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Abstract

Recently, Kim et al. in [T. Kim, D. S. Kim, H. Y. Kim, L.-C. Jang, Informatica, 3 (2020), 8 pages] studied the degenerate
poly-Bernoulli numbers and polynomials which are defined by using the polylogarithm function. In this paper, we study the
degenerate polyexponential-Genocchi polynomials and numbers arising from polyexponential function and derive their explicit
expressions and some identity involving them. In the final section, we introduce degenerate unipoly-Genocchi polynomials
attached to an arithmetic function, by using polylogarithm function and investigate some identities for those polynomials.
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1. Introduction
In 1905, Hardy considered the polyexponential function [9, 10] given by

n

e(x, als) = ;}m;‘a)n, (R(a) > 0).

For k € Z, Kim and Kim [24] defined the modified polyexponential function, as an inverse to the
polylogarithm function by

n

Eix(x) = Y m (1.1)

n=1

It is worthy to note that e(x, 1|k) = %Eik(x) and Eij(x) = e* —1.
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As is well known, the classical Euler and Genocchi polynomials are defined by (see [2—4, 7, 11, 15, 17,
19])

2 L e J 2z L, o 2

In the case when u = 0, E; = E;(0) and G; = G;(0) are respectively, called the Euler numbers and
Genocchi numbers.
From (1.2), we see that

Gyt (u)

For k € Z, Kim-Kim considered the type 2 poly-Bernoulli polynomials are defined by means of the
following generating function

n

Eix (log(1+1)) o & )
L ec’)cgil et = Z Bnk)(x)ﬁ, (see [14]).

In the case when x =0, BY) = B (0) are called the type 2 poly-Bernoulli numbers.
For k € Z, the polylogaritm function is defined by

Lix(x) = Y X—k (Ixl<1), (see, [12, 13, 16, 19, 30]).

n=1
Note that

L' e _— = — — .

() = Y T = —log(1—¥

For any nonzero v € R (or C), the degenerate exponential function is defined by

<\m

ef(z) = (1+vz)5, ev(z) = (1+vz)v, (see [20-25,27-29]).

By Taylor expansion, we see

=) (&) , (see [20, 24, 29, 31]),
q=0
where (£)oy =1, (&)qv = E(E—V) - (E—(q—1)v), (q=>1).

Obviously
hm e Z &q
q=0

In [5, 6], Carlitz considered the degenerate Bernoulli and degenerate Euler polynomials defined by

t .
(T4+At)r Bralx
(1+At)x —1 Z n
and
2 x t“
— (14 A) = Z Ena(x (1.3)
(1+At)% +1 = S
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Putting x = 0, Bn,x = Bn,A(0) and E, x = Ex A (0) are called the degenerate Bernoulli and degenerate
Euler numbers.

In [26], Kim et al. considered the the degenerate Genocchi polynomials given by

2z

AN e (D
mex (z) = j;() Gja(u)

(1.4)

In the case when u = 0, Gj» = GjA(0) are called the degenerate Genocchi numbers.
Very recently, Kim et al. [27] introduced the degenerate poly-Bernoulli polynomials defined by

Eiy (log(1+1)) > tn
11;3%)7_1 ex(t) =) Bn]f})\(x)—.

Here, Bilk))\ =p3 gf})\(O) are called the degenerate poly-Bernoulli numbers.
The Daehee polynomials [28] are defined by

log(1+b) y 4 yx =Y Dulx) ', (see [19, 32]).

When x =0, D,y = D, (0) are called the Daehee numbers.
The degenerate Stirling numbers of the first kind [23] are defined by

1
(log)\l—l—z Zsm], =, (x=0).

It is notice that

lim SL)\ (]; k) = Sl ()/ k)/
A—0

are calling the Stirling numbers of the first kind given by

lo81+2) = 3_SiG0%, (620) (e [24,25).
j=

The degenerate Stirling numbers of the second kind [21] are given by

e Zszm, 2, (k> 0), (seell, ).

Note here that

}1\13}] 52,)\ (J/ k) = SZ ()/ k)/

standing for the Stirling numbers of the second kind given by means of the following generating function

. D
o Zsz(],k)ﬁ, (k>0), (see, [14, 15, 18, 20-32]).
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2. Degenerate polyexponential-Genocchi numbers and polynomials

In this section, we define degenerate Genocchi numbers and polynomials by using the degenerate
polyexponential function which are called the degenerate polyexponential-Genocchi polynomials as fol-

lows,
n

. 1 0
2Fiy (log(1 4 t)) =Y ijf{(x)%, (k € Z). 2.1)

ex(t)+1

Fork =1, GS;\ (x) = Gna(x), (n > 0). Here, Gflk;\ = GES;\(O) are called the degenerate polyexponential-
Genocchi numbers.
From (1.2) and (2.1), we note that

S m Sim+ LY
900 = 3 3 () e G maty) 22)

Proof. Using equations (1.1) and (2.1), we see that

— (log(1+1t))"
Eiy (log(1+1t)) :; O
- (2.3)
= (log(1+1t))"r! — q+181 (q+1,71) t9t+!
=) I _ZTk 1ZSlq' ZZTk1q+1 T
r=1 q=0r=1
By using equations (1.4) and (2.3), equation (2.1) is
2t 1 tc & T S(q+1,7) 9+
NS A1) Eir (log(1+ 1) ZGH erquﬂ G
q=0r=1
n q+
Si(g+1,7) th
LHS = Z (qzozl( )Tk : qmenq,x(x)) e
Comparing the coefficients of t™ on both sides, we get the result (2.2). O

Theorem 2.2. For n > 0 and k € Z, we have

n S )
Z < > Z 1rkq T )En—qJ\(X)-

q=1 r=1

Proof. 1t is proved by using (1.3) and (2.1) that

2Fii (log(1 2
080 ) 5 1) = 2 Bilogl1 + 1)

2 i (log(141))™r!
— 2 gy (sl u)

(r—1)!rke!

2 e 1
= o 1o Zrklzslq’
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Sy Eawiy y Sent
T q=1r=1 q,

n=1

Therefore, by (2.1) and above equation, we complete the proof.

o 1 S(q,7) tn
z@;mnmqﬂ

q=1

For the next theorem, we need the following well-known from ([7]) that

n

t T ol 00 1) L
<1mg(1+t)> d+1) _nZ_oB“ (x) (req),

(2.4)

where BY (x) are called the higher-order Bernoulli polynomials which are given by the generating func-

tion

() et L

Theorem 2.3. Forn > 0,k € Z, we have

S S I —E

m=0 mi+-+Mmg_1=m
. < m )B%‘s}“(m B (0) B, (0)
my,..., M1/ Mm+1 m+my+1 mi+my 4o +mg_g+ 1

Proof. To prove this section, we first consider the following expression

o]

d

iElk(log(l +x) —_— (log(1 +x))™

dx ~ dx = (m+1)nk
1 — (log(1+x))™ 1 .
" 1 +x)log(T+x) nz_l M+ 1)mc 1~ (1+x)log(l T Eielogl+x)).
From (2.5), k > 2, we have
. x 1 .
Eix (log(1+x)) = L A+ 1)log +t)E1k_1(log(l +1t))dt
_JX 1 Jt 1 Jt 1
Jo (M+t)log(1+1) Jo (1+t)log(1+1) Jo (1+1t)log(l+1t)
k—2-times
x Eij(log(1+x))dt---dt
X t t
o (1+1t)log(1+1) Jo (1+t)log(1+1t) Jo (1+1t)log(1+1t)
k—2-times
By (2.1), (2.6), and (2.4), we get
i G(k)ﬁ _ 2Eig(log(1+x)) 2
ARl ex(x)+1 ex(x)+1

(2.5)

(2.6)
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X 1 t 1 . .
XJo (1+t)log(1+1) Jo 1+t log(1+1) L AT 0logrpdtat

k—2-times
B 2x
ex(x)+1
. i 5 ( m ) B (0) BWw(0) Binr " (0) X
0 myt_g=m my,..., M1/ Mmi+1 mp+my+1 mi+my+---+mg_1+1m!

=30 30 (4 IND SR (WL, IS

mi+--+mg 1 =m o Mk—1
Bl BT By, (0) X"
m+1 m+my+1 my+my+---+me g +1nl’

Thus, we complete the proof. O
On setting k = 2, Theorem 2.3 gives the following result.
Corollary 2.4. For n > 0, we have
n (1)
Theorem 2.5. Let k > 1 and m € IN | J{0}, s € C, we have

Xiv (—m) = (—1)™G¥),.

Proof. Let k > 1 be an integer. For s € C, we define the function xi(s) as

N =M 2.7
Xk,v(s)—r(s) L ooz 1 log +2)) dz. (2.7)

From (2.7), we note that

Xk,v(S) = r(l ) Joo ?S)_l 1Elk (108’(1 —|—Z)) dz
1S (i " Sil+ 1 o0 s—1 (28)
z . '
=5 JO T 7 Eik (log(1+2)) dz + Ms) L O CEi (log(1 +2)) dz.

The second integral converges absolutely for any s € C and hence, the second term on the right hand side
vanishes at non-positive integers. That is,

) 1 ([ 2571 .
lim ‘F(s) J n 1E1k (log(1+z)) dz M =0. (2.9)

s——m 1 ev(z)

On the other hand, for %(s) > 0, the first integral in (2.9) can be written as

1 iGQ}) 1
I'(s) = s+1’

which defines an entire function of s. Thus, we may include that xi(s) can be continued to an entire
function of s.
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Further, from (2.8) and (2.9), we obtain

1 1 Zsfl
—m)= li Eix (log(1 d
Xk(=m) = lim s) JO e 11 ix (log(1+2z)) dz
1 ' &GNy 1 &6
= lim — = lim — Y 2 -~
sgr—nm r(s) JO z rZO ! dz s—1>r—nm r(s) rZ_O s+rr!
(k)
1 1 G
= 0+ L ™ L 04+0+---
O 0 lim s S 040
(F(lfs)sinﬂs> (k) (k)
G G
= lim T ™ — (14 m)cos(mtm)— = (—1)“1629.
s——m s+m m! m!
Thus, we complete the proof of this theorem. 0

Theorem 2.6. For n > 0 and k € Z, we have

1
G\ Sa(n,m) = ZZZ<>(>M32(”)B 2

i=01=0j=0

Proof. By replacing t by e* —1 in (2.1), we get

2 o L
ex(et—1)+1 i (t) mZ_o m?\m!(e )
s @ N (2.10)
= Gua Y Satnmig=3 (Z ng)xsz(n,m)) )
m=0 n=m ’ n=0 \m=0
On the other hand, we see that
2 . 2(et—1) 1 & nl
% EiL(t) =
e"(et_l)"‘lEIk( ) exlfet—1)+1et—1 é (1—1)k
Ceplet—1)+1let—1 (1+ 1)kU
1=0
S G t_ 1) — B t t!
=2 Giagy(et 1) iFZ(Hl)ku
=0 i=1 1=0
o T 00 0o
tr t t (2.11)
— ZGJ }\SZ(T,).)*ZB;L Z —
T=0j=0 S VS (L+Du
00 i T - o
i) . tl tT‘L
m=0 (rOjO <r L —, (n+ 1)k

When equating (2.10) and (2.11) gives desired proof. O
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3. Degenerate unipoly-Genocchi polynomials and numbers

In this section, we define the degenerate unipoly-Genocchi polynomials by using the unipoly function
and derive some multifarious properties.

Let p be any arithmetic function which is a real or complex valued function defined on the set of
positive integers IN. Kim and Kim [24] defined the unipoly function attached to polynomials p(x) by

w(xlp) = Zp X", (k € Z).

Moreover,
o n

X .
we(x1) = Zl & = Lik(x), (see [12]),
is the ordinary polylogaritm function.
Now, we define the degenerate unipoly-Genocchi polynomials attached to polynomials p(x) by

_ (k) "
INOES b (log(1+1t)lp) ex(t) = HZ_O Graonp (%) - (3.1)
In case when x = 0, G(k;\ p= Gfik;)\ (0) are called the degenerate unipoly-Genocchi numbers attached to

n
p. If we take p(n) = (1 then we have

Z Gn]f)%(x)tf = ————eX(thuk <1og(1 +t)|r) — x(4) mz_l m

n'  ex(t)+1 eax(t)+1

— ~(1) o - log (1 +t 2t
> Gt (¥ = OS] t ) NO —eA(). (3.2)
n=0 m=1

n 1
( n\p(m+1)(m+1)!S;(1+1,m+1)
Gn]j,p(x) =) ) ( ) (m+1)k : 1+1 Gn1A(x).

Moreover,

L o/n 1 S(1+1,m+1)
Gn];)\ (x) = Z Z <1) (m+ 1)k—1 ! 1+1 Gn—I,A(X)-

ey ex(t)+1
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m+ og(1 + 1))+

3
Il

||
I\’lg
"\'CS

pm+1)(m+1)!
(m+1)k

0 l
> 311m+1)U

l=m-+1

= S eX(t)

3
I

S

=l
_|_

—_
M8

pm+1)(m+1)! i Sil+1,m+1)tt
(m+1)k 1+1 Al

—

ex(t

M 198

ex(t)+1

00 i
= Z Gn,?\ (X) 7'
n 1

LS - z(zz(

1=0 m=0

Z pm+1)(m+1D!S1(1+1,m+1)
(m+1)k 1+1 U’

1

vg

n!’

p(m+1) (m+1)!51(1+1,m—|—1)G ) t
(m+1)k 1+1 n—LA

Therefore, by comparing the coefficients of the same powers in t of above equation and (2.1), we obtain
the desired result. O

Theorem 3.2. For n > 0 and k € Z, we have

Z( ) m?\'p )nfm,?\-

m=0
Proof. Recalling from (3.1) that
> (k) o 2
T; G\ o (X)a = muk(log(l +t)lplex(t)
_ 2ui (log(1+t)lp) ¢ t"
N ex(t)+1 nZ_O(x)nAn!
— Z Gm,?\,p m' ( )n)\ I
m=0 n=
o0 n
n (k) tn
LHS = Z (Z <m>Gm7\p( In m;\) '
n=0 \m=0
By comparing the coefficients of 15, we complete the proof. O

Theorem 3.3. For n > 0 and k € Z, we have
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> t t pm+1m! & t!
=) Dng) Gingy X T 2 Sy
n=0 j=0 m=0 l=m
0 0 i 00 1
tm v p(m+1)m! t!
= an G AT Sl(llm)i
Z [ AT Z Z k !
n=0 - j=0 )* 120 m=0 (m+1) u
o mn %) 1
n tm p(m+1)m! t!
=3 3 (T)onGiaty X Y P s amy,
n=0j=0 1=0 m=0

Thus, we complete the proof of this theorem. O

4. Conclusion

In this paper, we studied the degenerate polyexponential-Genocchi numbers and polynomials and de-
rived explicit expressions and some identity involving them. In more detail, we obtained an expression of
the degenerate polyexponential-Genocchi polynomials in terms of the degenerate Bernoulli polynomials
and Stirling numbers of the first kind. We also deduced an expression of the degenerate polyexponential-
Genocchi numbers in terms of the degenerate Bernoulli numbers and values of higher-order Bernoulli
polynomials at zero. Also, we derived an identity involving the degenerate polyexponential-Bernoulli
numbers, degenerate Stirling numbers of the second kind, and the degenerate Genocchi numbers. In the
last section, we defined degenerate unipoly-Genocchi polynomials attached to arithmetic function by us-
ing the modified polyexponential function and obtained the identity degenerate unipoly-Genocchi num-
bers and polynomials in terms of Stirlings numbers of the first kind and Daehee numbers and Bernoulli
numbers.
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