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In this paper, we define the concept of direct product of finite anti fuzzy normal sub-rings over non-associative and
noncommutative rings LA-rings and investigate the some fundamental properties of direct product of anti fuzzy normal sub-

rings.

Keywords: Direct product of fuzzy sets, anti fuzzy LA-sub-rings, anti fuzzy normal LA-sub-rings

2020 MSC: 03F55, 08A72, 20N25

(©2021 All rights reserved.

1. Introduction

In 1972, a generalization of commutative semigroups was established by Kazim et al. [21]. In ternary
commutative law: abc = cba, they introduced the braces on the left side of this law and explored a
new pseudo associative law, that is: (ab)c = (cb)a. This law (ab)c = (cb)a called the left invertive law.
A groupoid S is said to be a left almost semigroup (abbreviated as LA-semigroup) if it satisfies the left
invertive law: (ab)c = (cb)a.

In [12] (resp. [7]), a groupoid S is said to be medial (resp. paramedial) if (ab)(cd) = (ac)(bd) (resp.
(ab)(cd) = (db)(ca)). In [21], an LA-semigroup is medial, but in general an LA-semigroup needs not to
be paramedial. Every LA-semigroup with left identity is paramedial by Protic et al. [28] and also satisfies
a(bc) =b(ac), (ab)(cd) = (dc)(ba).

Kamran [14], extended the notion of LA-semigroup to the left almost group (LA-group). An LA-
semigroup G is said to be a left almost group, if there exists left identity e € G such that ea = a for all
a € G, and for every a € G there exists b € G such that ba = e.
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Shah et al. [31], discussed the left almost ring (LA-ring) of finitely nonzero functions which is a
generalization of commutative semigroup ring. By a left almost ring, we mean a non-empty set R with
at least two elements such that (R,+) is an LA-group, (R,-) is an LA-semigroup, both left and right
distributive laws hold. For example, from a commutative ring (R,+,-), we can always obtain an LA-ring
(R, &, -) by defining for all a,b € R, a®b =b —a and a-b is same as in the ring. In fact an LA-ring is
non-associative and non-commutative ring.

A non-empty subset A of an LA-ring R is called an LA-sub-ring of R if a —b and ab € A for all
a,b € A. A is called a left (resp. right) ideal of R if (A, +) is an LA-group and RA C A (resp. AR C A).
A is called an ideal of R if it is both a left ideal and a right ideal of R.

First time, the concept of fuzzy set introduced by Zadeh in his classical paper [34]. This concept has
provided a useful mathematical tool for describing the behavior of systems that are too complex to admit
precise mathematical analysis by classical methods and tools. Extensive applications of fuzzy set theory
have been found in various fields such as artificial intelligence, computer science, management science,
expert systems, finite state machines, Languages, robotics, coding theory and others.

Liu [24], introduced the concept of fuzzy sub-rings and fuzzy ideals of a ring. Many authors have
explored the theory of fuzzy rings (for example [8-10, 22, 25, 26, 33]). Gupta et al. [10], gave the idea of
intrinsic product of fuzzy subsets of a ring. Kuroki [22], characterized regular (intra-regular, both regular
and intra-regular) rings in terms of fuzzy left (right, quasi, bi-) ideals.

Biswas [6], introduced the concept of anti fuzzy subgroups and studied the basic properties of groups
in terms of such ideals. Hong and Jun [11], modified the Biswas idea and applied it into BCK-algebra.
Akram and Dar defined anti fuzzy left h-ideals of a hemiring and discussed the basic properties of a
hemiring in [4].

Sherwood [32], introduced the concept of product of fuzzy subgroups. After this, further study on
this concept continued by Osman [1, 2] and Ray [29]. Zaid [3], gave the idea of normal fuzzy subgroups.

Shal et al. [30], originated the studied of intuitionistic fuzzy normal LA-sub-rings over left almost-
ring. Islam et al. [17] initiated the intuitionistics fuzzy ideals with thresholds (e, 3] in left almost ring.
Javaid et al. [18], also studied the left almost rings by fuzzy ideals. Wagqar et al. [19], studied the left
almost rings by using the intuitionistic fuzzy bi-ideals. Kausar et al. [15], explored the direct product
of finite intuitionistic anti fuzzy normal LA-sub-rings over LA-rings. Waqar et al. [20], investigated the
direct product of finite fuzzy normal LA-sub-rings on Left Almost-rings.

Recently Munir et al. [27], discussed on the prime fuzzy m-bi ideals in semigroups.

In this paper, we define the concept of direct product of anti fuzzy normal LA-sub-rings. In Section
2, we investigate the some basic properties of anti fuzzy normal LA-sub-rings of an LA-ring R. Section
3, we define the direct product of fuzzy subsets i, po of LA-rings Ry, Ry, respectively and investigate
the some elementary properties of direct product of anti fuzzy normal LA-sub-rings of an LA-ring Ry x
Ry. In Section 4, we define the direct product of fuzzy subsets i, o, ..., un of LA-rings Ry, Ry, ..., Ry,
respectively and examine the some fundamental properties of direct product of anti fuzzy normal LA-
sub-rings of an LA-ring Ry x Ry x - -+ x Ry. Specifically we show the following.

1. Let A and B are two LA-sub-rings of an LA-ring R. Then A N B is an LA-sub-ring of R if and only if
the anti characteristic function x% of Z= ANB is an anti fuzzy normal LA-sub-ring of R.

2. Let X=A xBand Y = C x D are two LA-sub-rings of an LA-ring Ry x Ry. Then XNY is an LA-sub-
ring of Ry x R, if and only if the anti characteristic function x§ of Z = XNY is an anti fuzzy normal
LA-sub-ring of Ry x R.

3. Let A =A; XAy Xx--- XA and B = By x By x --- x By, are two LA-sub-rings of an LA-ring R; x
Ry x -+ x Rp. Then AN B is an LA-sub-ring of Ry x Ry x - - - x Ry, if and only if the anti characteristic
function X§ of Z = AN B is an anti fuzzy normal LA-sub-ring of Ry x Ry x - -+ x Ry,.

2. Anti fuzzy normal LA-sub-rings

In this section, we investigate the some basic properties of anti fuzzy normal LA-sub-rings of an
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LA-ring R.

By a fuzzy subset p of an LA-ring R, we mean a function p : R — [0,1] and the complement of u is
denoted by 1, is a fuzzy subset of R defined by p'(x) =1 — pu(x) for all x € R.

A fuzzy subset p of an LA-ring R is an anti fuzzy LA-sub-ring of R if p(x —y) <max{u(x), u(y)} and
r(xy) < max{p(x), u(y)} for all x,y € R.

An anti fuzzy LA-sub-ring of an LA-ring R is said to be an anti fuzzy normal LA-sub-ring of R if
u(xy) = u(yx) for all x,y € R.

Let A is a non-empty subset of an LA-ring R. The anti characteristic function of A is denoted by x§ and
defined by

0, ifxeA
C. xS x)=¢ 7 '
Xa:R—10,1]|x XA(X)_{ 1, ifx¢A.

Lemma 2.1. Let A is a non-empty subset of an LA-ring R. Then A is an LA-sub-ring of R if and only if the anti
characteristic function xS of A is an anti fuzzy normal LA-sub-ring of R.

Proof. Let A is an LA-sub-ring of R and a,b € R. If a,b € A, then by definition of anti characteristic
function Xf\(a) =0= xg(b). Since a—b, ab € A, A is an LA-sub-ring of R. This implies that

Xi(a—b)=0=0V0=x5(a)Vxi(b) and x5(ab)=0=0V0=x5(a)VxK(b).

Thus X}C\(a—b) < max{xf_{(a),x%(b)} and Xf\(ab) < max{xf\(a),xf\(b)}. Since ab and ba € A, so

x%(ab) =0= x%(ba), ie., x%(ab) = xf\(ba). Similarly we have

x&(a—b) < max{x§(a), xS (b)}, x%(ab) < max{xK(a),x5(b)}, x%(ab)=x5(ba),

when a,b ¢ A. Hence the anti characteristic function X A of A is an anti fuzzy normal LA-sub-ring of R.
Conversely, suppose that the anti characteristic function x§ of A is an anti fuzzy normal LA-sub-ring
of R. Let a,b € A, then by definition X/C\(a) =0= xf\(b). By our supposition

Xala—b) <xK(a) Vx5 (b) =0V0=0 and x5x(ab) <xx(a)VxK(b)=0V0=0.
Thus xf\(a —b)=0= X}C\(ab), ie, a—b,ab € A. Hence A is an LA-sub-ring of R. O
Lemma 2.2. If A and B are two LA-sub-rings of an LA-ring R, then their intersection A N B is also an LA-sub-ring
of R.
Proof. Straight forward. O

Proposition 2.3. Let A and B are two LA-sub-rings of an LA-ring R. Then A N B is an LA-sub-ring of R if and
only if the anti characteristic function xS of Z = AN B is an anti fuzzy normal LA-sub-ring of R.

Proof. Let Z = ANB is an LA-sub-ring of Rand a,b € R. If a,b € Z = AN B, then by definition of anti
characteristic function x%( a) =0= x%(b). Since a —b,ab € A,B, A and B are LA-sub-rings of R. This
implies that

Xs(a=0)=0=0V0=x5(a)Vx5(b) and x$(ab)=0=0V0=x5(a)Vx$ (D).

Thus Xz(a b) < max{xz( a),x ( )} and xz(ab) max{xz( a), %(b)}. As ab and ba € Z, so x%(ab) =
0= xz(ba) ie., xz(ab) xz(ba) Similarly we have

xZ(a—b) <max{x5(a),xZ(b)}, x5(ab) < max{xs(a),xZ(b)}, x%(ab)=x5(ba),

when a,b ¢ Z. Hence the anti characteristic function x 7 of Z is an anti fuzzy normal LA-sub-ring of R.
Conversely, assume that the anti characteristic function x$ of Z = ANB is an anti fuzzy normal
LA-sub-ring of R. Let a,b € Z = AN B, this means that x%(a) =0= X%(b). By our assumption

Xg(a—b) <x5(a)Vx5(b) =0V0=0 and x5(ab) <x%(a)Vx.5(b)=0V0=0.
Thus x%(a —b)=0= x%(ab), ie, a—band ab € Z. Hence Z is an LA-sub-ring of R. O
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Corollary 2.4. Let {Ai};c; is a family of LA-sub-rings of an LA-ring R, then A = NAy is an LA-sub-ring of R if
and only if the anti characteristic function x§ of A = NAy is an anti fuzzy normal LA-sub-ring of R.

Lemma 2.5. If wand vy are two anti fuzzy normal LA-sub-rings of an LA-ring R, then their union WUy is also an
anti fuzzy normal LA-sub-ring of R.

Proof. Let pand vy are two anti fuzzy normal LA-sub-rings of an LA-ring R. We have to show that § = pUy
is also an anti fuzzy normal LA-sub-ring of R. Now

Blz1 —2z2) = (LUY)(z1 — 22)
= max{u(z; — 22),v(z1 — 22)}
<{{wlz1) V lz2)} Vi{y(z1) Vy(z2) 1}
={ulz1) V{p(z2) Vv(z1)} V v(22)}
={u(z1) V{v(z1) V 1(z2)} V v(z2)}
={ulz1) Vy(z1)} Viulz2) Vy(z2)}}
= max{(nUvy)(z1), (RUY)(22)}
= max{f(z1), B(z2)}-

= B(z1 —z2) <max{P(z1), B(z2)}.

Similarly, we have (3(z; 0 zp) < max{(z1), B(z2)}. Thus B is an anti fuzzy LA-sub-ring of an LA-ring R.
Now

B(z1022) = (LU Y)(z1 022) = max{u(z1 0 z2),v(z1 0 22)}
=max{u(z20z1),v(z2021)} = (LUY)(z2021) = B(z2 021).

Hence 3 = pUv is an anti fuzzy normal LA-sub-ring of R. O

Corollary 2.6. If {i}icr is a family of anti fuzzy normal LA-sub-rings of an LA-ring R, then u = Uy is also an
anti fuzzy normal LA-sub-ring of R.

3. Direct product of anti fuzzy normal LA-sub-rings

In this section, we define the direct product of fuzzy subsets 1, u, of LA-rings Ry, Ry, respectively
and investigate the some elementary properties of direct product of anti fuzzy normal LA-sub-rings of an
LA-ring Ry x Rp.

Let g, po is fuzzy subsets of LA-rings Ry, Ry, respectively. The direct product of fuzzy subsets i, po
of LA-rings Ry, Ry, is denoted by p; x pp and defined by (py x pp)(x1,x2) = max{p (x1), u2(x2)}.

A fuzzy subset p; x pp of an LA-ring Ry x R; is said to be an anti fuzzy LA-sub-ring of Ry x R; if

(1) (1 x p2)(x —y) <max{p(x), u2(y)};
(2) (1 x u2)(xy) < max{p(x), uz2(y)} for all x = (x1,%x2), Yy = (y1,Y2) € Ry x Ra.

An anti fuzzy LA-sub-ring of an LA-ring R; x Ry is said to be an anti fuzzy normal LA-sub-ring of
Ry X Ry if (W1 x p2)(xy) = (1 x m2)(yx) for all x = (x1,%2),y = (y1,Y2) € Ry x Ry.

Let A x B is a non-empty subset of an LA-ring Ry x R. The anti characteristic function of A x B is
denoted by x§ 5 and defined by

0, ifxeAxB,
XAxB: R x Ry = [0,1] |X:(X1’X2)_>X}C\XB(X):{ 1, ifx¢ A xB.

Lemma 3.1 ([30, Lemma 4.2]). If A and B are LA-sub-rings of LA-rings Ry and Ry, respectively, then A x B is
an LA-sub-ring of an LA-ring Ry x Ry under the same operations defined as in Ry x Ra.
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Lemma 3.2. Let A and B are LA-sub-rings of LA-rings Ry and Ry, respectively. Then A x B is an LA-sub-ring
of an LA-ring Ry x Ry if and only if the anti characteristic function XS of Z = A x B is an anti fuzzy normal
LA-sub-ring of Ry x Ry.

Proof. Let Z = A x B is an LA-sub-ring of Ry x R; and a = (aj,a2),b = (by,b2) € Ry xRy. If a,b € Z =
A x B, then by definition of anti characteristic function X%(a) =0= X%(b). Since a—band ab € Z, Zis
an LA-sub-ring of an LA-ring Ry x Ry. This implies that

Xg(a—b)=0=0V0=xZ(a)VxZ(b) and xZ(ab)=0=0V0=x5(a)VxZ(b).

Thus xz(a b) < max{xz(a), ( )} and Xz(ab) max{xz( a),x (b)}. Since ab and ba € Z, so x%(ab) =
0= Xz(ba) ie., Xz(ab) x%( a). Similarly we have
Xz (a—1b) < max{xg (a), x5 (b)}, X% (ab) < max{xg (a), x5 (b)}, Xz (ab) =x5(ba),

when a,b ¢ Z. Hence the anti characteristic function x$ of Z = A x B is an anti fuzzy normal LA-sub-ring
of R1 X Rz.

Conversely, suppose that the anti characteristic function X$ of Z = A x B is an anti fuzzy normal
LA-sub-ring of Ry x Ry. We have to show that Z = A x B is an LA-sub-ring of Ry x Ry. Let a,b € Z,
where a = (ay,a3) and b = (by,b2), ai,b; € A, ay, by € B, this means that x%(a) =0= X%(b). By our
supposition

XZ(a—b) <x5(@)Vx5(b)=0V0=0 and x5(ab)<x7(a)Vx5(b)=0V0=0.
Thus x%(a—b) =0= x%(ab), ie,a—band ab € Z. Hence Z = A x B is an LA-sub-ring of Ry x R,. [

Lemma 3.3. If X = A x B and Y = C x D are two LA-sub-rings of an LA-ring Ry x Ry, then their intersection
XNY isalso an LA-sub-ring of R x Ra.

Proof. Straight forward. O

Theorem 3.4. Let X = A x Band Y = C x D are two LA-sub-rings of an LA-ring Ry x Ry. Then X N'Y is an
LA-sub-ring of Ry x Ry if and only if the anti characteristic function xS of Z = X NY is an anti fuzzy normal
LA-sub-ring of Ry x Ro.

Proof. Let Z = XNY is an LA-sub-ring of an LA-ring R; x Ry and a = (ay,az2),b = (b1, bz) € Ry x Rp. If
a,b € Z =XnNY, then by definition of anti characteristic function x%(a) =0= X%(b). Since a — b and
ab € Z, Zis an LA-sub-ring of R; x Ry. This implies that

Xs(a—b)=0=0V0=x5(a)Vx5(b) and x$(ab)=0=0V0=x5(a)Vx$(b).

Thus X%(a— b) < max{x%(a),x%(b)} and x%(ab) < max{x%(a),x%(b)}. Since ab and ba € Z, then by
definition x%(ab) =0= x%(ba), ie., xg (ab) = X(Z:(ba). Similarly we have

X5 (a—b) < max{x5(a), x5 (b)}, X5 (ab) < max{x$ (a),x$ (b))}, X5 (ab) =x5 (ba),

when a,b ¢ Z. Hence the anti characteristic function X% of Z is an anti fuzzy normal LA-sub-ring of
Rl X Rz.

Conversely, assume that the anti characteristic function x5 of Z = XNY is an anti fuzzy normal
LA-sub-ring of an LA-ring Ry x Ry. Let a,b € Z = XN, this means that x5(a) = 0 = x%(b). By our
assumption

xs(a—b) <xS(@VxE(D)=0v0=0 and x5(ab) <x5(a)VxS(b)=0V0=0.

Thus x5 (a—b) =0 =x5(ab),ie., a—band ab € Z. Hence Z is an LA-sub-ring of an LA-ring Ry x Rp. [
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Corollary 3.5. Let {Citic1 = {Ai X Bi}icy is a family of LA-sub-rings of an LA-ring Ry x Ry, then C = NC; is
an LA-sub-ring of Ry x Ry if and only if the anti characteristic function X& of C = NC; is an anti fuzzy normal
LA-sub-ring of Ry x Ra.

Lemma 3.6. If pand vy are anti fuzzy normal LA-sub-rings of LA-rings Ry and Ry, respectively, then p x y is an
anti fuzzy normal LA-sub-ring of an LA-ring Ry x Ro.

Proof. Let u and vy are anti fuzzy normal LA-sub-rings of LA-ring Ry and R, respectively. We have to
show that 3 = p x v is an anti fuzzy normal LA-sub-ring of an LA-ring Ry x Ry. Let (a, b), (¢, d) € Ry x Ro.
Now

B((a,b) —(c,d)) = (kxy)(a—c,b—d)
= max{p(a—c),y(b—d)}

=pla—c)Vy(b—d)
<H{pla) V() V{y(b) Vy(d)}
u(a) V{n(c) Vy(b)}Vy(d)
u(a) V{y(b) V u(c)}Vy(d)

z{u( )Vy )}V {u(c) Vy(d)}

= max{(1 x y)(a,b), (n xv)(c,d)}

= max{f(a,b), B(c,d)}.

= B((a,b) —(c,d)) < max{B(a,b),B(c,d)}

Similarly, we have 3((a,b) o (c,d)) < max{B(a,b), B(c,d)}. Thus u x vy is an anti fuzzy LA-sub-ring of
R x Ry. Now

B((a,b)o(c,d)) = (kxv)(ac, bd) = max{u(ac),y(bd)}
= max{p(ca),y(db)} = (u x v)(ca,db) = B((c,d) o (a,b)).

Hence p x v is an anti fuzzy normal LA-sub-ring of Ry x Ry. O

Proposition 3.7. If u = py; x yup and y = y1 x 'y are two anti fuzzy normal LA-sub-rings of an LA-ring Ry x R,
then their union 3 = wUy is also an anti fuzzy normal LA-sub-ring of Ry x Ry.

Proof. Let u =y x pp and y = y; X vz are two anti fuzzy normal LA-sub-rings of an LA-ring Ry x Rp. We
have to show that 3 = p U is also an anti fuzzy normal LA-sub-ring of R; x Ry. Now

B((z1,22) — (z3,24)) = (LU Y)((21, 22) — (23, 24))
= max{u((z1,z2) — (z3,24)), Y((z1,22) — (23, 24)
<{{ulz1,22) V ulzs, 24)} V {y(z1, 22) V v (23, z4)
= {u(z1,22) V{ul(zs, z4) Vv(21,22)} V v(23,24)}
(
(

)}
B3

= {u(z1,22) V{v(z1,22) V lz3, z4)} V v(23,24)}

= {{ulz1, 22) Vv(z1,22)} V {1ulz3, 24) Vv (23, 24) 1}
= max{(LUv)(z1,22), (L UY)(z3,24)}

= max{f(z1,22), B(z3,z4)}-

= B((z1,22) — (z3,24)) < max{B(z1,22), B(z3,2z4)}-

Similarly, we have ((z1,2z2) o (z3,24)) < max{(z1,22), B(z3,z4)}. Thus B = p U~ is an anti fuzzy LA-sub-
ring of an LA-ring R; x Rp. Now

B((z1,22) 0 (2z3,24)) = (LUY)((21,22) 0 (23, 24)) = max{u((z1, 22) o (23, 24)), ¥((21, 22) © (23, 24) )}
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= max{n((zs, z4) 0 (21,22)), v((23,24) 0 (21, 22))}
= (LUY)((23,24) 0 (21,22)) = B((23,24) © (21, 22)).

Hence 3 = pUvy is an anti fuzzy normal LA-sub-ring of an LA-ring R; x Ry. O

Corollary 3.8. If {Bi}tiecr = {1 X Yilier is a family of anti fuzzy normal LA-sub-rings of an LA-ring Ry X Ry,
then 3 = UP; is also an anti fuzzy normal LA-sub-ring of Ry x Ro.

Theorem 3.9. If . = g X wp and y = y1 X yp are anti fuzzy normal LA-sub-rings of LA-rings R = Ry x Ry
and R"” = Rz x Ry, respectively, then 3 = w x 'y is an anti fuzzy normal LA-sub-ring of an LA-ring R x R" =
(Rl X R2) X (R3 X R4).

Proof. Let p = py X pp and y = y1 X vz are anti fuzzy normal LA-sub-rings of LA-rings R’ = R; x Ry and
R” = R3 x Ry, respectively. We have to show that 3 = p x vy is an anti fuzzy normal LA-sub-ring of an
LA-ring R" x R”. Now

B(((z1,22), (z3,24)) — ((2z5,26), (27,28))) = (1 X ¥)(((21,22), (23, 24)) — ((z5, 26), (27, 28)))

= (1 x v)(((z1,22) — (z5,26)), (23, 24) — (27, 28)))
= max{u((z1,22) — (25, 26)), Y((23,24) — (27,28))}
max{(p(z1,22) V Wzs,26)), (v(23,24) V v(27, 28))}

)

{(ulz1,22) V ulzs,26)) V (v(23,24) VY(27,28))}
(e
)

N

={(r(z1,22) Vv(z3,24)) V (1u(2z5, 26) V ¥ (27,28) )}

= max{(u(z1,22) V v(z3,24)), (1(2z5,26) V ¥(27, 28))}

= max{(u x v)((z1,22), (z3,24)), (1t X V) (25, z6), (27, 28))}
= max{B((z1,22), (z3,24)), B((zs5,26), (27, 28))}.

Similarly, we have

B(((z1,22), (z3,24)) 0 ((25,26), (27,28))) < max{B((z1,22), (z3,24)), B((z5,26), (z7,28))}.

Thus B = p x v is an anti fuzzy LA-sub-ring of an LA-ring R/ x R”. Now

z5,26), (27,28))
z3,24) © (27, z8)

)
)
(z3,24) 0 (27, z8)
( ) )
)

B(((z1,22), (z3,24)) 0 ((z5,26), (27,28))) = (1 x V) (((z1,22), (23, 24)) o ((
= (ux¥)(((z1,22) 0 (z5,26)), ((
= max{u((z1,22) o (z5,26)), Y
(( Y }
)( (2z7,28) o (23, 24)))
)( (z1,22),
)

s (Z3/ Z4

= max{u((zs,z6) © (z1,22)),v((z7,28) 0 (23,24
= (kxy)((
= (L xy)((

= B(((zs, 26

(z5,26) 0 (21, 22)),
(z5,26), (27,28)) ©
), (z7,28)) o ((z1, 22

( )
( )
( )}
( )
( )
( (z3,24)))
).

Hence 3 = p x v is an anti fuzzy normal LA-sub-ring of an LA-ring R/ x R”. O

Lemma 3.10. Let y and vy are fuzzy subsets of LA-rings Ry and Ry with left identities ey and ey, respectively. If
W Xy is an anti fuzzy LA-sub-ring of an LA-ring Ry x Ry, then at least one of the following two statements must
hold.

Y (e2), for all x € Ry;
v (e1), for all x € Ry.
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Proof. Let n x v is an anti fuzzy LA-sub-ring of R; x Ry. By contra-position, suppose that none of the
statements 1 and 2 holds. Then we can find a and b in Ry and Ry, respectively such that

(a) <v(e2) and u(b) <y (er).

Thus we have

(L x7v)(a,b) =max{u(a),y(b)} < max{u(er), v(e2)} = (1L xv)(er, e2).

Therefore p x y is not an anti fuzzy LA-sub-ring of Ry x Ry. Hence either p(x) > v (e2) for all x € Ry or
i (x) = y(ep) for all x € Ry. O

Lemma 3.11. Let pand vy are fuzzy subsets of LA-rings Ry and Ry with left identities eq and ey, respectively and
W Xy is an anti fuzzy normal LA-sub-ring of an LA-ring Ry x Ro. Then the following conditions are true.

1 Ifu(x)
2. If u(x)

> y(e2), for all x € Ry, then W is an anti fuzzy normal LA-sub-ring of Ry.
> y(e1), for all x € Ry, then vy is an anti fuzzy normal LA-sub-ring of Ry.

Proof. 1. Let u(x) > v (e2) for all x € Ry, and y € R;. We have to show that p is an anti fuzzy normal
LA-sub-ring of R;. Now

wx—y) = ux+(—y))

= max{p(x + (—y)), v(e2 + (—e2))}
= (L xy)(x+(—y), ez + (—e2))

= (L xy)((x, e2) + (—y, —e2))

= (kxY)((x, e2) — (y, e2))

<(wxvy)(x,e)V(nxy)(y e)
= max{max{u(x), v(e2)}, max{u(y), y(e2)}}
= u(x) Vuly),

and

n(xy) = max{p(xy),v(ezez)}
= (k xv)(xy, eze2)
= (L xv)((x, e2) o (y,e2))
< (L xvy)(x,e) Vuxyy er)
= max{max{p(x), v(e2)}, max{p(y),v(e2)}}
= p(x) V uly).

Thus p is an anti fuzzy LA-sub-ring of R;. Now

(xy) = max{p(xy), y(eze2)}
= (kx7v) (xy, e2e2)
= (uxv) ((x,e2) 0 (y,e2))
= (L xv) ((y,e2) o (x,e2)) = (1 X V) (yx, e2e2) = max{p(yx),v(eze2)} = p(yx).

Hence p is an anti fuzzy normal LA-sub-ring of R;. 2 is same as 1. O
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4. Direct product of finite anti fuzzy normal LA-sub-rings

In this section, we define the direct product of fuzzy subsets p, 1y, ..., un of LA-rings Ry, Ry, ..., Ry,
respectively and examine the some fundamental properties of direct product of anti fuzzy normal LA-
sub-rings of an LA-ring Ry X Ry X -+ x Ry,.

Let py, yp, ..., un are fuzzy subsets of LA-rings Ry, Ry,..., Ry, respectively. The direct of fuzzy sub-
sets Wy, M, ..., Un, is denoted by pg X po X - -+ x pn and defined by (pg x pp X -+ X un)(x1,%2,...,%Xn) =
max{p1(x1), w2 (x2), ..., tn (xn )}

A fuzzy subset {11 X gy X - -+ X g, of an LA-ring Ry x Ry X - -+ x Ry, is said to be an anti fuzzy LA-sub-
ring of Ry x Ry x -+ x Ry if

1o (g X p2 X - X pp ) (x —y) <max{(pg X pp X -+ X fn ) (x), (B X p2 X -+ X un)(y)}
2. (1 X 2 X s X pn)(xy) < max{(pg X g2 X o0 X pn)(x), (M1 X M2 X --- X pn)(y)} for all x =
(XLXZ;---/Xn)/U:(91/92/---1971)€R1><R2><"'XRn~

An anti fuzzy LA-sub-ring of an LA-ring Ry x Ry x - - - x Ry, is said to be an anti fuzzy normal LA-sub-
ring of Ry X Ry x -+ x Ry if (g X po X -+ X pn ) (xy) = (M1 X H2 X -+ X ) (yx) for all x = (xq1,%2,...,%Xn),
Yy=(Y,Y2,---,Yn) € Ry x Ry x--- x Ry

Let A1 X Ay X --- X Ay is a non-empty subset of an LA-ring R = Ry x Ry x --- x Ry,. The anti charac-
teristic function of A = A; x Ay x --- X Ay is denoted by X/C\ and defined by

0, ifxeA
C. _ C _ ’ Y
XA'RH[Oll]|X_(X11X21"’1Xn)%XA(X)_{ 1’ legA

Lemma 4.1. If A1, Ay,..., Ay, are LA-sub- rmgs of LA-rings Ry, Ry, ..., Ry, respectively, then Ap X Ap X -+ X Ay
is an LA-sub-ring of an LA -ring Ry X Ry X -+ X Ry, under the same opemtzons defined as in [30].

Proof. Straight forward. O

Proposition 4.2. Let Ay, Ay, ..., An are LA-sub-rings of LA-rings Ry, Ry, ..., Ry, respectively. Then Aq x Az X
-+ X Ay is an LA-sub-ring of an LA-ring Ry x Ry x -+ x Ry, if and only if the anti characteristic function x§ of
A =A1 XAy X - x Ay is an anti fuzzy normal LA-sub-ring of Ry X Ry X - -+ X Ry.

Proof. Let A = Ay X Ay X --- X Ay, is an LA-sub-ring of Ry X Ry x --- x Ry and a = (ay,ap,...,an),b =
(b1, b2,...,bn) €ER; xRy x--- xRp. If a,b € A=A XAy x--- x Ay, then by definition of anti character-
istic function X}C\(a) =0= Xf\(b). Since a —b and ab € A, A is an LA-sub-ring of Ry x Ry x - -+ x Ryy. This
implies that

xS(a—b)=0=0V0=x5(a)Vx§(b) and x5(ab)=0=0V0=x%(a)Vx§(b).

Thus XA(a—b) < max{xA( a),x ( )} and XA(ab) < max{XA(a),X%(b)}. Since ab and ba € A, so

XA(ab) =0= Xf\(ba) ie., XA(ab) f\(ba) Similarly, we have

X% (a—b) < max{x§(a), x5 (b)}, X% (ab) < max{x%(a),xx(b)}, x5 (ab) = xK (ba),

when a,b € A. Hence the anti characteristic function XE\ of A = A; X Ay X --- X A is an anti fuzzy
normal LA-sub-ring of Ry x Ry x -+ X Rp,.

Conversely, assume that the anti characteristic function x§ of A = A; x Ay X -+ X Ay, is an anti fuzzy
normal LA-sub-ring of Ry X Ry x -+ x R,. We have to show that A = A1 X Ay X --- X Ay is an LA-sub-ring
of R xRy x --- x R,,. Let a,b € A, where a = (ay,q,...,a,) and b = (by, by, ..., by ), this means that

X}C\(a) =0= Xf\(b). By our supposition
Xi(a—b) <xK(a)VxK(b) =0V0=0 and x§(ab) <xx(a)Vxx(b)=0V0=0.

Thus xf\(a—b) =0= Xf\(ab), ie, a—band ab € A. Hence A = A x Ay X --- x Ay is an LA-sub-ring of
an LA-ring Ry x Ry X -+ X Ry,. O
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Lemma 43. If A = A; X Ay X --- X A and B = By x By x -+ x By, are two LA-sub-rings of an LA-ring
R1 X Ry X -+ X Ry, then their intersection A N B is also an LA-sub-ring of R; x Ry x - -+ X Rp.

Proof. Straight forward. O

Theorem 4.4. Let A = A; X Ay X --- x A and B = By x By x -+ x By, are two LA-sub-rings of an LA-ring
Ri1 X Ry x -+ X Ry. Then AN B is an LA-sub-ring of Ry x Ro x - -+ X Ry if and only if the anti characteristic
function X§ of Z = A NB is an anti fuzzy normal LA-sub-ring of Ry x Ry x - -+ X Ry.

Proof. Let Z=ANB is an LA-sub-ring of Ry xRy x --- xRy and a = (ay, a,...,an),b=(by,by,...,bn) €
Ri X Ry x --- xRn. If a,b € Z= ANB, then by definition of anti characteristic function x%(a) =0= X%(b).
Since a —b and ab € Z. This implies that

X5(a—b)=0=0V0=x5(a)Vx5(b) and x$(ab)=0=0V0=x5(a)Vx$(b).

Thus X(Z:(a—b) < max{x%( ), X C( )} and Xz(ab) max{xz( a), %(b)}. As ab and ba € Z, by definition

X%(ab) =0= x%(ba), ie., Xz(ab) Xz(ba) Similarly, we have

Xg(a—b) <maxixf(a),x5()},  xZlab) <max{xz(a)xz(b)},  x%(ab) =x5(ba),
when a,b € Z. Hence the anti characteristic function X% of Z is an anti fuzzy normal LA-sub-ring of
Ry X Ry x - -+ x Rp.

Conversely, assume that the anti characteristic function x5 of Z = ANB is an anti fuzzy normal
LA-sub-ring of Ry x Ry x --- x R. Let a,b € Z = AN B, this means that x%(a) =0= x%(b). By our
supposition

Xg(a—Db) <x5(a)Vx5(b) =0V0=0 and x5(ab) <x5(a)Vx5(b)=0V0=0.
Thusxz(a b)=0= X%(ab)1e a—band ab € Z. Hence Z is an LA-sub-ring of Ry X Ry x --- x R, O

Corollary 4.5. Let {Ai}ic1 = {Ai1 X A2 X -+ X Ainlic; 15 a family of LA-sub-rings of an LA-ring Ry x Ry X
- X Rp, then A = NA; is an LA-sub-ring of Ry X Ry X --- x Ry if and only if the anti characteristic function
X$ of A = NA; is an anti fuzzy normal LA-sub-ring of Ry X Ry X - -+ X Ry,.

Theorem 4.6. If L = [y X Up X -+ X U and Yy = y1 X Y2 X -+ X Yn are two anti fuzzy normal LA-sub-rings
of an LA-ring Ry x Ry X --- x Ry, then their union 3 = pwUy is also an anti fuzzy normal LA-sub-ring of
Ry X Ry X - -+ X Ry.

Proof. Let p = g X o X --- X up and y = y; X y2 X - -+ X yn, are two anti fuzzy normal LA-sub-rings of
an LA-ring Ry x Ry X --- x R,. We have to show that 3 = p U is also an anti fuzzy normal LA-sub-ring
Oof Ry xRy x -+ X Rp. Let z = (z1,22,...,zn) and w = (W1, Wo,...,Wn) € Ry X Rp X --- x R,. Now

Blz—w) = (LUY)(z—w) = max{u(z—w),y(z—w)}
<{{u(2) VW) V{y(z) Vy(w)h
= {u(z) u(W) Y(2)}Vy(w)}
= {u(2) (2) V r(w)}Vy(w)}
={ulz) Vv(z }V{u(WJVv(W)}}
= max{(nUvy)(z), (nUy) (W)}
= max{B(z), B(w)}.

Thus B((z1,22,...,2zn) — (W, Wo,...,wy)) < max{P(z1,22,...,2n), B(W1, W, ..., wy)}. Similarly, we have

B((z1,22,...,zn) 0 (W1, Wo,...,wn)) <max{p(z1,22,...,2zn), P(W1,Wa,...,wn)h
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Thus 3 = pUv is an anti fuzzy LA-sub-ring of an LA-ring Ry x Ry X --- x Rp. Now

B((z1,22,...,2n) 0 (W1, Wy, ..., Wn)) = (LUY)(z1w1,20W0, ..., ZnWn )
= max{u(ziwr, 22wy, ..., zZnWn ), Y(z1W1, 22Wo, . .., ZnWn )}
= max{u(wiz1, W2, ...,Wnzn),Y(W1z1,W2z2, ..., WnzZn)}
= (LUY)(Wiz1,Wazp, ..., WnzZn)

= B((W1/w2/ . '/WTL) © (21122/ e /ZTL))-
Hence 3 = pUvy is an anti fuzzy normal LA-sub-ring of an LA-ring Ry x Ry X -+ x Rp,. O

Corollary 4.7. If {ui}ier = {Hi1 X Wi2 X -+ X Win}icq 1S a family of anti fuzzy normal LA-sub-rings of an LA-ring
Ri X Ry X -+ X Ry, then p = Uy is also an anti fuzzy normal LA-sub-ring of Ry x Ry x - -+ X Rp.

Proposition 4.8. Let @ = pg X Hp X -+ X Un and y = y1 X Y2 X --- X yn are fuzzy subsets of LA-rings
R = Ry xRy x--- xRy and R" = R} X R, x --- x Rl with left identities e = (e1,ey,...,en) and e =
(e1/,eal,...,enl), respectively. If wxy is an anti fuzzy LA-sub-ring of an LA-ring R x R/, then at least one
of the following two statements must hold.

1. u(x) =v(e) forallx € R;
2. wu(x) =vyl(e) forall x € R

Proof. Let u x v is an anti fuzzy LA-sub-ring of R x R’. By contraposition, suppose that none of the
statements 1 and 2 holds. Then we can find a and b in R and R/, respectively such that
w(a) <v(e) and pn(b) <v(e).

Thus, we have

(k> v)(a,b) = max{u(a), y(b)} < max{n(e), y(e')} = (1 x v)(e, er).

Therefore p x vy is not an anti fuzzy LA-sub-ring of R x R’. Hence either pu(x) > vy (e’) for all x € R or
w(x) > vy(e) forall x € R. O

Proposition 4.9. Let @ = g X Hp X -+ X Up and y = y1 X Y2 X --- X yn are fuzzy subsets of LA-rings
R = Ry XRyx--- xRy and R" = R} X R, x --- x Rl with left identities e = (e1,ez,...,en) and e =
(e1/,eal,...,enl), respectively and w x vy is an anti fuzzy normal LA-sub-ring of an LA-ring R x R'. Then the
following conditions are true.

1. If u(x) > v (') forall x € R, then w is an anti fuzzy normal LA-sub-ring of R.

2. If u(x) = y(e) forall x € R', then y is an anti fuzzy normal LA-sub-ring of R’.

Proof.

1. Let u(x) >y (e'), for all x € R, and y € R. We have to show that p is an anti fuzzy normal LA-sub-ring
of R. Now

wx—y) = ulx+(—y))

= max{u(x + (—y)), v(e' + (—e))}
= (uxy)(x+(—y), €& + (=€)
= (L xy)((x, )+ (—y,—€)
= (uxy)((x,€)—(y,e))
< (uxy)(x,e)Vuxy(y,e) =max{max{u(x),y(e')}, max{u(y),y(e)}}

= u(x) V uly),
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and

nixy)

= max{p(xy),v(e'e’)}
=(uxvy)

= (L x7)
< (uxvy)(xe)Vuxylye)

= max{max{p(x),y(e')}, max{u(y),v(e')}}
= u(x) V uly).

xy, e'e’)

(
((x,€) o (y,e))

Thus p is an anti fuzzy LA-sub-ring of R. Now

n(xy) = max{p(xy),y(e'e’)}

(
= (nxvy) (xy,e'e)
= (uxy) ((x€¢) o (y,€))
= (nxy) ((v,€) o (x,€))

= (uxv)(yx,ee’)

= max{p(yx), y(e'e’)}

= u(yx).

Hence p is an anti fuzzy normal LA-sub-ring of R. 2 is same as 1.
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