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Abstract
Recently, some generalizations of the Apostol-Bernoulli polynomials, Apostol-Euler polynomials, and Apostol-Genocchi

polynomials were introduced (see for instance [V. Kurt, Appl. Math. Sci., 3 (2009), 2757–2764], [Q.-M. Luo, Taiwanese J. Math.,
10 (2006), 917–925], [Q.-M. Luo, H. M. Srivastava, J. Math. Anal. Appl., 308 (2005), 290–302], [D. Q. Lu, H. M. Srivastava, Comput.
Math. Appl., 62 (2011), 3591–3602] and [W. Wang, C. Jia, T. Wang, Comput. Math. Appl., 55 (2008), 1322–1332]). In this paper, we
introduce and investigate an analogous generalization of Fubini polynomials of higher order, which we call bivariate Apostol-
Fubini polynomials of higher order. We then obtain an explicit formula of these generalized Fubini polynomials and establish
several symmetry identities. Moreover, we also establish relations of these polynomials with other Apostol-type numbers and
polynomials.
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1. Introduction

Throughout this paper, we use the usual notations N, Z, R, and C for the sets of natural numbers, inte-
gers, real numbers, and complex numbers respectively. Also, we let N0 := N∪ {0}, Z− := {−1,−2,−3, . . .},
and Z−

0 := Z− ∪ {0}.
The classical Fubini polynomials or geometric polynomials Fn(y) are defined in [25] by

Fn(y) =

n∑
k=0

S2(n,k)k!yk, (1.1)

where S2(n,k) is the Stirling numbers of the second kind [7]. These polynomials satisfy the generating
function

1
1 − y(et − 1)

=

∞∑
n=0

Fn(y)
tn

n!
,
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and the recurrence relation

Fn+1(y) = y
d

dy
[Fn(y) + yFn(y)] (see [5]).

Setting y = 1 in (1.1), we obtain the nth Fubini number or the ordered Bell number Fn, defined by

Fn(1) = Fn =

n∑
k=0

S2(n,k)k!.

Combinatorially, the number Fn counts all the possible set partitions of an n-element set such that the
order of the blocks matters.

As generalization of the classical Fubini polynomials, the bivariate Fubini polynomials of order α are
defined through the generating function

ext

[1 − y(et − 1)]α
=

∞∑
n=0

F
(α)
n (x,y)

tn

n!
(see [12, 14–16]). (1.2)

When α = 1, F(α)n (x,y) := Fn(x,y), the two-variable Fubini polynomials are given by

ext

1 − y(et − 1)
=

∞∑
n=0

Fn(x,y)
tn

n!
(see [9, 10, 13]).

Moreover, setting x = 0 in (1.2), we obtain

F
(α)
n (0,y) := F(α)n (y) and F(α)n (1) := F(α)n ,

where F(α)n (y) and F
(α)
n are called the higher order Fubini polynomials and the higher order Fubini

numbers respectively (see [8, 11]).
Recently, a q-analogue of Fn(y) called q-Fubini polynomials was introduced by Duran et al. [6]

through the generating function

1
1 − y(eq(t) − 1)

=

∞∑
n=0

Fn,q(y)
tn

[n]q!
, |q| < 1, (1.3)

where

[n]q :=
qn − 1
q− 1

and eq(t) :=

∞∑
n=0

tn

[n]q!

are the q-analogues of the nonnegative integer n and the exponential function et, respectively. When
y = 1 in (1.3), Fn,q(1) := Fn,q, the nth q-Fubini numbers. Of course, as q→ 1−, one can obtain

lim
q→1−

Fn,q(y) = Fn(y).

The classical Bernoulli polynomials Bn(x), Euler polynomials En(x), and Genocchi polynomials Gn(x)
together with their natural higher order generalizations B(α

n (x),E(αn (x), and G(α
n (x) are usually defined by

means of the generating functions (see [2–4])(
t

et − 1

)α
ext =

∞∑
n=0

B
(α)
n (x)

tn

n!
(|t| < 2π, α ∈ C) ,
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(
2

et + 1

)α
ext =

∞∑
n=0

E
(α)
n (x)

tn

n!
(|t| < π, α ∈ C) ,

(
2t

et + 1

)α
ext =

∞∑
n=0

G
(α)
n (x)

tn

n!
(|t| < π, α ∈ C) .

Hence,
B
(1)
n (x) := Bn(x), E

(1)
n (x) := En(x), and G

(1)
n (x) := Gn(x).

The classical Bernoulli numbers Bn, Euler numbers En, and Genocchi numbers Gn are obtained by
setting further x = 0. That is

Bn(0) := Bn, En(0) := En, and Gn(0) := Gn.

The higher order Apostol-Bernoulli polynomials B(α)
n (x; λ), higher order Apostol-Euler polynomials

E
(α)
n (x; λ), and higher order Apostol-Genocchi polynomials G(α)

n (x; λ) (see [17–21, 24, 27]) are defined
through the generating functions:(

t

λet − 1

)(α)

ext =

∞∑
n=0

B
(α)
n (x; λ)

tn

n!
(|t| < 2π if λ = 1, |t| < | ln λ| if λ 6= 1; 1α = 1,α ∈ C), (1.4)

(
2

λet + 1

)(α)

ext =

∞∑
n=0

E
(α)
n (x; λ)

tn

n!
(|t| < | ln(−λ)|; 1α = 1,α ∈ C), (1.5)

(
2t

λet + 1

)(α)

ext =

∞∑
n=0

G
(α)
n (x; λ)

tn

n!
(|t| < | ln(−λ)|; 1α = 1,α ∈ C). (1.6)

For λ = 1,

B
(α)
n (x; 1) = Bαn(x), E

(α)
n (x, 1) = E(α)n (x), and ; G(α)

n (x, 1) = G(α)
n (x),

where Bαn(x),Eαn(x), ang Gαn(x) are the Bernoulli, Euler and Genocchi polynomials of order α, respectively.
Further setting α = 1, each reduces to its classical kind.

It follows directly from the generating functions (1.4), (1.5), and (1.6) (see also [26]) that

λB
(α)
n (x+ 1; λ) −B(α)

n (x; λ) = nB(α−1)
n−1 (x; λ), (1.7)

λE
(α)
n (x+ 1; λ) + E(α)n (x; λ) = 2E(α−1)

n (x; λ), (1.8)

λG
(α)
n (x+ 1; λ) +G(α)

n (x; λ) = 2nG(α−1)
n−1 (x; λ). (1.9)

2. Generalized Fubini-type polynomials

Motivated by the definitions of the higher order Apostol-type polynomials mentioned above, we con-
sider an analogous definition of higher order Apostol-Fubini polynomials and explore some of its prop-
erties.

Definition 2.1. Let α be an arbitrary real or complex number. We define the higher order bivariate
Apostol-Fubini polynomials of order α through the generating function (see also [1, p.590])

1
(1 − y(λet − 1))α

ext =

∞∑
n=0

F
(α)
n (x,y; λ)

tn

n!
, (2.1)(

|t| < 2π if λ =
y+ 1
y

, |t| <
∣∣∣∣ln(y+ 1

λy

)∣∣∣∣ if λ 6= y+ 1
y

; 1α := 1; λ ∈ C

)
.
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When x = 0, we obtain the higher order univariate Apostol-Fubini polynomials F(α)n (y; λ) given by

1
(1 − y(λet − 1))α

=

∞∑
n=0

F
(α)
n (y; λ)

tn

n!
.

Taking λ = 1 in (2.1), we obtain the higher order bivariate Fubini polynomials F(α)n (x,y).
Remark 2.2. Following the works of Srivastava [23] (see also Luo and Srivastava [21], Dere et al. [3]) on
Apostol-type polynomials, the constraints on |t| in Definition 2.1 are meant to ensure that the generating
function (2.1) are analytic throughout the prescribed open disks in the complex t-plane (centred at the
origin t = 0) in order to have the corresponding convergent Taylor-Maclaurin series expansions (about the
origin t = 0) occurring on the right-hand side of (2.1) (with a positive radius of convergence). Moreover,
throughout this investigation, ln z is tacitly assumed to denote the principal branch of the multi-valued
function ln z of complex variable z with the imaginary part =(ln z) constrained by −π < =(ln z) 6 π. More
importantly, throughout this presentation, wherever

∣∣∣ln(y+1
λy

)∣∣∣ and
∣∣∣ln(−y+1

λy

)∣∣∣ appear as the radii of the
open disks in the complex t-plane (centred at the origin t = 0) in which the defining generating functions
are analytic, it is tacitly assumed that the obviously exceptional cases when y+1

λy = 1 andy+1
λy = −1,

respectively, are to be treated separately.

Theorem 2.3. The higher order bivariate Apostol-Fubini polynomials satisfy the following relations:

λyF
(α)
n (x+ 1,y; λ) = (y+ 1)F(α)n (x,y; λ) − F(α−1)

n (x,y; λ), (2.2)

αλyF
(α+1)
n (x+ 1,y; λ) = F(α)n+1(x,y; λ) − xF(α)n (x,y; λ). (2.3)

Proof. Applying (2.1), we have
∞∑
n=0

λyF
(α)
n (x+ 1,y; λ)

tn

n!
=

λye(x+1)t

(1 − y(λet − 1))α
(2.4)

=
ext[(y+ 1) − (1 − y(λet − 1))]

(1 − y(λet − 1))α

=

∞∑
n=0

[
(y+ 1)F(α)n (x,y; λ) − F(α−1)

n (x,y; λ)
] tn
n!

. (2.5)

Comparing the coefficients of t
n

n! in (2.4) and (2.5), we get (2.2).
Now, differentiating both sides of (2.1) with respect to t, we get

αλy

(1 − y(λet − 1))α+1 e
(x+1)t +

x

(1 − y(λet − 1))α
ext =

∞∑
n=0

F
(α)
n+1(x,y; λ)

tn

n!
.

Hence, ∞∑
n=0

[
αλyF

(α+1)
n (x+ 1,y; λ) + xF(α)n (x,y; λ)

] tn
n!

=

∞∑
n=0

F
(α)
n+1(x,y; λ)

tn

n!
.

Comparing the coefficients of t
n

n! , we get (2.3).

Theorem 2.4. For arbitrary real or complex number α, we have

F
(α)
n (x+ z,y; λ) =

n∑
k=0

(
n

k

)
F
(α)
k (x,y; λ)zn−k, z 6= 0, (2.6)

=

n∑
k=0

(
n

k

)
F
(α)
k (z,y; λ)xn−k, x 6= 0. (2.7)
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Proof. Note that

∞∑
n=0

F
(α)
n (x+ z,y; λ)

tn

n!
=

1
(1 − y(λet − 1))α

e(x+z)t.

=
1

(1 − y(λet − 1))α
ext · ezt

=

∞∑
n=0

F
(α)
n (x,y; λ)

tn

n!

∞∑
n=0

zn
tn

n!

=

∞∑
n=0

n∑
k=0

(
n

k

)
F
(α)
k (x,y; λ)zn−k

tn

n!
.

Comparing the coefficients of t
n

n! , we obtain (2.6); and interchanging the roles of x and z, we obtain
(2.7).

Taking z = 0 in (2.7), we obtain a relationship between the bivariate Apostol-Fubini polynomials
F
(α)
n (x,y; λ) and univariate Apostol-Fubini polynomials F(α)n (y; λ) in the next corollary.

Corollary 2.5. For n ∈N0 and x 6= 0,

F
(α)
n (x,y; λ) =

n∑
k=0

(
n

k

)
F
(α)
k (y; λ)xn−k.

For the basic derivative and integral properties of F(α)n (x,y;a,b, c), we have the following theorem.

Theorem 2.6. For arbitrary real or complex number α,

d

dx
F
(α)
n (x,y; λ) = n · F(α)n−1(x,y; λ), (2.8)∫

F
(α)
n (x,y; λ)dx =

1
(n+ 1)

F
(α)
n+1(x,y; λ). (2.9)

Proof. It follows from Corollary 2.5 that

d

dx
F
(α)
n (x,y; λ) =

n−1∑
k=0

(
n

k

)
(n− k)F

(α)
k (y; λ)xn−k−1 = n

n−1∑
k=0

(
n− 1
k

)
F
(α)
k (y; λ)x(n−1)−k = nF

(α)
n−1(x,y; λ).

Equation (2.9) follows directly from (2.8).

Note that for any real number α,(
ext

1 − y(λet − 1)

)α
=

∞∑
n=0

F
(α)
n (αx,y; λ)

tn

n!
. (2.10)

Separating the right-hand side of (2.10) in terms of the parity of the indices using the identity

∞∑
n=0

fn(w) =

∞∑
n=0

f2n(w) +

∞∑
n=0

f2n+1(w),

and then replacing t by it, where i2 = −1, we obtain the next identities involving trigonometric functions
and Apostol-Fubini polynomials.
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Theorem 2.7. The following summation formulas for higher order bivariate Apostol-Fubini polynomials hold true:[
(y+ 1) cos(xt) − λy cos(t− xt)

N(y, λ, t)

]α
=

∞∑
n=0

F
(α)
2n (αx,y; λ)

(−1)nt2n

(2n)!
,

[
(y+ 1) sin(xt) − λy sin(t− xt)

N(y, λ, t)

]α
=

∞∑
n=0

F
(α)
2n+1(αx,y; λ)

(−1)nt2n+1

(2n+ 1)!
,

where N(y, λ, t) = (y+ 1)2 + (λy)2 − 2λy(y+ 1) cos t.

Setting α = λ = y = 1, and x = 0 in Theorem 2.7, we obtain the well-known formula involving the
classical Fubini numbers.

Corollary 2.8. The following summation formulas for Fubini numbers hold true:

2 − cos t
5 − 4 cos t

=

∞∑
n=0

F2n
(−1)nt2n

(2n)!
,

sin t
5 − 4 cos t

=

∞∑
n=0

F2n+1
(−1)nt2n+1

(2n+ 1)!
.

3. Explicit formulas of F(α)n (x,y;λ)

In this section, we obtain some series representations of the polynomials F(α)n (x,y; λ).
First, we give the representation of higher order bivariate Apostol-Fubini polynomials F(α)n (x,y; λ) in

terms of the higher order bivariate Fubini polynomials F(α)n (x,y) in the next theorem.

Theorem 3.1. For α, λ ∈ C and n ∈N0,

F
(α)
n (x,y; λ) = λ−x

∞∑
k=0

F
(α)
n+k(x,y)

(ln λ)k

k!
.

Proof. With the aid of (2.1) and (1.2), we have

∞∑
n=0

F
(α)
n (x,y; λ)

tn

n!
= e−x lnλ · ex(t+lnλ)(

1 − y(et+lnλ − 1)
)α

= e−x lnλ
∞∑
k=0

F
(α)
k (x,y)

(t+ ln λ)k

k!

= e−x lnλ
∞∑
k=0

F
(α)
k (x,y)

k∑
n=0

tn(ln λ)k−n

(k−n)!n!

= e−x lnλ
∞∑
n=0

[ ∞∑
k=0

F
(α)
n+k(x,y)

(ln λ)k

k!

]
tn

n!
.

Thus, comparing the coefficients of t
n

n! , we obtain desired result.

Now, we establish an explicit expression of F(r)n (x,y; λ) in terms of the Gaussian hypergeometric func-
tion 2F1(a,b; c; z) which is given by

2F1(a,b; c; z) :=
∞∑
n=0

(a)n(b)n
(c)n

zn

n!
,

where c /∈ Z0; |z| < 1; z = 1 and <(c− a− b) > 0; z = −1 and <(c− a− b) > −1. Here, (q)0 = 1, and
(q)n = q(q+ 1) · · · (q+n− 1) for n > 0.
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Theorem 3.2. For n, r ∈N0, we have

F
(r)
n (x,y; λ) =

n∑
i=0

(
n

i

)(
r+ i− 1

i

) i∑
m=0

(−1)mλmmi
(
i

m

)
(x+m)n−i 2F1

(
−n+ i, i; 1 + i;

m

m+ x

)
.

Proof. By (2.1), we have
F
(r)
n (x,y; λ) = Dnt

[(
1 − y

(
λet − 1

))−r
ext
]
t=0

,

where Dt := d
dt . Thus,

F
(r)
n (x,y; λ) =

n∑
s=0

(
n

s

)
xn−sDst

[(
1 − y

(
λet − 1

))−r]
t=0

.

Using

(A+w)−r =

∞∑
i=0

(
r+ i− 1

i

)
A−r−i(−w)i, (|w| < |A|)

and

(λet − 1)i = i!
∞∑
j=1

S(j, i; λ)
tj

j!
,

where S(j, i; λ) is the λ-Stirling numbers of the second kind (see [21]) we obtain

F
(r)
n (x,y; λ) =

n∑
s=0

(
n

s

)
xn−s

s∑
i=0

(
r+ i− 1

i

)
yii!S(s, i; λ).

Using the explicit formula

S(j, i; λ) =
1
i!

i∑
m=0

(−1)i−m
(
i

m

)
λmmj

and the identity (
n

s

)
=

(
n

n− s

)
,

we get

F
(r)
n (x,y; λ) =

n∑
s=0

(
n

s

) s∑
i=0

(
r+ i− 1

i

)
yixn−s

i∑
m=0

(−1)i−m
(
i

m

)
λmms

=

n∑
i=0

n∑
s=i

(
n

n− s

)(
r+ i− 1

i

)
(−y)ixn−s

i∑
m=0

(−λ)m
(
i

m

)
ms

=

n∑
i=0

n−i∑
s=0

(
n

n− s− i

)(
r+ i− 1

i

)
(−y)ixn−s−i

i∑
m=0

(−λ)m
(
i

m

)
ms+i.

Using the identity

(n− s− i)! =
(−1)s(n− i)!
(−n+ i)s

,

gives

F
(r)
n (x,y; λ) =

n∑
i=0

(
n

i

)(
r+ i− 1

i

)
(−y)i

i∑
m=0

(−λ)m
(
i

m

)
mixn−i 2F1

(
−n+ i, 1; 1 + i;

−m

x

)
.
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Finally, applying Pfaff-Kummer hypergeometric transformation

2F1(a,b; c; z) = (1 − z)−a 2F1

(
a, c− b; c;

z

z− 1

) (
c /∈ Z−

0 ; | arg(1 − z)| 6 π− ε (0 < ε < π)
)

,

yields

F
(r)
n (x,y; λ) =

n∑
i=0

(
n

i

)(
r+ i− 1

i

)
(−y)i

i∑
m=0

(−λ)m
(
i

m

)
mi (x+m)n−i 2F1

(
−n+ i, i; 1 + i;

m

m+ x

)
.

Remark 3.3. It follows from the proof of Theorem 3.2 that F(α)n (x,y; λ) can be written explicitly in terms of
the Apostol-Stirling numbers of the second kind:

F
(r)
n (x,y; λ) =

n∑
s=0

(
n

s

)
xn−s

s∑
i=0

(
r+ i− 1

i

)
yii!S(s, i; λ).

4. Symmetry identities for F(α)n (x,y;λ)

We now derive some symmetry identities for the higher order bivariate Apostol-Fubini polynomials
F
(α)
n (x,y; λ).

Theorem 4.1. For integers a,b and n ∈N0, we have

n∑
k=0

(
n

k

)
akbn−kF

(α)
k (bx,y; λ)F(α)n−k(az,y; λ) =

n∑
k=0

(
n

k

)
bkan−kF

(α)
k (ax,y; λ)F(α)n−k(bz,y; λ).

Proof. Consider

A(t) =
eab(x+z)t

(1 − y(λeat − 1))α (1 − y(λebt − 1))α
.

Expanding A(t) into a series, we obtain

A(t) =
ebx(at)

(1 − y(λeat − 1)α
· eaz(bt)

(1 − y(λebt − 1)α

=

∞∑
n=0

F
(α)
n (bx,y; λ)

(at)n

n!
·

∞∑
n=0

F
(α)
n (az,y; λ)

(bt)n

n!

=

∞∑
n=0

n∑
k=0

(
n

k

)
akbn−kF

(α)
k (bx,y; λ)F(α)n−k(az,y; λ)

tn

n!
.

(4.1)

Similarly,

A(t) =
eax(bt)

(1 − y(λebt − 1))α
· ebz(at)

(1 − y(λeat − 1))α

=

∞∑
n=0

F
(α)
n (ax,y; λ)

(bt)n

n!
·

∞∑
n=0

F
(α)
n (bz,y; λ)

(at)n

n!

=

∞∑
n=0

n∑
k=0

(
n

k

)
bkan−kF

(α)
k (ax,y; λ)F(α)n−k(bz,y; λ)

tn

n!
.

(4.2)

Comparing (4.1) and (4.2), we get the desired identity.
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Theorem 4.2. For positive integers a,b and n ∈N0, we have

n∑
k=0

(
n

k

) a−1∑
i=0

b−1∑
j=0

akbn−kF
(α)
k

(
bx+

b

a
i,y; λ

)
F
(α)
n−k(az+

a

b
j,y; λ)

=

n∑
k=0

(
n

k

) b−1∑
i=0

a−1∑
j=0

bkan−kF
(α)
k

(
ax+

a

b
i,y; λ

)
F
(α)
n−k(bz+

b

a
j,y; λ).

Proof. Consider

B(t) =
eab(x+z)t

(
eabt − 1

)2

(1 − y(λeat − 1))α (1 − y(λebt − 1))α
(eat − 1)(ebt − 1).

Expanding B(t) into a series, we get

B(t) =
ebx(at)

(1 − y(λeat − 1))α
eabt − 1
ebt − 1

· eaz(bt)

(1 − y(λebt − 1))α
eabt − 1
eat − 1

=
ebx(at)

(1 − y(λeat − 1))α

a−1∑
i=0

ebti · eaz(bt)

(1 − y(λebt − 1))α

b−1∑
j=0

eatj

=

( ∞∑
n=0

a−1∑
i=0

F
(α)
n

(
bx+

b

a
i,y; λ

)
(at)n

n!

) ∞∑
n=0

b−1∑
j=0

F
(α)
n (az+

a

b
j,y; λ)

(bt)n

n!


=

∞∑
n=0

n∑
k=0

(
n

k

) a−1∑
i=0

b−1∑
j=0

akbn−kF
(α)
k

(
bx+

b

a
i,y; λ

)
F
(α)
n−k(az+

a

b
j,y; λ)

tn

n!
.

(4.3)

Similarly,

B(t) =
eax(bt)

(1 − y(λebt − 1))α
eabt − 1
eat − 1

· ebz(at)

(1 − y(λeat − 1))α
eabt − 1
ebt − 1

=

( ∞∑
n=0

b−1∑
i=0

F
(α)
n

(
ax+

a

b
i,y; λ

) (bt)n

n!

) ∞∑
n=0

a−1∑
j=0

F
(α)
n (bz+

b

a
j,y; λ)

(at)n

n!


=

∞∑
n=0

n∑
k=0

(
n

k

) a−1∑
i=0

b−1∑
j=0

bkan−kF
(α)
k

(
ax+

a

b
i,y; λ

)
F
(α)
n−k(bz+

b

a
j,y; λ)

tn

n!
.

(4.4)

Comparing (4.3) and (4.4) yields the desired result.

Theorem 4.3. For positive integers a,b and n ∈N0, we have

n∑
k=0

(
n

k

) a−1∑
i=0

b−1∑
j=0

akbn−kF
(α)
k

(
bx+

b

a
i+ j,y; λ

)
F
(α)
n−k(az,y; λ)

=

n∑
k=0

(
n

k

) b−1∑
i=0

a−1∑
j=0

bkan−kF
(α)
k

(
ax+

a

b
i+ j,y; λ

)
F
(α)
n−k(bz,y; λ).

Proof. Consider

C(t) =
eab(x+z)t

(
eabt − 1

)2

(1 − y(λeat − 1))α (1 − y(λebt − 1))α
(eat − 1)(ebt − 1).
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Expanding B(t) into a series, we get

C(t) =
ebx(at)

(1 − y(λeat − 1))α
eabt − 1
ebt − 1

· eaz(bt)

(1 − y(λebt − 1))α
eabt − 1
eat − 1

=
ebx(at)

(1 − y(λeat − 1))α

a−1∑
i=0

ebti · eaz(bt)

(1 − y(λebt − 1))α

b−1∑
j=0

eatj

=

 ∞∑
n=0

a−1∑
i=0

b−1∑
j=0

F
(α)
n

(
bx+

b

a
i+ j,y; λ

)
(at)n

n!

 ∞∑
n=0

F
(α)
n (az,y; λ)

(bt)n

n!

=

∞∑
n=0

n∑
k=0

(
n

k

) a−1∑
i=0

b−1∑
j=0

akbn−kF
(α)
k

(
bx+

b

a
i+ j,y; λ

)
F
(α)
n−k(az,y; λ)

tn

n!
.

(4.5)

Similarly,

C(t) =
eax(bt)

(1 − y(λebt − 1))α
eabt − 1
eat − 1

· ebz(at)

(1 − y(λeat − 1))α
eabt − 1
ebt − 1

=

 ∞∑
n=0

b−1∑
i=0

a−1∑
j=0

F
(α)
n

(
ax+

a

b
i+ j,y; λ

) (bt)n

n!

 ∞∑
n=0

F
(α)
n (bz,y; λ)

(at)n

n!

=

∞∑
n=0

n∑
k=0

(
n

k

) b−1∑
i=0

a−1∑
j=0

bkan−kF
(α)
k

(
ax+

a

b
i+ j,y; λ

)
F
(α)
n−k(bz,y; λ)

tn

n!
.

(4.6)

Comparing (4.5) and (4.6) yields the desired result.

In the next result, we establish symmetry identitity involving generalized Apostol-Fubini polynomials
and the generalized sum of powers.

For each k ∈N0, the sum of integer powers Sk(n) is defined by Sk(n) =

n−1∑
j=0

jk and has the exponential

generating function ∞∑
k=0

Sk(n)
tk

k!
=
ent − 1
et − 1

.

In [22], Lu and Srivastava defined the generalized sum of integer powers Sk(n; λ) through the gener-
ating function ∞∑

k=0

Sk(n; λ)
tk

k!
=
λent − 1
λet − 1

(λ ∈ C).

Clearly, Sk(n; 1) = Sk(n).

Theorem 4.4. For a,b ∈N; n ∈N0; and y 6= −1, we have

n∑
k=0

(
n

k

)
an−kbkF

(α)
n−k(bx,y; λ)

k∑
l=0

(
k

l

)
Sl

(
a;

λy

y+ 1

)
F
(α−1)
k−l (az,y; λ)

=

n∑
k=0

(
n

k

)
bn−kakF

(α)
n−k(ax,y; λ)

k∑
l=0

(
k

l

)
Sl

(
b;

λy

y+ 1

)
F
(α−1)
k−l (bz,y; λ).
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Proof. Let

D(t) =
eab(x+z)t

(
1 − y

(
λeabt − 1

))
(1 − y (λeat − 1))α (1 − y (λebt − 1))α

.

Grouping factors and expanding D(t) into series, we obtain

D(t) =
ebx(at)

(1 − y (λeat − 1))α
· 1 − y(λeabt − 1)

1 − y(λebt − 1)
· eaz(bt)

1 − y(λebt − 1)α−1

=

( ∞∑
n=0

F
(α)
n (bx,y; λ)

(at)n

n!

)( ∞∑
n=0

Sn

(
a,

λy

y+ 1

)
(bt)n

n!
·

∞∑
n=0

F
(α−1)
n (az,y; λ)

(bt)n

n!

)

=

( ∞∑
n=0

F
(α)
n (bx,y; λ)

(at)n

n!

)( ∞∑
n=0

n∑
l=0

(
n

l

)
bnSl

(
a,

λy

y+ 1

)
F
(α−1)
n−l (az,y; λ)

tn

n!

)

=

∞∑
n=0

(
n∑
k=0

(
n

k

)
an−kbkF

(α)
n−k(bx,y; λ)

k∑
l=0

(
k

l

)
Sl

(
a,

λy

y+ 1

)
F
(α−1)
k−l (az,y; λ)

)
tn

n!
.

(4.7)

Similarly,

D(t) =
eax(bt)

(1 − y (λebt − 1))α
· 1 − y(λeabt − 1)

1 − y(λeat − 1)
· ebz(at)

1 − y(λeat − 1)α−1

=

( ∞∑
n=0

F
(α)
n (ax,y; λ)

(bt)n

n!

)( ∞∑
n=0

Sn

(
b,

λy

y+ 1

)
(at)n

n!
·

∞∑
n=0

F
(α−1)
n (bz,y; λ)

(at)n

n!

)

=

∞∑
n=0

(
n∑
k=0

(
n

k

)
bn−kakF

(α)
n−k(ax,y; λ)

k∑
l=0

(
k

l

)
Sl

(
b,

λy

y+ 1

)
F
(α−1)
k−l (bz,y; λ)

)
tn

n!
.

(4.8)

Comparing (4.7) and (4.8) yields the desired result.

5. Some identities involving Apostol-type numbers and polynomials

In this section, we establish some identities which relate higher order Apostol-Fubini polynomials
to the Apostol-Stirling numbers of the second kind, higher order Apostol-Bernoulli polynomials, higher
order Apostol-Euler polynomials, and higher order Apostol-Genocchi polynomials.

5.1. Relations betweeen higher order Apostol-Fubini polynomials and λ-Stirling numbers of the second kind

Theorem 5.1. For λ ∈ C and α,n ∈N0, we have

F
(α)
n (x,y; λ) =

n∑
j=0

(
n

j

) j∑
k=0

(α+ k− j)kS2(j,k; λ)ykxn−j.

Proof. Note that

(1 − y(λet − 1))−α =

∞∑
k=0

(
α+ k− 1

k

)
yk(λet − 1)k

=

∞∑
k=0

(α+ k− 1)kyk
∞∑
n=k

S2(n,k; λ)
tn

n!
=

∞∑
n=0

n∑
k=0

(α+ k− 1)kykS2(n,k; λ)
tn

n!
.
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Thus, using (2.1), we obtain

∞∑
n=0

F
(α)
n (x,y, ; λ)

tn

n!
=

∞∑
n=0

n∑
k=0

(α+ k− 1)kykS2(n,k; λ)
tn

n!
·

∞∑
n=0

xn
tn

n!

=

∞∑
n=0

n∑
j=0

(
n

j

) j∑
k=0

(α+ k− 1)kS2(j,k; λ)ykxn−j
tn

n!
.

Comparing the coefficients of t
n

n! gives the desired result.

Theorem 5.2. For λ ∈ C and α,n ∈N0, we have

xn =

n∑
k=0

(
n

k

) α∑
j=0

(α)j(−y)
jS2(k, j; λ)F(α)n−k(x,y; λ).

Proof. Expressing (2.1) into

ext = (1 − y(λet − 1))α
∞∑
n=0

F
(α)
n (x,y; λ)

tn

n!
,

gives

∞∑
n=0

xn
tn

n!
=

α∑
j=0

(
α

j

)
(−y)jj!

(λet − 1)j

j!
·

∞∑
n=0

F
(α)
n (x,y; λ)

tn

n!

=

∞∑
n=0

α∑
j=0

(α)j(−y)
jS2(n, j; λ)

tn

n!
·

∞∑
n=0

F
(α)
n (x,y; λ)

tn

n!

=

∞∑
n=0

 n∑
k=0

(
n

k

) α∑
j=0

(α)j(−y)
jS2(k, j; λ)F(α)n−k(x,y; λ)

 tn

n!
.

Theorem 5.3. For For λ ∈ C and α,n ∈N0, we have

F
(α)
n (x,y; λ) =

∞∑
k=0

n∑
l=k

(
n

l

)
F
(α)
n−lS2(l,k; λ)λ−x−kx(k),

where x(0) = 1, and x(n) = x(x+ 1)(x+ 2) · · · (x+n− 1), n > 1.

Proof. Applying (2.1),

∞∑
n=0

F
(α)
n (x,y, ; λ)

tn

n!
=

1
(1 − y(λet − 1))α

(
λ− (λ− e−t)

)−x
=

1
(1 − y(λet − 1))α

∞∑
k=0

(
x+ k− 1

k

)
λ−x−k(λ− e−t)k

=
1

(1 − y(λet − 1))α

∞∑
k=0

(
x+ k− 1

k

)
λ−x−kk!

(λet − 1)k

k!
e−kt

=

∞∑
k=0

x(k)λ−(x+k)
∞∑
n=0

F
(α)
n (−k,y; λ)

tn

n!
·

∞∑
n=0

S2(n,k; λ)
tn

n!
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=

∞∑
k=0

x(k)λ−(x+k)
∞∑
n=0

n∑
l=0

(
n

l

)
F
(α)
n−l(−k,y; λ)S2(l,k; λ)

tn

n!

=

∞∑
n=0

[ ∞∑
k=0

n∑
l=k

(
n

l

)
F
(α)
n−lS2(l,k; λ)λ−x−kx(k)

]
tn

n!
.

5.2. Relations involving Apostol-Fubini polynomials and other Apostol-type polynomials
Theorem 5.4. For α,β, λ ∈ C and n ∈N0, we have the following relationships:

B
(α)
n (x+ z; λ) =

n∑
k=0

(
n

k

)
F
(β)
k (x,y; λ)

∑
m>0

(
β

m

)
(y+ 1)β−m(−yλ)mB

(α)
n−k(z+m; λ)

 , (5.1)

E
(α)
n (x+ z; λ) =

n∑
k=0

(
n

k

)
F
(β)
k (x,y; λ)

∑
m>0

(
β

m

)
(y+ 1)β−m(−yλ)mE

(α)
n−k(z+m; λ)

 , (5.2)

G
(α)
n (x+ z; λ) =

n∑
k=0

(
n

k

)
F
(β)
k (x,y; λ)

∑
m>0

(
β

m

)
(y+ 1)β−m(−yλ)mG

(α)
n−k(z+m; λ)

 . (5.3)

Proof. Note that(
t

λet − 1

)α
e(x+z)t =

1
(1 − y(λet − 1))β

ext ·
(

t

λet − 1

)α
ezt
(
1 − y(λet − 1)

)β
=

1
(1 − y(λet − 1))β

ext ·
(

t

λet − 1

)α
ezt

∑
m>0

(
β

m

)
(y+ 1)β−m(−yλ)metm.

Thus,

∞∑
n=0

B
(α)
n (x+ z; λ)

tn

n!
=

∞∑
n=0

F
(β)
n (x,y; λ)

tn

n!
·
∑
m>0

(
β

m

)
(y+ 1)β−m(−λy)m

∞∑
n=0

B
(α)
n (z+m; λ)

tn

n!

=

∞∑
n=0

 n∑
k=0

(
n

k

)∑
m>0

(
β

m

)
(y+ 1)β−m(−yλ)mB

(α)
k (z+m; λ)

 F(β)n−k(x,y; λ)

 tn
n!

.

Comparing the coefficients of t
n

n! , we obtain (5.1). Relations (5.2) and (5.3) can be derived analogously.

Corollary 5.5. For α,β, λ ∈ C and n ∈N0, we have the following relationships:

B
(α)
n (x+ z; λ) =

n∑
k=0

(
n

k

)[
B
(α)
k (z; λ) − ykB(α−1)

k−1 (z; λ)
]
Fn−k(x,y; λ),

E
(α)
n (x+ z; λ) =

n∑
k=0

(
n

k

)[
(2y+ 1)E(α)k (z; λ) − 2yE(α−1)

k (z; λ)
]
Fn−k(x,y; λ),

G
(α)
n (x+ z; λ) =

n∑
k=0

(
n

k

)[
(2y+ 1)G(α)

k (z; λ) − 2ykG(α−1)
k−1 (z; λ)

]
Fn−k(x,y; λ).

Proof. Setting β = 1 in Theorem 5.4, we obtain

B
(α)
n (x+ z; λ) =

n∑
k=0

(
n

k

)[
(y+ 1)B(α)

k (z; λ) − yλB(α)
k (z+ 1; λ)

]
Fn−k(x,y; λ),
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E
(α)
n (x+ z; λ) =

n∑
k=0

(
n

k

)[
(y+ 1)E(α)k (z; λ) − yλE(α)k (z+ 1; λ)

]
Fn−k(x,y; λ),

G
(α)
n (x+ z; λ) =

n∑
k=0

(
n

k

)[
(y+ 1)G(α)

k (z; λ) − yλG(α)
k (z+ 1; λ)

]
Fn−k(x,y; λ).

Using the recurrence relations (1.7), (1.8), and (1.9), we obtain the desired identities.

Next, by setting λ = 1 in Theorem 5.4, we obtain the following identities involving higher order
Apostol-type polynomials and higher order bivariate Fubini polynomials.

Corollary 5.6. For α,β,∈ C and n ∈N0, we have the following relationships:

B
(α)
n (x+ z) =

n∑
k=0

(
n

k

)∑
m>0

(
β

m

)
(y+ 1)β−m(−y)mB

(α)
n−k(z+m)

 F(β)k (x,y),

E
(α)
n (x+ z) =

n∑
k=0

(
n

k

)∑
m>0

(
β

m

)
(y+ 1)β−m(−y)mE

(α)
n−k(z+m)

 F(β)k (x,y),

G
(α)
n (x+ z) =

n∑
k=0

(
n

k

)∑
m>0

(
β

m

)
(y+ 1)β−m(−y)mG

(α)
n−k(z+m)

 F(β)k (x,y).

The next corollary gives an identity involving binomial expansion in terms of the bivariate Apostol-
Fubini polynomials of higher order.

Corollary 5.7. For β, λ ∈ C and n ∈N0, we have

(x+ z)n =
∑
m>0

(
β

m

)
(y+ 1)β−m(−yλ)mF

(β)
k (x+ z+m,y; λ), (5.4)

xn =
∑
m>0

(
β

m

)
(y+ 1)β−m(−yλ)mF

(β)
k (x+m,y; λ). (5.5)

Proof. Setting α = 0 in Theorem 5.4, and then applying Theorem 2.4, we obtain

(x+ z)n =
∑
m>0

(
β

m

)
(y+ 1)β−m(−yλ)m

n∑
k=0

(
n

k

)
F
(β)
k (x,y; λ)(z+m)n−k

=
∑
m>0

(
β

m

)
(y+ 1)β−m(−yλ)mF

(β)
n (x+ z+m,y; λ).

Taking z = 0 in (5.4), we obtain (5.5).

In the next result, we express F(α)n (x,y; λ) in terms of the higher order Apostol-Euler polynomials.

Theorem 5.8. For α,β, λ ∈ C and n ∈N0, we have

F
(α)
n (x+ z,y; λ) =

1
2β

n∑
k=0

(
n

k

) ∑
m>0

(
β

m

)
λmF

(α)
n−k(z+m,y; λ)E(β)k (x; λ).
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Proof. Note that

e(x+z)t

(1 − y(λet − 1))α
=

ezt

(1 − y(λet − 1))α

(
2

λet + 1

)β
ext · 1

2β
(λet − 1)β.

Hence,

∞∑
n=0

F
(α)
n (x+ z,y; λ)

tn

n!
=

ezt

(1 − y(λet − 1))α
·
(

2
λet + 1

)β
ext

1
2β

∑
m>0

(
β

m

)
λmetm

=

∞∑
n=0

 1
2β

n∑
k=0

(
n

k

) ∑
m>0

(
β

m

)
λmF

(α)
n−k(z+m,y; λ)E(α)k (x; λ)

 tn
n!

.

Comparing the coefficients of t
n

n! gives the result.

Corollary 5.9. For α, λ ∈ C and n ∈N0, we have

F
(α)
n (x+ z,y; λ) =

1
2y

n∑
k=0

(
n

k

)[
(2y+ 1)F(α)k (x,y; λ) − F(α−1)

k (z,y; λ)
]
E
(β)
n−k(x; λ), (5.6)

F
(α)
n (x+ z,y) =

1
2β

n∑
k=0

(
n

k

) ∑
m>0

(
β

m

)
F
(α)
n−k(z+m,y)E(β)k (x). (5.7)

Proof. Taking β = 1 in Theorem 5.8, we obtain

F
(α)
n (x+ z,y; λ) =

1
2

n∑
k=0

(
n

k

)(
F
(α)
n−k(z,y; λ) + λF(α)n−k(z+ 1),y; λ)

)
E
(α)
k (x; λ).

and then applying recurrence relation (2.2), we get (5.6). Now, by setting λ = 1 in Theorem 5.8, relation
(5.7) is obtained.

Taking α = 0 in Corollary 5.9, we obtain expressions involving the binomial expansion.

Corollary 5.10. For β, λ ∈ C and n ∈N0, we have

(x+ z)n =
1

2y

n∑
k=0

(
n

k

)[
(2y+ 1)xk − F(−1)

k (z,y; λ)
]
E
(β)
n−k(x; λ),

(x+ z)n =
1

2β
∑
m>0

(
β

m

)
E
(β)
n (x+ z+m).
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