 L, (at)™
= Z Fro (ax,y; A) i Z Sn b,y? T Z Fio (bz,y; ) ol (4.8)
n=0 n=0 n=0
00 n k
—kqkp(e) K AY Y ela-1) )
= Z (Z <k>bn kaanO:k(ClX,y, 7\) Z (1)81 <b, y—|—1> Fkoil (bZ,y,)\)) F
n=0 \k=0 1=0
Comparing (4.7) and (4.8) yields the desired result. O

5. Some identities involving Apostol-type numbers and polynomials

In this section, we establish some identities which relate higher order Apostol-Fubini polynomials
to the Apostol-Stirling numbers of the second kind, higher order Apostol-Bernoulli polynomials, higher
order Apostol-Euler polynomials, and higher order Apostol-Genocchi polynomials.

5.1. Relations betweeen higher order Apostol-Fubini polynomials and A-Stirling numbers of the second kind

Theorem 5.1. For A € C and o, n € INg, we have

n j
n . . _j
P oyd) = 3 <]> 3 (ot k=)0, kAR,
j=0

k=0

Proof. Note that

(1-yet—1)"*=) <“+E_l>yk()\et—1)k
k

n o n n

0
S (ot k=1t Y Sz(n,k;)\)% =Y Y (k= DayRSa(m, A

!
k=0 n=k n=0k=0 n
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Thus, using (2.1), we obtain
> Ry, ﬁ_ZZ (x4+k—1)xy SznkA—' Zx
n=0 n=0%k=0
o n j g
- Z Z < > Z (e +k—1)xS205, k; A)kanﬂﬁ-
n=03j=0 k=0 n
Comparing the coefficients of % gives the desired result. O
Theorem 5.2. For A € C and o, n € Ny, we have
n
=) ( ) 3 (05 (—y) Sa(k, ;AL (x, 5 M)
k=0 j=0
Proof. Expressing (2.1) into
o n
(1—ye' —1)* > FM(xyd) =,
n=0
gives
>t Z [« Co(Aet—=1) & tn
S oy (vl s F%“J(x,y;x);
n=0 j=0 n=0
o0 X
=Y ) (a)j(—y)S2(n,j;A) ZF (%, Y5 A
n=0j=0 n!
00 n [od i
=) Z( )Z Y Sa(k, i ALY, (x, y; A) =
n=0 \ k=0 j= ’
0
Theorem 5.3. For For A € C and o, n € Ny, we have
F (x, y; A ZZ() ) Sa(LIG AKX (),
k=01=k
where x(©) =1, and x™) = x(x +1)(x+2)--- (x+n—1), n>1.
Proof. Applying (2.1),
tn 1 ) —X
Fi ) A—A—et
Z 6oy, N (1—y(7\et—1))°‘( (A=e™)
= (x+k—1 x—K() _ ety
o (e
T y()\e 1)~ =
= (x+k—1 e (Aet—1)%
AT k‘
T - y()\et—l “Z< > K
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n

D X ZZ( ) ky,)\)sz(l,k;x)%’

k=0 n=01=0

5 £ (s o] 4 :

k=01=k

5.2. Relations involving Apostol-Fubini polynomials and other Apostol-type polynomials
Theorem 5.4. For o, 3,A € C and n € INo, we have the following relationships:

n

B (A = Y (2)F£ﬁ)(x,y,-m 3 (fl ) (y+1)f5m(yx)msiwk(z+m;x)>, 1)

k=0

, (5.2)

E x+z A) Z( ) (x,y;\) Z (1&) (y+1)B_m(—y)\)mE£f‘_)k(z+m;)\)

k=0 m2=0

G&f’“(xﬂ;m:Z(E)Fff)(x,y;x) > (ﬁ)(yﬂ)ﬁ—m( "G (z+mm) (53)

k=0 m0

Proof. Note that

t * e(x+z)t _ 1 ext t * ezt (1 . (}\et - 1))6
Aet—1 T M —yret —1))P Aet —1 Y

m>=0
Thus
N o tn o tn B . . N o tn
nZ_OBE‘)(XJFZ;Mn!:TLZ_OF%B)(X’IJ;MM‘mz>o<m>(y+1)ﬁ (~2y) émem;mn,
00 n n [3 o . n
=nZ_O LZO <k> (mgo (m> Y+ D™ (A" B 2+ m; A)) Pt y,A)] =

Comparing the coefficients of %, we obtain (5.1). Relations (5.2) and (5.3) can be derived analogously. [

Corollary 5.5. For «, 3, A € C and n € Ny, we have the following relationships:
n -
BEL )(x—i-Z, = ( ) B,(:X)(Z;A) —ka]Eoizl)(z;A)} Frnok(x,y;A),
- L

B (x + ;A Z( ) 2y + DEY @A) — 29BN Fuoixyi),

G (x+zA) = ( ) 2y + D6 (N~ 24k6L™, (2N Faix, i A,
Proof. Setting 3 =1 in Theorem 5.4, we obtain

n

n

B (x+zA) = (k> 4+ 1B (20 —yABL (24 1N)| Pk, ui),
k=0
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n
n
B zn) = 3 (1) [ty DE @A) A e+ 1] Pl i),
k=0

n
G x+zA) =Y (L‘) [(y + 16 (ZA) —yAG ™ (z+ 1;7\)} Frotc (6, U A).
k=0

Using the recurrence relations (1.7), (1.8), and (1.9), we obtain the desired identities. O

Next, by setting A = 1 in Theorem 5.4, we obtain the following identities involving higher order
Apostol-type polynomials and higher order bivariate Fubini polynomials.

Corollary 5.6. For «, 3, € C and n € N, we have the following relationships:

BW (x +2) = i <2>

> (%) (y+1)ﬁm(y)m3$‘)k(z+m)) F2 ),

k=0 m>0
E¥xtz) =Y (E) Y (ﬁ) -+ 1)ﬁm(y)mE;“>k(z+m)> ) (),
k=0 m>0

k=0 m>0

Gl +2) =Y (2) > (ﬁ) (y+1Jﬁm(y)mG£f”k(z+m)) R xy).

The next corollary gives an identity involving binomial expansion in terms of the bivariate Apostol-
Fubini polynomials of higher order.

Corollary 5.7. For 3,A € C and n € Ny, we have

(x+2)" =) <fl> Y+ 1P ™ ()R (x 2+ myiN), (5.4)
m2=0

M=) <f1) Y+ 1P (—yA) ™R (et m ). (5.5)
m2=0

Proof. Setting & = 0 in Theorem 5.4, and then applying Theorem 2.4, we obtain

(x+z2)" =) <B>(y + 1P (™ Y <2>Fﬁm(x,y;7\)(2+m)“‘k

m

m>0 k=0
_ B p—m mr(B) .
=D () DPT ey R ok 2wy,
m=0
Taking z = 0 in (5.4), we obtain (5.5). O

In the next result, we express FL) (x,4Y;A) in terms of the higher order Apostol-Euler polynomials.

Theorem 5.8. For o, 3, A € C and n € Ny, we have

1 n
F (x+2,y;A) = 3 > (E) > (B>}\mF'(rL(X)k(Z+m/y;)\)E](f’)(X;)\)-
k=0

m
m2=0
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Proof. Note that

e(x+z)t ezt < 2

b 1
_ w 1o e
(1—yAet=1))*  (1—y(Aet —1))* Aet+1> et op et —1)P.

Hence,

B
R t eZt 2 xt 1 B m tm
Z n (X+Zy )n| (1—y(7\et—1))°‘ <7\€t—|—1 e B Z m e
m2=0
3 w3 (1) X (Bprreieemuneoon| &
n=0 k=0 TT‘L}O |
Comparing the coefficients of % gives the result. .

Corollary 5.9. For o, A € C and n € Ny, we have

F& (x+2,y;A) = zlyz (2) [(2y+1) o, uid) = F Dy 0 [ EP) (30, (5.6)
k=0
x 1 ¢ x
Plcrzy) = o5 3 @ P (fl)FEJk(Hm,y)E(J’)(x). (57)

Proof. Taking 3 =1 in Theorem 5.8, we obtain

1w /n
F (x+2,y;A) = > Z <k> (Fﬁo‘_)k(z,y;k) +?\F1(1(X_)k(z+ 1),y;7\)> E](f‘)(x,'?\)-
k=0

and then applying recurrence relation (2.2), we get (5.6). Now, by setting A = 1 in Theorem 5.8, relation
(5.7) is obtained. O

Taking & = 0 in Corollary 5.9, we obtain expressions involving the binomial expansion.

Corollary 5.10. For 3,A € C and n € Ny, we have

1 ¢ -
(x+z)" 2Z< ) {Zerl)X ~Fy 1)(2,9;7\)] Elk (A,
ykzO
1
(x +2z)™ =55 ( > Jx+z+m).
m2=0
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