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Abstract

The main aim of this paper is to investigate the modified Hermite matrix polynomials p.5¢n ({1, A; <7) by finding some
important results such as generating functions, recurrence relations, Rodrigues formula, orthogonality conditions, expansion
formula, integrals, fractional integrals, fractional derivatives and some other properties.
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1. Introduction and preliminaries

An opening explanation to the class of Hermite matrix polynomials .7 ((;; /) and some basic prop-
erties have been considered in [2, 4-7, 10, 11, 13, 22, 23]. A comprehensive view on Hermite matrix
polynomials are given in [12, 26-29]. Jédar and co-authors established the classical families of Hermite
matrix polynomials 7, ((y; </) defined by

exp(Gi3V2e/ —31) = ) M,

n!
n>0

where

, n=o0,

2 )*n!(Gv2e/ )2k
nlC e g K!(n —2k)!

where </ is a +ve stable matrix in the complex space CN*N of all square matrices of common order N
which appear as a finite series solution of second order matrix differential equationy” — {;.97y  +na/y =
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0, for a matrix &7 in CN*N whose eigenvalues are all in the right open half plane. It has been given by
Defez and Jédar [1, 4] the matrices 7 (k,n) and Z(k,n) in CN*N where n > 0, k > 0, the following
relations are satisfied,

n/2]
Y Y dkn)=) > #(kn-2k),
n>0k>0 n>0 k=0
and
0] e ¢] oo n
> ) Bkn)=) Y Blkn-—k. (1.1)
n=0k=0 n=0k=0
Similarly, we can write
oo [Mm/2] o o0
> d(kn)=> > o(kn+2k),
n=0 k=0 n=0k=0
o mn oo [n/2]
Y Y Bkn)=) Y Blkn-k),
n=0k=0 n=0 k=0
oo n o0 oo
> Y Akn)=> > dkn+k
n=0k=0 n=0k=0

Also, if &7 +nlis invertible for every integer n > 0, then form [9]. The matrix version of the Pochhammer
symbol is

() =T (o +nD)T (),

(%nz{; =0 (12)
(D) (A +21) - (A + (n—=1)T), ifn=1,2-.

From (1.2), it is easy to calculate that
(@)= (¥ )n(l-/ —nDi ™ 0<k<n
From [25, pp-58], one can obtain

(—1)* (), (=mDx
[= I= ; <k<mn,
(n—k)! ! ar o Osksnm
if @ +nl, +nl, and & + % +nl all are invertible
N \T(AB)
o == <k<n,
B(, A) "+ 2) 0 n

where (3(.«7, %) denotes beta matrix function for the pair <7, 4. The hypergeometric matrix function
F(a7, %;€;z) has been given in the form [9, 14] for matrix ./, %, and € in CNXN gych that € +nl is
invertible for all integer n > 0,

(A )n(BIn _n

Flof, B;6:2) = ) IR

n>0
it converges for |z| < 1, for any matrix </ in CN*N we will make use of the following relation due to [9],

1-a) =) CALUY Gl < 1.

n!
n>0

For more details about various type of polynomials and its properties, one can be referred to [15, 16,
18-20, 24, 31].
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The paper is organized as follows. In Section 2, we collect the definition of the modified Hermite
matrix polynomials and some properties. In Section 3, the generating functions for n.7#n ((1;A; @7) are
introduced. In Sections 4, 5, and 6 we find recurrence relations, hypergeometric form and Rodrigues
formula for the modified Hermite matrix polynomials. In Sections 7, 8, and 9, we obtain orthogonality,
expansion of polynomials and some integral representation for np.7#y ((1;A; 27). Finally in Section 10, we
present fractional integrals and derivatives for modified Hermite matrix polynomials.

2. The Definition of p 71 (L N )

The modified Hermite matrix polynomials n.#n((1;A;.27) can be obtained by means of generating
relation

A(C1avV2/—37T) _ Z M%“(i’; }\"%)3“, A >0, A#1 (2.1)

n=0

Using equation (2.1), we have

(n/2] _ _
(—D*n!(Gv2e)" 2 (InA)" K
Hon(lii N o) = kZO R TE—TT :

for A = e, it reduces to Hermite Matrix polynomials ¢ ((;,.2/) which have been considered by Jédar’s
and Company [7]. In equation (2.1), if we replace {; by —(; and 3 by —; left hand side of the equation
(2.1) does not change, so

Hn (N ) = (1) "MAn (G N, ).

It shows that pm 77+ ((1; A; <7) is an odd function of {; for odd n, an even function of {; for even n. Also

1
M (0% ) = (—1)"22 (5) (NN, om0 ) = 0,

n

and
/ 3 !
MmN ) = (—1)"22" (5) V2 (IN™, A (O3 = 0.

The first few modified Hermite matrix polynomials are

M0 (Ci N ) =

M1\ ) = Cl\ﬁ(lnx),

M2 (N ) = ((V247)*(InN)? —2(In )],

MA 3L ) = (LV2/) (InN)? — 6(81V247) (InA)?,

M4 ) = (V2 (InN)* — 12( V27 )2 (InA)? + 121n A,

MA5(L; A ) = (LV2/)°(InN)° —20(01 V247 ) (InA)* + 60(81V2.47) (In M),

Mjfﬁ(cl,x o) = ((V2)°(InN)® —30(¢41 V2 )* (InA)° + 180(¢1 V2.7 )2 (In A)* — 120(In A)°I

3. Generating function for p¢n (C1; A; &)

In this section, we give the following generating functions.
Brafman type generating function

00 _ c c+l1.
Z InmAn 51'7‘ " — (1-G3vV2e/InN) F | 27 27 ——shA ] (3.1)
O 7

(1—C13v/2 InA)?
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Bilinear generating function
0 . . 2675 InA(Cg Gp—C35InA—33)
Z M%n(C1/A/ %)A/E%H(CZI 7\/‘/(2{)3n — (1 _452 lnA)_%?\ : (1],42521,373\] = . (32)
= n!
Other generating functions:
Some other generating functions are as follows:
= X\ o
2 Ml SN TN _ \as275 (63— ot ), (3.3)
OO — LR A n _
Z ZFO[ n,c, /CZ]M;%TL(CL)\/«Q{B :AC15W_52I(1+C25@(C1_ del)) ¢
= n!
c c+l. 2.2
517 s —4053°In A
x2Fo s (+@sV2d A (G2 1)) (34)
Z Mt%ﬂ;igg')\ AL =N cos((1 InA\/2473), (3.5)
Z (=D)"MHA2n+1(C; N )™ _ 37%}\3 sin({ ln?u/%),
= 2n+1)!
x© - 2n
Z MA N SN A3 cosh(Z3 InAV24),
= (2n)!
et 2n+1
> M A on1(C N )5 = A¥sinh ({13 In AV2.47),
= (2n+1)!
e 2,2 InA 2 /2 of 2
Z nM%Zn C1/7\ JZ{) (1 +32 ln?\)_chl c; 1/_ 613 ( n ) ( )
2n)! 2" 4(1+43%InA)
n=0
Proof of (3.1).
00 oo [n/2] _ _
RCLNEANC L “Z (—1)*(e)n (G2 V272K (InA) 5™
n! k!(n —2k)!
n=0 n=0 k=0
_ i i (=1)*(e)nt2ic(G1v24/) ™ (In A2k
kin!
n=0k=0
_ i i (¢ +2K)n (C1v247 In A3)™ (1) (c)ox (In A5%)*
B n!k!
k=0n=0
57 1Ay C £, e, —452In A
= (1 - Clﬁ 252711’17\) 2F0 2 _? (1—(:15\2/2,71n)\)2
Hence the proof of (3.1). O

Proff of (3.2).

i MAn (G N VA (i s )3 i 2 ) (G2 ) R (I A R A (g A A )3

n! k!(n —2k)!

=~

n=0 k=0
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(=D)*(G V2 )M (In A MM A ok (Cos A; 7 )™ 26

M
Me

kin!
n=0k=0
B i i (GV2 3 In N M A o (Y; A ) (—1)F(InA) <52k
N n'k! ’

3
Il

o
i
o

Now using the equation (3.3), we have

2 N2F GG IN2 G NN ) s (0 — 203300 A 27 ) (—1) K524 (InA)

= k!
1 32 A2 (0o V2l —2013v247 InA)?
-1 —4321n 7\2)_77\(2427&1(:25ln?\72%(:%32(]n7\)2)}\ (1-4,2mA2)
1 2e73InA(8g G—023InA—335)
= (1—45°InA%) A (1-452In)\?)
Hence, we obtain the result of (3.2). O
Proof of (3.3).
ZZM%”nJrkCL?\JZf iimﬁﬂnﬁ,?\éz@nkk
1! 1!
k=0n=0 nikl n=0k=0 Tl k 'kl
_ i M n (A ) (5 + V)™
n!

n=0

— AlGGHv)v 24/ —(34+v)1]

_ ATty Ml = Qo i

k!
k=0

By equating the coefficients of 17 " we have,

o0 N AT
Z M%nJrk(nil/ ’ )3 _ }\Cl“)\/@fszIM%k(Cl _ (2,52771)%3; 7\;&27),
n=0 ’

therefor the result. O

Proof of (3.4). When applying equation (3.3) to any known generating relation and obtain a new result.

i ()M Al — 2 V)13 M.4)( Z Z CHATCIVITH (N ) (—3y) <™
= k! == nlk!
A (G N )™
— A (13V24+3%1 i 2
3 3

A= G3VET 4] Z 2Fo(—m, ¢;—; QIMAn (G A, )3T

n!
n=0

using (3.1), then

i ZFO[_n/ C,— CZ]M%n(Cl})\;%Bn _ }\Cm\/@—gzl(l + CZZW(CI _ 2M71))7c

n!
n=0



V. Singh, M. A. Khan, A. H. Khan, K. S. Nisar, ]. Math. Computer Sci., 22 (2021), 333-346 338

wop | 5 —4G35 I
270 p (14 C23v2 In A ({—V2/-1))2
Hence proved. 0

Proof of (3.5).

Z )" M A 2 (C1 N )™ i i (1" K (G V2P 2K (In AP
(2n)! - k!(2n —2k)!
n=0 n=0k=0
B i i (_1)n+2k(cl@)Zn(lnA)ZnJrkszrk
== k!(2n)!
= Mcos((1InA\/2473).
O
Similarly, we can prove the other results.
4. Recurrence relations of p 774w ({1 A, &)
The generating relation of m .7+ (C1; A; &) is
(G132 —321) _ = Me%ﬂn(CUA;vQ/)Zﬁn
INEE 3 _nZ—o - , A>0, A#1
Let
F — A(C3V27—5"])
then
aacF — AN@aV27=5D (332 57 ) In ), 4.1)
1
g; — A@VIT D) (¢ /27 — 231) InA. (4.2)
Multiplying equation (4.1) by ((1v24/ —231) and equation (4.2) by (3v/2.47) and subtracting
oF ~——. OF
(V2o 251)ﬁ—(3 2437)6*3:0,
Z V2 A (LN ) Z 2mAn (G N )™ i W2 M A (G A"
n! n! n! -
n=0 n=0 n=0
Comparing the coefficient of ‘% yields the recurrence relation
GV A (LN o) =M At (G N ) = W2 A (G ). (43)
Using %’
. n (G )™ In M2/ M (G )3 & nIn W2/ M1 (G N )™
Z n! Z n! B n! ’
n=0 n=0 n=0

yields the recurrence relation

0 (LN ) =nIn W2 M 1 (SN ). (4.4)
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By equation (4.4) and (4.3) we have the recurrence relation
2/ QMM A 1 (G N ) = 20 = DV2 InAM A 2 (Cu N ) = V2 M A n (G N ). (45)
Replacing n by n + 1 in (4.5), to obtain the three terms recurrence relations in the form
MA a1 (CuN ) = V2 G InAMA W (LN ) — 2(n) InAM A n 1 (G A; ). (4.6)
Also,
MAn" (LN ) = n(n =D (INAV27 )M n (LA ), (47)
using (4.5) in (4.7) yields the modified Hermite matrix differential equation
MA ' (CuN ) = G A A n (G0 ) + 1 INAM A n (G1; A, 7) = 0. (4.8)

5. Rodrigues formula for p 77 ((1; N; &)

The Rodrigues formula for the modified Hermite matrix polynomials np. 7+ (C1;A; #7) is given by the

following relation,

AN ) = (—1)" (%) )\—Dn@\_;")

The proof of (5.1) is as

N i MA (LN o )3"
o n!

Using the Maclaurin’s theorem

n czm n —
AN ) = [dx(cléﬂzzﬂh_o - <7\T) [ d% 2 (/2w 1)5)2]
3

Now put (3 —+/(2771);3)

when w = (;, where dicl =D,
-0 2g 20
AnCiNe) = (-0 (T) AT DM ).
Hence the proof of Rodrigues formula.

6. Hypergeometric form of p .71 (C1; \; <)

(n/2] _ _
_ (—D)*n!(Gv24)™ H(InA)"*
.

— K!(n—2k)!
B “f} (1) (—n)ax (V2 ) 2K (InA) K
o = k!

n n+1.

e (C] V ZJZ{ ln }\)nZFO _7,:T’ Q{éil)\

(5.1)
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7. Orthogonality of 77 (C1; N &)

The differential equation of pm. 71 ((1;A; &7) is given by equation (4.8),
M (G N ) = Gof A (G o)+ e InAm A n (G N ) =0,

which may be written as

B , ! ot
(?\_TM%H (51;7\;@%)) —i—n,szfln?\()\_T) M (LN ) = 0.

Along with above equation (7.1) write

ot , ! 2ot
(A‘TM%m (cl;x,-,ef)) +me lnA(A_T) M (T ) = 0.

Combining (7.1) and (7.2), we obtain

G
(n—m)a/ A (A )M (G307 I m (€A )

/

3o , ,
= [A_Z(Me%”n(él;?\;ézf)méfm (CuNA)—MmHn (Cl})\}ffz{)M%m(Cl})\}ffZ{))] .

It follows that

b

(= m)/ Ik | (V5 YA nl b I m (037004

a
b

C%d / /
= [AZ(M%n(Cl;?\;%)M%m (CuNA)—MmHn (Cl;?\;%)mﬁfm(él;?\;%))]

a

2
3o

(7.1)

(7.2)

Since the product of any polynomials in ¢; by A~ "2~ — 0 as {; — oo or {; — —oo, we may conclude that

0o 2
J <7\7¥)Mc%ﬂn(Cl}A}d)M%m(Cl;N‘Q{)dCl:0; for ~ m#n.

—00

Now for m = n we have

N GsVET—51) _ i MA m(Cu N o )5™
m!

4

A (2013VZT2321) _ i i MA m (G N VM AOK(C; N )3T
m!k!

i M - (C; N A VMmO C N )™
(m— KKl ‘

P
JOO 7\(2(:15\/27*2321—6%731)(151 — i Joo AT Mo (N )M (N )

o (m—k)!k!
Bor
r" AT MR (LN )52
—oo (n)2!
ot

Sl — [ AT MR (LN )P
}\2;,21J N (QI-2V27 752 g ZJ T M gCI )3 iy,

. oo (n)=!

m=
00 2ot 0

)\2321 J' )\(2613\/2’Q/74321717)d(:1 — Z d(v11
—0oQ

m
S ag,
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[e¢]

ot
JOO AT MR N )P

- 2! dor

2mef 1 i 2 (InA)vp2
InA = n! -

n=0

So

00 Pt -
J AT M (G N ) Al =2 (InA) ! fo '

Hence, the orthogonality condition for Modified Hermite Matrix polynomials p ¢ w (C1;A; #7) is as fol-

lows
TN A ) MH m (SN v m#n
J'_OO7\ T M (N D VMA m (G N A = 2”(1n7\)“n!\/@, e

Theorem 7.1. For the modified Hermite matrix polynomials s 7w (C1; A; o),
(a)
+00 C%W "
| A dwamiangiaa =0 for k=012 -1y

(b) the zeros of m A n(C1; A; o) are real and distinct;
(c) the Christoffel-Darboux formula of summation is

i MICK(C; N A VMK (1 N )
K25(In A<

k=0

ni2n(InA)n+tl
Proof. The proof of parts (a) and (b) are straightforward. Hence we omit the details.
Proof of (c): Using the equation (4.6)

M1 (G N ) = V20 G InAMICO(Ci N ) — 2(K) InAM I 1 (Cis A ).

Now, multiplying by %, yield the equation
M1 (CN D )MA (N ) o MIK (G N, A )M k(G N )
KIDk+1 = V24 InA KI2Kk+1
M x—1(C; N )M I(Co; N, )
—2(k)InA AprEs .

Interchanging (; and (y, yield the equation
M1 (N D I)MAK(CuN ) o MK (C; N, A VM k(G N, )
KIDk+1 = V24 G InA KIDk+1
MA x-1(Co; N, )M A (5 A )
KI2k+1 :
Subtracting the equation (7.3) from (7.4) and putting k =0, 1,2,...,n, yields the result.

—2(k)InA

8. Expansion of polynomials

_ M iGN S )MA (G N ) = mA (A S I A (G ) (V2]

(7.3)

(7.4)

Any polynomials can be expended in a series of modified Hermite matrix polynomials and the coef-

ficients can be determined as

[HZ/Z] nQ2e) 2 A (A ) (In A

o = K!(n—2K)!

k=0

(8.1)
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Expansion of the Legender matrix polynomials in a series of n1# 1 ((1; A; 27) is

m/2) (—1)¥ (%) n_k(ln AT M A o (G N )

Inlly, ) = kZ_O K!(n —2k)!

2F0[—k,%+n—k;—;ﬁ] (8.2)

Expansion of the modified Hermite matrix polynomials in a series of Legender matrix polynomials is

2 —1)k — n—k
Honltinior) = 3 TV MR A DI P (o, )

k=0 K <%) n—2k

Expansion of modified Hermite matrix polynomials in a series of Laguerre matrix polynomials is

1Fr [—k;ngn—zk;lnA] (8.3)

A (LN ) = n (V24 In ) “Z sl + 1))
_ (n—s)I _(n s—1)I, . o
x 2F2 [ _(szjLthl) ,_(%Jr(zn—l)l’), T2 InA Ly (G)-
2 4 2 4

Proof of (8.2). Consider the series of Legender matrix polynomials form [17, 30, 33],

2]
i‘@ @ i iy (3 nk(C1V2e/ )V 2k5m
n=0 " l, n=0 k=0 k' Tl Zk)

o0 o oo [Mm/2] ko1 B -
(=1) (f)nJrkM%ans(Cl})\)Qf)(ln)\)s n3“+
Zyn(CL»Q{)én:ZZ k|s'(n_2k)'
n=0 n=0k=0 s=0
— i i i (_1)kis(%)n+k+sl\/{% (C; N 2/ )(InA)~ (n+s 3n+2k
- (k—s)!sn!
n=0k=0s=0
- v _1)k(%)n+ko%ﬂn(C1,‘)\}ﬂ)(ln)\)*(n)ﬁnJer 1 .
B Fol =k, = .
nZ—O];) Kin! 2 0[ Koot ntk—y }J

(—D¥(Dnem A n k(G A ) (InA) 7 H2k5m
k!(n —2k)!

ZFO[—k,%—i—n—i—k;—;m}.

Hence, the final result is
2 (=1F(1) (A k(G )

Il ) = kZO KI(n —2k)!

zFo[—k,%ﬂLn—k;—;ﬁ}.

Proof of (8.3). Now, from [8, 17, 30] we have

(@V2F)N 5 @k )Pl ) g DMLl 0 ()

n! k!@)n_k ] = (n—k)!
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Using this in the series

A CTYA N S S VWGV LS e
oy n! = = k!(n —2k)!
we get the other results. O

9. Integral representation

Several integral involving modified Hermite matrix polynomials p .7 ((1;A; <7) are as follows.

2 [InA [*
Palt o) = S | N A s ) s

n! 0

hf] (D (G2 )22/ )220

ro A2 o Gz ks ) ds = 2nty |
. § MG TN Iy & Kl —2Kk)!

M (A ) = (21nx)““ﬁj NP, (/5 ) d.

G
© _du V2ol )70l [2mer 1
J AT Mo (C N ) A = ( ku(lrz;\)k \/j

2

G
2

G 2
J A%M%n(g;?\;%)dg = \/2%7_1[1\4%”111(0)7\;427) —A

. M%nl(Cl;Nﬂ)}

(o’e) *szd
J AT M N T VA 21 (LN o)A

(~1yrszenn) (9) 7 (1) (3) (e

1+2s—2k
1 \/242{71
M (BN D)y = ——— (M1 (N ) — M1 (0N )|
0 (n+1)InA
~1/2
JOO AT M G\ )d (zn)!ﬁ%) (Inp)™/2(G - 1)
MZC G153, N 3= :
o n!
o o, on+ 1)l Lym(ln A 1/2g (2 — 1)
JOOM 2 M1 Q3N ) dz = ( ) vl oy : G-l :
00 nly/mn
J AT M Q3N A ) Az = \/l\n—q«@n((:l,ﬁf)-
~1/2
(Zn);\/&%) (InA)—1/2

00 24y
| A womivatinea - —

—00

00 24y
J N Mo (V2L A )AL = 0.

—00

7(2-!% oo
A Z”W‘J A5 Cos((13InAV2.7)d3.

VT Jo
—1)n22n+1(1n A 2n+1/2 roo
Mo (G N ) = ) \/%n ) Jo A 32" Cos ({13 In AV27) ds.
-1 n22n+2 InA 2n+1 poo
M o 1(C A ) = 1) \/FE nA) J A3 52 S0 (015 InAV2.7) d;.
0
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+1
r(nmzfﬂ)j (1= 27 V2 oo (V2 105N ) d3
—1

— (=)™ /A (INA) T (o + 1/2)L"" N ().

i 21712
l+a +1) | (1—3"InA) Mo (V2 15N o) d;

InA

= (=)™ (InA)™ V2T (o + 172157 (¢).

Where LE{‘%) (C1) is the Laguerre matrix polynomials see [21].

10. Fractional integrals and derivatives of \. 7w (C1; A; &)

By using the definitions of fractional integrals and fractional derivatives given in [32], we have obtained
the following fractional integrals and fractional derivatives for modified Hermite matrix polynomials

Hn(L1;N; o7 given as,
MA i uw(CLA; .Qf)

M {2 a4
MmO (G )} = (1 1)a (2 In M)W
the Riemann-Liouville left side fractional integral:
(Cl — A JZf)
I {7 — A mA
alg M n (G )} = 1+n (V2 N

the Riemann-Liouville right side fractional integral:

M% (C_Cl/}\ 'Q{)

¥ {7 — (N
C] C{M TI(C Cl )} 1+n \/711'1)\

the Weyl integral of pm.71 (C1; A; 27) of order o:

(—1 )“Mt%ﬂnJroc(Cl;}\'ﬂ{)
(1+n)o(V2 InA)x

the Erdelyi-Kober operator of first kind for n7#n (C1; A; o7 ):

AWEAMIOR (G N )} =

. (V2 In A A2,~m),A2,—x—n—1); oy
I[(Xlnl M%n(Ch}\/ d)] — m4F2 A(Z, _n_n), C%ln?\

the Erdelyi-Kober operator of second kind for p 7w (C1; A; <7 ):

\/ Cl In 7\

4F2

the Saigo integral operator of first kind:

(V2 In A" (1 +n)F(1+n+n—B) P
FM+n—-pRIrl+n+n+w

ISP M A (G N )} =

X 4F»

A2, —n—n+p); in

A(zl_n+n)/A(2r_n+n+1)/ —2o7 71
A2, —n 41+ ); CilnA

A2, —n+B),A2, n—Mm—a);, 2y ]
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the Saigo integral operator of second kind:

(V2 InA)"T(1—n)MN(1—n+n— B)C{L_l
M-n—-pJrl—m+n+uo

A(zl _n)/A(zl —n+ 1)1A(2/1 —n—m-— B)r —2a/ 1
AR, —B+1),A2,1—n+a+n); Gina |7

[P (A (G N )} =

X 6Fy

the left sided Riemann-Liouville fractional derivative of order o

(V247 InA)*T(1+n)
Ml+n—«)

aDgl{M%n(Cl_a;A;%)}: M-l — ;N ),

the Right sided Riemann-Liouville fractional derivative of order «:

24 InA\)*T(1
(DA nle— i) = DEEENTOEN, e - i),

the Weyl fractional derivative of order o

DM (C N )} = ()« (V2 InN) Y —«(Cis A o).
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