
J. Math. Computer Sci., 22 (2021), 333–346

Online: ISSN 2008-949X

Journal Homepage: www.isr-publications.com/jmcs

A note on modified Hermite matrix polynomials

Virender Singha, Mumtaz Ahmad Khanb, Abdul Hakim Khanb, Kottakkaran Sooppy Nisarc,∗

aDepartment of Applied Mathematics, Galgotias college of Engineering and Technology, Greater Noida, Uttar Pradesh-201306, India.
bDepartment of Applied Mathematics, Faculty of Engineering and Technology, Aligarh Muslim University, Aligarh-202002, India.
cDepartment of Mathematics, College of Arts and Sciences, Wadi Aldawaser, Prince Sattam bin Abdulaziz University, 11991, Saudi
Arabia.

Abstract
The main aim of this paper is to investigate the modified Hermite matrix polynomials MH n(ζ1, λ; A ) by finding some

important results such as generating functions, recurrence relations, Rodrigues formula, orthogonality conditions, expansion
formula, integrals, fractional integrals, fractional derivatives and some other properties.
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1. Introduction and preliminaries

An opening explanation to the class of Hermite matrix polynomials H n(ζ1; A ) and some basic prop-
erties have been considered in [2, 4–7, 10, 11, 13, 22, 23]. A comprehensive view on Hermite matrix
polynomials are given in [12, 26–29]. Jódar and co-authors established the classical families of Hermite
matrix polynomials H n(ζ1; A ) defined by

exp(ζ1z
√

2A − z2I) =
∑
n>0

H n(ζ1; A )zn

n!
,

where

H n(ζ1; A ) =

[n2 ]∑
k=0

(−1)kn!(ζ1
√

2A )n−2k

k!(n− 2k)!
, n > 0,

where A is a +ve stable matrix in the complex space CN×N of all square matrices of common order N
which appear as a finite series solution of second order matrix differential equation y

′′
− ζ1A y

′
+nA y =
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0, for a matrix A in CN×N whose eigenvalues are all in the right open half plane. It has been given by
Defez and Jódar [1, 4] the matrices A (k,n) and B(k,n) in CN×N where n > 0, k > 0, the following
relations are satisfied, ∑

n>0

∑
k>0

A (k,n) =
∑
n>0

[n/2]∑
k=0

A (k,n− 2k),

and ∞∑
n=0

∞∑
k=0

B(k,n) =
∞∑
n=0

n∑
k=0

B(k,n− k). (1.1)

Similarly, we can write

∞∑
n=0

[n/2]∑
k=0

A (k,n) =
∞∑
n=0

∞∑
k=0

A (k,n+ 2k),

∞∑
n=0

n∑
k=0

B(k,n) =
∞∑
n=0

[n/2]∑
k=0

B(k,n− k),

∞∑
n=0

n∑
k=0

A (k,n) =
∞∑
n=0

∞∑
k=0

A (k,n+ k).

Also, if A +nI is invertible for every integer n > 0, then form [9]. The matrix version of the Pochhammer
symbol is

(A )n = Γ(A +nI)Γ(A )−1,

(A )n =

{
I, if n = 0
A (A + I)(A + 2I) · · · (A + (n− 1)I), if n = 1, 2, · · · .

(1.2)

From (1.2), it is easy to calculate that

(A )n−k = (−1)k(A )n(I−A −nI)k
−1; 0 6 k 6 n.

From [25, pp-58], one can obtain

(−1)k

(n− k)!
I =

(−n)k
n!

I =
(−nI)k
n!

; 0 6 k 6 n,

if A +nI, B +nI, and A +B +nI all are invertible

β(A , B) =
Γ(A )Γ(B)

Γ(A +B)
; 0 6 k 6 n,

where β(A , B) denotes beta matrix function for the pair A , B. The hypergeometric matrix function
F(A , B; C ; z) has been given in the form [9, 14] for matrix A , B, and C in CN×N such that C + nI is
invertible for all integer n > 0,

F(A , B; C ; z) =
∑
n>0

(A )n(B)n
(C )nn!

zn,

it converges for |z| < 1, for any matrix A in CN×N we will make use of the following relation due to [9],

(1 − ζ1)
−A =

∑
n>0

(A )nζ
n
1

n!
; |ζ1| < 1.

For more details about various type of polynomials and its properties, one can be referred to [15, 16,
18–20, 24, 31].
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The paper is organized as follows. In Section 2, we collect the definition of the modified Hermite
matrix polynomials and some properties. In Section 3, the generating functions for MH n(ζ1; λ; A ) are
introduced. In Sections 4, 5, and 6 we find recurrence relations, hypergeometric form and Rodrigues
formula for the modified Hermite matrix polynomials. In Sections 7, 8, and 9, we obtain orthogonality,
expansion of polynomials and some integral representation for MH n(ζ1; λ; A ). Finally in Section 10, we
present fractional integrals and derivatives for modified Hermite matrix polynomials.

2. The Definition of MH n(ζ1;λ; A )

The modified Hermite matrix polynomials MH n(ζ1; λ; A ) can be obtained by means of generating
relation

λ(ζ1z
√

2A −z2I) =

∞∑
n=0

MH n(ζ1; λ; A )zn

n!
, λ > 0, λ 6= 1. (2.1)

Using equation (2.1), we have

MH n(ζ1; λ; A ) =

[n/2]∑
k=0

(−1)kn!(ζ1
√

2A )n−2k(lnλ)n−k

k!(n− 2k)!
,

for λ = e, it reduces to Hermite Matrix polynomials H n(ζ1, A ) which have been considered by Jódar’s
and Company [7]. In equation (2.1), if we replace ζ1 by −ζ1 and z by −z left hand side of the equation
(2.1) does not change, so

MH n(ζ1; λ; A ) = (−1)nMH n(ζ1; λ; A ).

It shows that MH n(ζ1; λ; A ) is an odd function of ζ1 for odd n, an even function of ζ1 for even n. Also

MH2n(0; λ; A ) = (−1)n22n
(1

2

)
n
(ln λ)n, MH2n+1(0; λ; A ) = 0,

and

MH
′

2n+1(0; λ; A ) = (−1)n22n
(3

2

)
n

√
2A (ln λ)n+1, MH

′
2n(0; λ; A ) = 0.

The first few modified Hermite matrix polynomials are

MH 0(ζ1; λ; A ) = I,

MH 1(ζ1; λ; A ) = ζ1
√

2A (ln λ),

MH 2(ζ1; λ; A ) = (ζ1
√

2A )2(ln λ)2 − 2(ln λ)I,

MH 3(ζ1; λ; A ) = (ζ1
√

2A )3(ln λ)3 − 6(ζ1
√

2A )(ln λ)2,

MH 4(ζ1; λ; A ) = (ζ1
√

2A )4(ln λ)4 − 12(ζ1
√

2A )2(ln λ)3 + 12 ln λI,

MH 5(ζ1; λ; A ) = (ζ1
√

2A )5(ln λ)5 − 20(ζ1
√

2A )3(ln λ)4 + 60(ζ1
√

2A )(ln λ)3,

MH 6(ζ1; λ; A ) = (ζ1
√

2A )6(ln λ)6 − 30(ζ1
√

2A )4(ln λ)5 + 180(ζ1
√

2A )2(ln λ)4 − 120(ln λ)3I.

3. Generating function for MH n(ζ1;λ; A )

In this section, we give the following generating functions.
Brafman type generating function

∞∑
n=0

(c)nMH n(ζ1; λ; A )zn

n!
= (1 − ζ1z

√
2A ln λ)

−c
2F0

[
c
2 , c+1

2 ;
−;

−4z2 lnλ
(1−ζ1z

√
2A lnλ)2

]
. (3.1)
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Bilinear generating function

∞∑
n=0

MH n(ζ1; λ; A )MH n(ζ2; λ; A )zn

n!
= (1 − 4z2 ln λ)

− 1
2λ

2A z lnλ(ζ1ζ2−ζ
2
1z lnλ−ζ2

2z)

(1−4z2 lnλ) . (3.2)

Other generating functions:
Some other generating functions are as follows:

∞∑
n=0

MH n+k(ζ1; λ; A )zn

n!
= λζ1z

√
2A −z2I

MH k(ζ1 − (2A −1)
1
2 z; λ; A ), (3.3)

∞∑
n=0

2F0[−n, c;−; ζ2]MH n(ζ1; λ; A )zn

n!
= λζ1z

√
2A −z2I(1 + ζ2z

√
2A (ζ1 −

√
2A −1))

−c

× 2F0

[
c
2 , c+1

2 ;
−;

−4ζ2
2z

2 lnλ
(1+ζ2z

√
2A lnλ(ζ1−

√
2A −1))2

]
, (3.4)

∞∑
n=0

(−1)nMH 2n(ζ1; λ; A )zn

(2n)!
= λz cos(ζ1 ln λ

√
2A z), (3.5)

∞∑
n=0

(−1)nMH 2n+1(ζ1; λ; A )zn

(2n+ 1)!
= z−

1
2λz sin(ζ1 ln λ

√
2A z),

∞∑
n=0

MH 2n(ζ1; λ; A )z2n

(2n)!
= λ−z2

cosh(ζ1z ln λ
√

2A ),

∞∑
n=0

MH 2n+1(ζ1; λ; A )z2n+1

(2n+ 1)!
= λ−z2

sinh(ζ1z ln λ
√

2A ),

∞∑
n=0

(c)nMH 2n(ζ1; λ; A )z2n

(2n)!
= (1 + z2 ln λ)−c1F1

[
c;

1
2

;
ζ2

1z
2(ln λ)2(

√
2A )2

4(1 + z2 ln λ)

]
.

Proof of (3.1).

∞∑
n=0

(c)nMH n(ζ1; λ; A )zn

n!
=

∞∑
n=0

[n/2]∑
k=0

(−1)k(c)n(ζ1
√

2A )n−2k(ln λ)n−kzn

k!(n− 2k)!

=

∞∑
n=0

∞∑
k=0

(−1)k(c)n+2k(ζ1
√

2A )n(ln λ)n+kzn+2k

k!n!

=

∞∑
k=0

∞∑
n=0

(c+ 2k)n(ζ1
√

2A ln λz)n(−1)k(c)2k(ln λz2)k

n!k!

= (1 − ζ1z
√

2A ln λ)
−c

2F0

[
c
2 , c+1

2 ;
−;

−4z2 lnλ
(1−ζ1z

√
2A lnλ)2

]
.

Hence the proof of (3.1).

Proff of (3.2).

∞∑
n=0

MH n(ζ1; λ; A )MH n(y; λ; A )zn

n!
=

∞∑
n=0

[n/2]∑
k=0

(−1)k(ζ1
√

2A )n−2k(ln λ)n−kMH n(y; λ; A )zn

k!(n− 2k)!
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=

∞∑
n=0

∞∑
k=0

(−1)k(ζ1
√

2A )n(ln λ)n+kMH n+2k(ζ2; λ; A )zn+2k

k!n!

=

∞∑
n=0

∞∑
k=0

(ζ1
√

2A z ln λ)nMH n+2k(y; λ; A )(−1)k(ln λ)kz2k

n!k!
.

Now using the equation (3.3), we have

=

∞∑
k=0

λ(2A ζ1ζ2z lnλ−2A ζ2
1z

2(lnλ)2)
MH 2k(ζ2 − 2ζ1z ln λ; λ; A )(−1)kz2k(ln λ)k

k!

= (1 − 4z2ln λ2)
− 1

2λ(2A ζ1ζ2z lnλ−2A ζ2
1z

2(lnλ)2)λ
z2lnλ2(ζ2

√
2A−2ζ1z

√
2A lnλ)2

(1−4z2lnλ2)

= (1 − 4z2ln λ2)
− 1

2λ
2A z lnλ(ζ1ζ2−ζ

2
1z lnλ−ζ2

2z)

(1−4z2lnλ2) .

Hence, we obtain the result of (3.2).

Proof of (3.3).

∞∑
k=0

∞∑
n=0

MH n+k(ζ1; λ; A )znvk

n!k!
=

∞∑
n=0

n∑
k=0

MH n(ζ1; λ; A )zn−kvk

(n− k)!k!

=

∞∑
n=0

MH n(ζ1; λ; A )(z + v)n

n!

= λ[ζ1(z+v)
√

2A −(z+v)2I]

= λζ1z
√

2A −z2I
∞∑
k=0

MH k(ζ1 − (2A −1)
1
2 z; λ; A )vk

k!
.

By equating the coefficients of v
k

k! we have,

∞∑
n=0

MH n+k(ζ1; λ; A )zn

n!
= λζ1z

√
2A −z2I

MH k(ζ1 − (2A −1)
1
2 z; λ; A ),

therefor the result.

Proof of (3.4). When applying equation (3.3) to any known generating relation and obtain a new result.

∞∑
k=0

(c)kMH k(ζ1 − (2A −1)
1
2 z; λ; A )(−zy)k

k!
=

∞∑
k=0

∞∑
n=0

(c)kλ
−ζ1z

√
2A +z2I

MH n+k(ζ1; λ; A )(−zy)kzn

n!k!

= λ−ζ1z
√

2A +z2I
∞∑
n=0

n∑
k=0

(−1)k(c)kζk2MH n(ζ1; λ; A )zn

k!(n− k)!

= λ−ζ1z
√

2A +z2I
∞∑
n=0

2F0(−n, c;−; ζ2)MH n(ζ1; λ; A )zn

n!
,

using (3.1), then

∞∑
n=0

2F0[−n, c;−; ζ2]MH n(ζ1; λ; A )zn

n!
= λζ1z

√
2A −z2I(1 + ζ2z

√
2A (ζ1 −

√
2A −1))

−c
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× 2F0

[
c
2 , c+1

2 ;
−;

−4ζ2
2z

2 lnλ
(1+ζ2z

√
2A lnλ(ζ1−

√
2A −1))2

]
.

Hence proved.

Proof of (3.5).

∞∑
n=0

(−1)nMH 2n(ζ1; λ; A )zn

(2n)!
=

∞∑
n=0

n∑
k=0

(−1)n+k(ζ1
√

2A )2n−2k(ln λ)2n−kzn

k!(2n− 2k)!

=

∞∑
n=0

∞∑
k=0

(−1)n+2k(ζ1
√

2A )2n(ln λ)2n+kzn+k

k!(2n)!

= λz cos(ζ1 ln λ
√

2A z).

Similarly, we can prove the other results.

4. Recurrence relations of MH n(ζ1;λ; A )

The generating relation of MH n(ζ1; λ; A ) is

λ(ζ1z
√

2A −z2I) =

∞∑
n=0

MH n(ζ1; λ; A )zn

n!
, λ > 0, λ 6= 1.

Let
F = λ(ζ1z

√
2A −z2I),

then

∂F

∂ζ1
= λ(ζ1z

√
2A −z2I)(z

√
2A ) ln λ, (4.1)

∂F

∂z
= λ(ζ1z

√
2A −z2I)(ζ1

√
2A − 2zI) ln λ. (4.2)

Multiplying equation (4.1) by (ζ1
√

2A − 2zI) and equation (4.2) by (z
√

2A ) and subtracting

(ζ1
√

2A − 2zI)
∂F

∂ζ1
− (z
√

2A )
∂F

∂z
= 0,

∞∑
n=0

ζ1
√

2AMH n
′
(ζ1; λ; A )zn

n!
−

∞∑
n=0

2MH n
′
(ζ1; λ; A )zn+1

n!
−

∞∑
n=0

n
√

2AMH n(ζ1; λ; A )zn

n!
= 0.

Comparing the coefficient of zn

n! yields the recurrence relation

ζ1
√

2AMH n
′
(ζ1; λ; A ) − 2nMH n−1

′
(ζ1; λ; A ) = n

√
2AMH n(ζ1; λ; A ). (4.3)

Using ∂F
∂ζ1

,

∞∑
n=0

MH n
′
(ζ1; λ; A )zn

n!
=

∞∑
n=0

ln λ
√

2AMH n(ζ1; λ; A )zn+1

n!
=

∞∑
n=0

n ln λ
√

2AMH n−1(ζ1; λ; A )zn

n!
,

yields the recurrence relation

MH n
′
(ζ1; λ; A ) = n ln λ

√
2AMH n−1(ζ1; λ; A ). (4.4)
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By equation (4.4) and (4.3) we have the recurrence relation

2A ζ1 ln λMH n−1(ζ1; λ; A ) − 2(n− 1)
√

2A ln λMH n−2(ζ1; λ; A ) =
√

2AMH n(ζ1; λ; A ). (4.5)

Replacing n by n+ 1 in (4.5), to obtain the three terms recurrence relations in the form

MH n+1(ζ1; λ; A ) =
√

2A ζ1 ln λMH n(ζ1; λ; A ) − 2(n) ln λMH n−1(ζ1; λ; A ). (4.6)

Also,
MH n

′′
(ζ1; λ; A ) = n(n− 1)(ln λ

√
2A )2

MH n−2(ζ1; λ; A ), (4.7)

using (4.5) in (4.7) yields the modified Hermite matrix differential equation

MH n
′′
(ζ1; λ; A ) − ζ1A ln λMH n

′
(ζ1; λ; A ) +nA ln λMH n(ζ1; λ; A ) = 0. (4.8)

5. Rodrigues formula for MH n(ζ1;λ; A )

The Rodrigues formula for the modified Hermite matrix polynomials MH n(ζ1; λ; A ) is given by the
following relation,

MH n(ζ1; λ; A ) = (−1)n
(A

2

)−n
2
λ
ζ2

1A

2 Dn
(
λ−

ζ2
1A

2

)
. (5.1)

The proof of (5.1) is as

λ(ζ1z
√

2A −z2I) =

∞∑
n=0

MH n(ζ1; λ; A )zn

n!
.

Using the Maclaurin’s theorem

MH n(ζ1; λ; A ) =
[ dn
dzn

λ(ζ1z
√

2A −z2I)
]
z=0

=
(
λ
ζ2

1A

2

)[ dn
dzn

λ−
A
2 (ζ1−

√
(2A −1)z)2

]
z=0

.

Now put (ζ1 −
√

(2A −1)z) = w,

=
(
λ
ζ2

1A

2

)
(−1)n

(A

2

)−n
2

[
dn

dwn
λ−

A
2 w

2

]
w=ζ1

,

when w = ζ1, where d
dζ1

= D,

MH n(ζ1; λ; A ) = (−1)n
(A

2

)−n
2
λ
ζ2

1A

2 Dn
(
λ−

ζ2
1A

2

)
.

Hence the proof of Rodrigues formula.

6. Hypergeometric form of MH n(ζ1;λ; A )

MH n(ζ1; λ; A ) =

[n/2]∑
k=0

(−1)kn!(ζ1
√

2A )n−2k(ln λ)n−k

k!(n− 2k)!

=

[n/2]∑
k=0

(−1)k(−n)2k(ζ1
√

2A )n−2k(ln λ)n−k

k!

= (ζ1
√

2A ln λ)n2F0

[
−n2 ,−n+1

2 ;
−;

−2
A ζ2

1 lnλ

]
.
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7. Orthogonality of MH n(ζ1;λ; A )

The differential equation of MH n(ζ1; λ; A ) is given by equation (4.8),

MH n
′′
(ζ1; λ; A ) − ζ1A ln λMH n

′
(ζ1; λ; A ) +nA ln λMH n(ζ1; λ; A ) = 0,

which may be written as(
λ−

ζ2
1A

2 MH n
′
(ζ1; λ; A )

) ′
+nA ln λ

(
λ−

ζ2
1A

2

)
MH n(ζ1; λ; A ) = 0. (7.1)

Along with above equation (7.1) write(
λ−

ζ2
1A

2 MH m
′
(ζ1; λ; A )

) ′
+mA ln λ

(
λ−

ζ2
1A

2

)
MH n(ζ1; λ; A ) = 0. (7.2)

Combining (7.1) and (7.2), we obtain

(n−m)A ln λ
(
λ−

ζ2
1A

2

)
MH n(ζ1; λ; A )MH m(ζ1; λ; A )

=

[
λ−

ζ2
1A

2 (MH n(ζ1; λ; A )MH m
′
(ζ1; λ; A ) −MH n

′
(ζ1; λ; A )MH m(ζ1; λ; A ))

] ′
.

It follows that

(n−m)A ln λ
∫b
a

(
λ−

ζ2
1A

2

)
MH n(ζ1; λ; A )MH m(ζ1; λ; A )dζ1

=

[
λ−

ζ2
1A

2 (MH n(ζ1; λ; A )MH m
′
(ζ1; λ; A ) −MH n

′
(ζ1; λ; A )MH m(ζ1; λ; A ))

]b
a

.

Since the product of any polynomials in ζ1 by λ−
ζ2

1A

2 → 0 as ζ1 →∞ or ζ1 → −∞, we may conclude that∫∞
−∞
(
λ−

ζ2
1A

2

)
MH n(ζ1; λ; A )MH m(ζ1; λ; A )dζ1 = 0; for m 6= n.

Now for m = n we have

λ(ζ1z
√

2A −z2I) =

∞∑
m=0

MH m(ζ1; λ; A )zm

m!
,

λ(2ζ1z
√

2A −2z2I) =

∞∑
m=0

∞∑
k=0

MH m(ζ1; λ; A )MH k(ζ1; λ; A )zm+k

m!k!

=

∞∑
m=0

m∑
k=0

MH m−k(ζ1; λ; A )MH k(ζ1; λ; A )zm

(m− k)!k!
.

∫∞
−∞ λ(2ζ1z

√
2A −2z2I−

ζ2
1A

2 )dζ1 =

∞∑
m=0

m∑
k=0

∫∞
−∞

λ−
ζ2

1A

2 MH m−k(ζ1; λ; A )MH k(ζ1; λ; A )zm

(m− k)!k!
dζ1,

λ2z2I

∫∞
−∞ λ(2ζ1z

√
2A −4z2I−

ζ2
1A

2 )dζ1 =

∞∑
n=0

∫∞
−∞

λ−
ζ2

1A

2 MH n
2(ζ1; λ; A )z2n

(n)2!
dζ1,

λ2z2I

∫∞
−∞ λ

A
2 (ζ1I−2

√
2A −1z)2

dζ1 =

∞∑
n=0

∫∞
−∞

λ−
ζ2

1A

2 MH n
2(ζ1; λ; A )z2n

(n)2!
dζ1,
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√
2πA −1

ln λ

∞∑
n=0

2n(ln λ)nz2n

n!
=

∞∑
n=0

∫∞
−∞

λ−
ζ2

1A

2 MH n
2(ζ1; λ; A )z2n

(n)2!
dζ1.

So ∫∞
−∞ λ−

ζ2
1A

2 MH n
2(ζ1; λ; A )dζ1 = 2n(ln λ)nn!

√
2πA −1

ln λ
.

Hence, the orthogonality condition for Modified Hermite Matrix polynomials MH n(ζ1; λ; A ) is as fol-
lows ∫+∞

−∞ λ−
ζ2

1A

2 MH n(ζ1; λ; A )MH m(ζ1; λ; A )dζ1 =

{
0, if m 6= n

2n(ln λ)nn!
√

2πA −1

lnλ , if m = n.
.

Theorem 7.1. For the modified Hermite matrix polynomials MH n(ζ1; λ; A ),

(a) ∫+∞
−∞ λ−

ζ2
1A

2 ζk1MH n(ζ1; λ; A )dζ1 = 0; for k = 0, 1, 2, · · · (n− 1);

(b) the zeros of MH n(ζ1; λ; A ) are real and distinct;
(c) the Christoffel-Darboux formula of summation is

n∑
k=0

MH k(ζ1; λ; A )MH k(ζ1; λ; A )

k!2k(ln λ)k

=
MH n+1(ζ2; λ; A )MH n(ζ1; λ; A ) −MH n+1(ζ1; λ; A )MH n(ζ2; λ; A )(

√
2A )−1

n!2n(ln λ)n+1 .

Proof. The proof of parts (a) and (b) are straightforward. Hence we omit the details.

Proof of (c): Using the equation (4.6)

MH k+1(ζ1; λ; A ) =
√

2A ζ1 ln λMH k(ζ1; λ; A ) − 2(k) ln λMH k−1(ζ1; λ; A ).

Now, multiplying by MH k(ζ2;λ;A )
k!2k+1 , yield the equation

MH k+1(ζ1; λ; A )MH k(ζ2; λ; A )

k!2k+1 =
√

2A ζ1 ln λM
H k(ζ1; λ; A )MH k(ζ2; λ; A )

k!2k+1

− 2(k) ln λM
H k−1(ζ1; λ; A )MH k(ζ2; λ; A )

k!2k+1 .
(7.3)

Interchanging ζ1 and ζ2, yield the equation

MH k+1(ζ2; λ; A )MH k(ζ1; λ; A )

k!2k+1 =
√

2A ζ2 ln λM
H k(ζ2; λ; A )MH k(ζ1; λ; A )

k!2k+1

− 2(k) ln λM
H k−1(ζ2; λ; A )MH k(ζ1; λ; A )

k!2k+1 . (7.4)

Subtracting the equation (7.3) from (7.4) and putting k = 0, 1, 2, . . . ,n, yields the result.

8. Expansion of polynomials

Any polynomials can be expended in a series of modified Hermite matrix polynomials and the coef-
ficients can be determined as

ζn1 =

[n/2]∑
k=0

n!(2A )−n/2
MH n−2k(ζ1; λ; A )(ln λ)k−n

k!(n− 2k)!
. (8.1)
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Expansion of the Legender matrix polynomials in a series of MH n(ζ1; λ; A ) is

Pn(ζ1, A ) =

[n/2]∑
k=0

(−1)k
(

1
2

)
n−k

(ln λ)2k−n
MH n−2k(ζ1; λ; A )

k!(n− 2k)! 2F0

[
− k,

1
2
+n− k;−;

1
ln λ

]
. (8.2)

Expansion of the modified Hermite matrix polynomials in a series of Legender matrix polynomials is

MH n(ζ1; λ; A ) =

[n/2]∑
k=0

(−1)kn!(2n− 4k+ 1)(ln λ)n−kPn−2k(ζ1, A )

k!
(

3
2

)
n−2k

1F1

[
− k;

3
2
+n− 2k; ln λ

]
. (8.3)

Expansion of modified Hermite matrix polynomials in a series of Laguerre matrix polynomials is

MH n(ζ1; λ; A ) = (A + I)n(
√

2A ln λ)n
n∑
s=0

(−n)s[(A + I)s]
−1

× 2F2

[
−

(n−s)I
2 ,− (n−s−1)I

2 ;
−

(A +nI)
2 ,− (A +(n−1)I)

2 ;
− 1

2A lnλ

]
LA
s (ζ1).

Proof of (8.2). Consider the series of Legender matrix polynomials form [17, 30, 33],

∞∑
n=0

Pn(ζ1, A )zn =

∞∑
n=0

[n/2]∑
k=0

(−1)k( 1
2)n−k(ζ1

√
2A )n−2kzn

k!(n− 2k)!
.

Using equation (8.1), we may write

∞∑
n=0

Pn(ζ1, A )zn =

∞∑
n=0

∞∑
k=0

[n/2]∑
s=0

(−1)k( 1
2)n+kMH n−2s(ζ1; λ; A )(ln λ)s−nzn+2k

k!s!(n− 2k)!

=

∞∑
n=0

∞∑
k=0

k∑
s=0

(−1)k−s( 1
2)n+k+sMH n(ζ1; λ; A )(ln λ)−(n+s)zn+2k

(k− s)!s!n!

=

∞∑
n=0

∞∑
k=0

(−1)k( 1
2)n+kMH n(ζ1; λ; A )(ln λ)−(n)zn+2k

k!n! 2F0

[
− k,

1
2
+n+ k;−;

1
ln λ

]
.

Using the equation (1.1),

=

∞∑
n=0

[n/2]∑
k=0

(−1)k( 1
2)n−kMH n−2k(ζ1; λ; A )(ln λ)−n+2kzn

k!(n− 2k)! 2F0

[
− k,

1
2
+n+ k;−;

1
ln λ

]
.

Hence, the final result is

Pn(ζ1, A ) =

[n/2]∑
k=0

(−1)k
(

1
2

)
n−k

(ln λ)2k−n
MH n−2k(ζ1; λ; A )

k!(n− 2k)! 2F0

[
− k,

1
2
+n− k;−;

1
ln λ

]
.

Proof of (8.3). Now, from [8, 17, 30] we have

(ζ1
√

2A )n

n!
=

[n/2]∑
k=0

(2n− 4k+ 1)Pn−2k(ζ1, A )

k!
(

3
2

)
n−k

,
ζn1
n!

=

n∑
k=0

(−1)k(I+A )n[(I+A )k]
−1LA

k (ζ1)

(n− k)!
.
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Using this in the series

∞∑
n=0

MH n(ζ1; λ; A )zn

n!
=

∞∑
n=0

[n/2]∑
k=0

(−1)k(ζ1
√

2A )n−2k(ln λ)n−kzn

k!(n− 2k)!
,

we get the other results.

9. Integral representation

Several integral involving modified Hermite matrix polynomials MH n(ζ1; λ; A ) are as follows.

Pn(ζ1, A ) =
2
n!

√
ln λ
π

∫∞
0
λ−z2

znMH n(ζ1z; λ; A )dz.

∫∞
−∞ λ

−z2A
2 znMH n(ζ1z; λ; A )dz = 2n!

√
π

ln λ

[n/2]∑
k=0

(−1)k(ζ1
√

2A )n−2k(2/A )n−k+1/2(1/2)n−k
k!(n− 2k)!

.

MH n(ζ1; λ; A ) = (2 ln λ)n+1λζ
2
1

∫∞
ζ1

λ−z2
zn+1Pn(ζ1/z, A )dz.∫∞

−∞ λ
−ζ2

1A

2 ζn1 MH n−2k(ζ1; λ; A )dζ1 =
(
√

2A )−2kn!
k!(ln λ)k

√
2πA −1

ln λ
.∫ζ1

0
λ

−z2A
2 MH n(z; λ; A )dz =

√
2A −1

[
MH n−1(0; λ; A ) − λ

−ζ2
1A

2 MH n−1(ζ1; λ; A )

]
.∫∞

0
λ

−ζ2
1A

2 MH 2k(ζ1; λ; A )MH 2s+1(ζ1; λ; A )dζ1

=
(−1)k+s22(k+s)

(
A
2

)−1/2(
1
2

)
k

(
3
2

)
s
(ln λ)k+s

1 + 2s− 2k
.∫ζ1

0
MH n(z; λ; A )dz =

√
2A

−1

(n+ 1) ln λ

[
MH n+1(ζ1; λ; A ) −MH n+1(0; λ; A )

]
.

∫∞
−∞ λ

−z2A
2 MH 2n(ζ1z; λ; A )dz =

(2n)!
√
π
(

A
2

)−1/2
(ln λ)n−1/2(ζ2

1 − 1)n

n!
.∫∞

−∞ zλ
−z2A

2 MH 2n+1(ζ1z; λ; A )dz =
(2n+ 1)!A −1√π(ln λ)n−1/2ζ1(ζ

2
1 − 1)n

n!
.∫∞

−∞ znλ−z2
MH n(ζ1z; λ; A )dz =

n!
√
π√

ln λ
Pn(ζ1, A ).

∫∞
−∞ λ

−ζ2
1A

2 MH 2n(
√

2ζ1; λ; A )dζ1 =
(2n)!

√
π
(

A
2

)−1/2
(ln λ)n−1/2

n!
.∫∞

−∞ λ
−ζ2

1A

2 MH 2n+1(
√

2ζ1; λ; A )dζ1 = 0.

λ
−ζ2

1A

2 =
2
√

ln λ√
π

∫∞
0
λ−z2

Cos(ζ1z ln λ
√

2A )dz.

MH 2n(ζ1; λ; A ) =
(−1)n22n+1(ln λ)2n+1/2

√
π

∫∞
0
λ−z2

z2nCos(ζ1z ln λ
√

2A )dz.

MH 2n+1(ζ1; λ; A ) =
(−1)n22n+2(ln λ)2n+1

√
π

∫∞
0
λ−z2

z2n+1Sin(ζ1z ln λ
√

2A )dz.
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Γ(nI+A + I)

∫+1

−1
(1 − z2)A −I/2

MH 2n(
√

2A −1ζ1z; λ; A )dz

= (−1)n
√
π(2n)!(ln λ)nΓ(A + I/2)L(A ,lnλ)

n (ζ1).

Γ(nI+A + I)

∫+ 1√
lnλ

− 1√
lnλ

(1 − z2 ln λ)A −I/2
MH 2n(

√
2A −1ζ1z; λ; A )dz

= (−1)n
√
π(2n)!(ln λ)n−1/2Γ(A + I/2)L(A )

n (ζ1).

Where L(A )
n (ζ1) is the Laguerre matrix polynomials see [21].

10. Fractional integrals and derivatives of MH n(ζ1;λ; A )

By using the definitions of fractional integrals and fractional derivatives given in [32], we have obtained
the following fractional integrals and fractional derivatives for modified Hermite matrix polynomials
MH n(ζ1; λ; A ) given as,

Iµ {MH n(ζ1; λ; A )} =
MH n+µ(ζ1; λ; A )

(1 +n)µ(
√

2A ln λ)µ
,

the Riemann-Liouville left side fractional integral:

aI
α
ζ1
{MH n(ζ1 − a; λ; A )} =

MH n+α(ζ1 − a; λ; A )

(1 +n)α(
√

2A ln λ)α
,

the Riemann-Liouville right side fractional integral:

ζ1I
α
c {MH n(c− ζ1; λ; A )} =

MH n+α(c− ζ1; λ; A )

(1 +n)α(
√

2A ln λ)α
,

the Weyl integral of MH n(ζ1; λ; A ) of order α:

ζ1W
α∞ {MH n(ζ1; λ; A )} =

(−1)αMH n+α(ζ1; λ; A )

(1 +n)α(
√

2A ln λ)α
,

the Erdelyi-Kober operator of first kind for MH n(ζ1; λ; A ):

I[α,η,MH n(ζ1; λ; A )] =
(
√

2A ζ1 ln λ)n

(1 +n+ η)α
4F2

[
∆(2,−n),∆(2,−α−n− η);

∆(2,−n− η);
−2A −1

ζ2
1 lnλ

]
,

the Erdelyi-Kober operator of second kind for MH n(ζ1; λ; A ):

I[α,η,MH n(ζ1; λ; A )] =
(
√

2A ζ1 ln λ)n

(1 −n+ η)α
4F2

[
∆(2,−n+ η),∆(2,−n+ η+ 1);

∆(2,−n+ η+α);
−2A −1

ζ2
1 lnλ

]
,

the Saigo integral operator of first kind:

I
α,β,η
0+ {MH n(ζ1; λ; A )} =

(
√

2A ln λ)nΓ(1 +n)Γ(1 +n+ η−β)ζn−β1
Γ(1 +n−β)Γ(1 +n+ η+α)

× 4F2

[
∆(2,−n+β),∆(2,−n− η−α);

∆(2,−n− η+β);
−2A −1

ζ2
1 lnλ

]
,
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the Saigo integral operator of second kind:

I
α,β,η
0− {MH n(ζ1; λ; A )} =

(
√

2A ln λ)nΓ(1 −n)Γ(1 −n+ η−β)ζn−1
1

Γ(1 −n−β)Γ(1 −n+ η+α)

× 6F4

[
∆(2,−n),∆(2,−n+ 1),∆(2, 1 −n− η−β);
∆(2,−n−β+ 1),∆(2, 1 −n+α+ η);

−2A −1

ζ2
1 lnλ

]
,

the left sided Riemann-Liouville fractional derivative of order α:

aD
α
ζ1
{MH n(ζ1 − a; λ; A )} =

(
√

2A ln λ)αΓ(1 +n)

Γ(1 +n−α)
MH n−α(ζ1 − a; λ; A ),

the Right sided Riemann-Liouville fractional derivative of order α:

ζ1D
α
c {MH n(c− ζ1; λ; A )} =

(
√

2A ln λ)αΓ(1 +n)

Γ(1 +n−α)
MH n−α(c− ζ1; λ; A ),

the Weyl fractional derivative of order α:

ζ1D
α∞ {MH n(ζ1; λ; A )} = (−n)α(

√
2A ln λ)αMH n−α(ζ1; λ; A ).
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