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Abstract
In this paper, we introduce the idea of Q-complex fuzzy sub-ring (Q-CFSR) and discuss its various algebraic aspects. We

prove that every Q-CFSR generates two Q-fuzzy sub-rings (Q-FSRs). We also present the concept of level subsets of Q-CFSR and
show that level subset of Q-CFSR form sub-ring. Furthermore, we extend this idea to define the notion of the direct product of
two Q-CFSR Moreover, we investigate the homomorphic image and inverse image of Q-CFSR.
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1. Introduction

Rings were first systematized as a extension of Dedekind domains that appear in polynomial rings,
invariant rings, and number theory. Recently, ring theory is the most important branch of the mathematics
that has been broadly used in cryptography, theoretical physics and algebraic geometry.

The fuzzy set theory is founded on the doctrine of concerning relative graded membership basing hu-
man mechanism of cognition as well as perception. Zahed [32] published his maiden well acknowledged
research paper about fuzzy sets in 1965. Fuzzy logic overcame the data resulting from computational
presumption that is obscure, inaccurate and sometimes biased also. Fuzzy logic provides the opportunity
of including ambiguous human evaluation in calculating the problems. This theory also leads us to search
for better way to resolve our daily life issues by proper technique of decision making. Many mathemati-
cian have applied various hybrid models of fuzzy sets and intuitionistic fuzzy sets to several algebraic
structure such as non-associative ring [9, 10], time series [2, 24] and decision making [16]. Rosenfeld
[20] initiated the concept of fuzzy subgroups and developed basic properties of fuzzy subgroups. For
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more development about fuzzy subgroup one can refer [21, 22]. Later on, Liu [13] introduced the concept
of fuzzy invariant subgroups and fuzzy ideals in 1982. Malik and Mordeson [15] commenced the idea
of fuzzy homomorphism of rings in 1992. Gang and Yun [5] explained the notion of fuzzy factor rings
in 1998. Ramot et al [17, 18] started the conception of complex fuzzy sets in 2002. The enlargement of
fuzzy sets to complex fuzzy sets is comparable to the extension of real numbers to complex numbers.
This idea becomes more effective for researcher and quite different from fuzzy complex numbers inno-
vated by Buckley [4]. In 2009, the various operations of complex fuzzy sets were founded by Zhang
et al [33]. Yetkin and Olgun [26] studied the direct product of fuzzy subgroup and fuzzy sub-ring in
2011. Solairaju and Nagarajan [30] developed a new structure of Q-fuzzy subgroup groups and discussed
some elementary properties of these groups. Lee et al [12] innovated the concept of fuzzy completely
prime ideal. Thirunavukarasu et al. [27] illustrated a possible application including complex fuzzy rep-
resentation of solar activity, forecasting problems, time series, signal processing application and compare
the two national economies by using the concept of complex fuzzy relation. Azam et al [3] explored
some properties of anti-fuzzy ideal in 2013. Selvachandran et al [23] developed a relationship between
complex vague soft sets and investigated important human experience events in Malaysian and Chinese
economies. Singh et al [25] portrayed the fixed point theorem by using the conception of complex fuzzy
sets. In 2016, Thirunavukarasu et al [24] discussed a novel approach on energy of a complex fuzzy graph.
Makamba and Murali [14] studied parabolic fuzzy subgroups in 2017. Kellil [11] defined the product of
fuzzy sub-rings in 2018. Addis [1] explored the structure of fuzzy homomorphism on fuzzy subgroups.
Hu et al. [7, 8] investigated the many distance measurements of complex fuzzy sets and the approximate
comparisons between complex fuzzy sets based on the transition complex valued membership. The con-
cept of Q-fuzzy sub-ring with respect to t-norm was introduced by Rasuli [19]. Many interesting results
of (α, β)-complex fuzzy hyper-ideal were presented by [6] in 2019. Trevijano et al. [29] investigated some
characterization of annihilator on fuzzy subgroups. Yun and Xin [31] invented the complex sub-algebra
by using the notion of complex fuzzy set and generalized this concept in BCK/BCI-algebra. We will
extend the discussion of complex fuzzy sets (CFSs) by proposing a new concept of Q-CFSs by adding a
second dimension in membership function of Q-fuzzy sets (Q-FSs). Complete characterization of many
ring theory problems can be handled by Q-CFSs. This theory will be useful for mathematician in future
research work. This paper is organized as follows. Section 2 contains the introductory definition of Q-
fuzzy sub-rings (Q-FSRs) and related result which play a key role for our further discussion. In Section
3 we define π-Q-complex fuzzy sub-rings (π-Q-FSR), Q-CFSR and also prove that level subset of Q-CFSR
is sub-ring of ring S, and vice versa. In Section 4, we prove that the product of two Q-CFSRs is Q-CFSR
and develop some results of the product of two Q-CFSRs. The image and inverse image of Q-CFSR under
ring homomorphism is elucidated in Section 5.

2. Preliminaries

In this section, we define some basic definition of Q-FSs and CFSs, which will be used in our further
discussion.

Definition 2.1 ([32]). A fuzzy set A of a nonempty set P is a mapping A : P → [0, 1].

Definition 2.2 ([13]). A fuzzy set A of a ring S is called a fuzzy sub-ring(FSR) of S if

1. A(m−n) > min{A(m), A(n)}, ∀ m,n ∈ S;
2. A(mn) > min{A(m), A(n)}, ∀ m,n ∈ S.

Definition 2.3 ([26]). Let Q and S be any two sets. Then the mapping A : S×Q→ [0, 1] is called a Q-fuzzy
set (Q-FS) in S.

Definition 2.4 ([19]). A Q-FS A of ring S is said to be Q-FSR if the following properties hold,

1. A(m−n,q) > min {A(m,q), A(n,q)} , for all m, n ∈ S and q ∈ Q;
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2. A(mn,q) > min{A(m,q), A(n,q)}, for all m, n ∈ S and q ∈ Q.

Definition 2.5 ([18]). A CFS A of universe of discourse P is identify with the membership function
θA(m) = ηA(m)eiϕA(m) and is defined as

θA : P → {z ∈ C : |z| 6 1}.

This membership function receive all membership value from the unit disc on plane, where i =
√
−1,

both ηA(m) and ϕA(m) are real valued such that ηA(m) ∈ [0, 1] and ϕA(m) ∈ [0, 2π].

Definition 2.6 ([33]). Let A and B two CFSs of set P. The Cartesian product of CFSs A and B is defined as

θA×B(m,n) = ηA×B(m,n)eiϕA×B(m,n) = min{ηA(m),ηB(n)}eimin{ϕA(m),ϕB(n)}.

Definition 2.7 ([19]). Let the mapping f : S1 → S2 be a homomorphism. Let A and B be two Q-FSRs of S1
and S2, respectively, then f(A) and f−1(B) are image of A and the inverse image of B, respectively, defined
as

1. f(A)(n,q) =
{

sup
{
A(m,q) : m ∈ f−1(n)

}
, if f−1(n) 6= ∅,

0, if f−1(n) = ∅, for every n ∈ S2 and q ∈ Q;

2. f−1(B)(m,q) = B(f(m),q), for every m ∈ S1 and q ∈ Q.

3. Properties of Q-complex fuzzy sub-rings

This section is devoted to the study of Q-CFS and Q-CFSR. We also found that a Q-CFSR generates
two Q-FSRs. We also show that level subset of Q-CFSR form sub-ring of ring and investigate some
fundamental properties of this ring.

Definition 3.1. AQ-CFSA of universe of discourse P is represented by the membership function θA(m,q) =
ηA(m,q)eiϕA(m,q) and described as

θA : P×Q→ {z ∈ C : |z| 6 1}.

This membership function receives all membership value from the unit disc on plane, where i =
√
−1,

both ηA(m,q) and ϕA(m,q) are real valued such that ηA(m,q) ∈ [0, 1] and ϕA(m,q) ∈ [0, 2π].

Throughout this paper we take membership function of Q-CFSs A and B such as
θA(m,q) = ηA(m,q)eiϕA(m,q) and θB(m,q) = ηB(m,q)eiϕB(m,q).

Definition 3.2. A π-Q-fuzzy set (π-Q-fuzzy set) Aπ of ring S is called π-Q-FSR of S if the following axioms
hold:

1. ηAπ((m−n),q) > min {ηAπ(m,q),ηAπ(n,q)}, for all m,n ∈ S and q ∈ Q;
2. ηAπ(mn,q) > min {ηAπ(m,q),ηAπ(n,q), }, for all m,n ∈ S and q ∈ Q.

Theorem 3.3. Let A be π-Q-FS of S. Then A is π-Q-FSR if and only if A is Q-FSR.

Definition 3.4. Let A and B be two Q-CFS of S. Then

1. a Q-CFS A is homogeneous Q-CFS, if for all m,n ∈ S and q ∈ Q, we have µA(m,q) 6 µA(n,q) if
and only if ϕA(m,q) 6 ϕA(n,q);

2. a CFS A is homogeneous CFS with B, if for all m,n ∈ S and q ∈ Q, we have µA(m,q) 6 µB(m,q) if
and only if ϕA(m,q) 6 ϕB(m,q).

In this paper, we shall use Q-CFS as homogeneous Q-CFS.
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Definition 3.5. A Q-CFS A of ring S is called Q-CFSR of S if

1. θA((m−n),q) > {θA(m,q), θA(n,q)}, for all m,n ∈ S and q ∈ Q;
2. θA(mn,q) > {θA(m,q), θA(n,q), }, for all m,n ∈ S and q ∈ Q.

The following result indicates that every Q-CFSR generates two Q-CFSRs.

Theorem 3.6. Let A = {a, θA(a,q) : a ∈ S be a Q-CFS of ring S. Then A is a Q-CFSR of S iff:

1. the fuzzy set Ȧ = {(a,ηA(a,q)) : a ∈ S,ηA(a,q) ∈ [0, 1] ,q ∈ Q} is a Q-FSR;
2. the π-fuzzy set Ä = {(a,ϕ A (a,q)) : m ∈ S,ϕ A (a,q) ∈ [0, 2π],q ∈ Q} is a π-Q-FSR.

Proof. Suppose that A be Q-CFSR and a,b ∈ S and q ∈ Q, then we have

ηA((a− b),q)eiϕA((a−b),q) = θA((a− b),q)
> {θA(a,q), θA(b,q)}

= min{ηA(a,q)eiϕA(a,q),ηA(b,q)eiϕA(b,q)}

= min{ηA(a,q),ηA(b,q)}eimin{ϕA(a,q),ϕA(b,q)}.

AsA is homogeneous, ηA((a−b),q) > min{ηA(a,q),ηA(b,q)} andϕA((a−b),q) > {ϕA(a,q),ϕA(b,q)} .
Moreover,

ηA(ab,q)eiϕA(ab,q) = θA(ab,q)
> min{θA(a,q), θA(b,q)}

= min{ηA(a,q)eiϕA(a,q),ηA(b,q)eiϕA(b,q)}

= min {ηA(a,q),ηA(b,q)} eimin{ϕA(a,q),ϕA(b,q)}.

As A is homogeneous, ηA(ab,q) > min {ηA(a,q),ηA(b,q)} and ϕA(ab,q) > {ϕA(a,q),ϕA(b,q)}. Con-
versely, suppose that Ȧ and Ä isQ-FSR and π-Q-FSR. Then we have, ηA(a−b,q) > min{ηA(a,q),ϕA(b,q)}
and ϕA((a − b),q) > {ϕA(a,q),ϕA(b,q)} , ηA(ab,q) > min{ηA(a,q),ηA(b,q)} and ϕA(ab,q) >
min{ϕA(a,q),ϕA(b,q)}. As A is homogeneous, so,

θA((a− b),q) = ηA((a− b),q)eiϕA((a−b),q)

> min{ηA(a,q),ηA(b,q)}eiminϕA(a,q),ϕA(b,q)}

= min{ηA(a,q)eiϕA(a,q),ηA(b,q)eiϕA(b,q)}.

Implies that θA((a− b),q) > {θA(a,q), θA(b,q)} . Moreover,

θA(ab,q) = ηA(ab,q)eiϕA(ab,q)

> {ηA(a,q),ηA(b,q)} eimin{ϕA(a,q),ϕA(b,q)}

= {ηA(a,q)eiϕA(a,q),ηA(b,q)eiϕA(b,q)}

= {θA(a,q), θA(b,q)}.

Hence, A is Q-CFSR.

Definition 3.7. Let A = {((a, θA),q) : q ∈ Q,a ∈ P, } be a Q-CFS of P. For t1 ∈ [0, 1] , and t2 ∈ [0, 2π] the
level subset of Q-CFS is defined by

A(t1,t2) = {a ∈ P : ηA(a,q) > t1,ϕA(a,q) > t2} .

For t2 = 0, we obtain the level subset At1 = {a ∈ P : ηA(a,q) > t1} and for t2 = 0, then we obtain the
lower level subset At2 = {a ∈ P : ϕA(a,q) > t2}.
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The following result proves that level subset of Q-CFSR is sub-ring of ring.

Theorem 3.8. Let A = {(a, θA(a,q)) : a ∈ S, q ∈ Q} be Q-CFS of ring S. Then A is a Q-CFSR of R if and only
if A(t1,t2) is a sub-ring of ring S, where ηA(0,q) > t1, ϕA(0,q) > t2 and 0 is identity element of S.

Proof. Obviously A(t1,t2) is nonempty, as 0 ∈ A(t1,t2). Let a,b ∈ A(t1,t2) and q ∈ Q be any two elements.
Then

ηA(a,q) > t1, ϕA(a,q) > t2 and ηA(b,q) > t1,ϕA(b,q) > t2.

Consider,

ηA((a− b),q)eiϕA((a−b),q) = θA((a− b),q)
> min{θA(a,q), θA(b,q)}

= min{ηA(a,q)eiϕA(a,q),ηA(b,q)eiϕA(b,q)}

= min{ηA(a,q),ηA(b,q)}eimin{ϕA(a,q),ϕA(b,q)}.

As A is homogeneous

ηA((a− b),q) > {ηA(a,q),ηA(b,q)} = {t1, t1} = t1,
ϕA((a− b),q) > {ϕA(a,q),ϕA(b,q)} = {t2, t2} = t2,

⇒ a− b ∈ A(t1,t2).

Further,

ηA((ab),q)eiϕA((ab),q) = θA((ab),q)
> min{θA(a,q), θA(b,q)

= min{ηA(a,q)eiϕA(a,q),ηA(b,q)eiϕA(b,q)}

= min{ηA(a,q),ηA(b,q)}eimin{ϕA(a,q),ϕA(b,q)}.

As A is homogeneous

ηA((ab),q) > {ηA(a,q),ηA(b,q)} = {t1, t1} = t1,
ϕA((ab),q) > {ϕA(a,q),ϕA(b,q)} = {t2, t2} = t2,

⇒ ab ∈ A(t1,t2).

Hence A(t1,t2) is sub-ring. Conversely, Let A(t1,t2) is a sub-ring of S and let min {ηA(a,q),ηA(b,q)} = t1
and min {ϕA(a,q),ϕA(b,q)} = t2 . Then we have

ηA(a,q) > t1, ηA(b,q) > t1,ϕA(a,q) > t2, and ϕA(b,q) > t2,
ηA(a,q) > t1, ϕA(a,q) > t2, ηA(b,q) > t1,ϕA(b,q) > t2.

Implies that a,b ∈ A(t1,t2). As A(t1,t2) is subgroup

a− b, ab ∈ A(t1,t2) ⇒ ηA(a− b,q) > t1, ϕA(a− b,q) > t2,

⇒ ηA(a− b,q) > min {ηA(a,q),ηA(b,q)} and ϕA(a− b,q) > min {ϕA(a,q),ϕA(b,q)} .

Implies that θA((a− b),q) > min {θA(a,q), θA(b,q)}. Moreover, ηA(ab,q) > t1, ϕA(ab,q) > t2,

⇒ ηA(ab,q) > min {ηA(a,q),ηA(b,q)} and ϕA(ab,q) > min {ϕA(a,q),ϕA(b,q)} .

Implies that θA(ab,q) > min {θA(a,q), θA(b,q)}. This established the proof.

Theorem 3.9. Let A be a Q-CFSR of R. Then At1 = {a ∈ P and q ∈ Q : ηA(a,q) > t1} and At2 = {a ∈ P :
ηA(a,q) > t2} are two sub-rings of S. Where ηA(0,q) > t1, ϕA(0,q) > t2 and 0 is identity element of S.

Proof. Trivial.
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4. Properties of the direct product of Q-complex fuzzy sub-rings

In this section, we use the concept of Q-CFSR to define direct product of Q-CFSR. We prove that direct
product of two Q-CFSR is Q-CFSR and investigate their properties.

Definition 4.1. Let A and B be any two π-Q-CFSs of sets S1 and S2, respectively. The cartesian product of
π-Q-CFSs A and B is defined as Aπ ×Bπ((m,n),q) = min {Aπ(m,q),Bπ(n,q)} , for all m ∈ S1 and n ∈
S2 and q ∈ Q.

Remark 4.2. Let A and B be two π-Q-CFSR of S1 and S2, respectively. Then A×B is π-Q-FSG of S1 × S2.

Definition 4.3. Let A and B two Q-CFSR of sets S1 and S2. The cartesian product of Q-CFSRs A and B is
defined by a function

θA×B((m,n),q) = ηA×B((m,n),q)eiϕA×B((m,n),q) = min {ηA(m,q),ηB(n,q)}eimin{ϕA(m,q),ϕB(n,q)}.

The following results depicted that the direct product of two Q-CFSR is also Q-CFSR.

Theorem 4.4. Let A and B be two Q-CFSRs of S1 and S2, respectively. Then A×B is Q-CFSR of S1 × S2.

Proof. Let m, x ∈ S1 and n,y ∈ S2 be elements and q ∈ Q. Then (m,n), (x,y)∈ S1 × S2. Consider,

θA×B((m,n) − (x,y),q) = θA×B((m− x,n− y),q)

= ηA×B((m− x,n− y),q)eiϕA×B((m−x,n−y),q)

= min{ηA(m− x,q),ηB(n− y,q)} eimin{ϕA(m−x,q),ϕB(n−y,q)}

= min{ηA(m− x,q)eiϕA(m−x,q),ηB(n− y,q)eiϕA(n−y,q)}

= min{θA(m− x,q), θB(n− y,q)}
> min{min{θA(m,q), θA(x,q)} , min{θB(n,q), θB(y,q)} }
= min{min{θA(m,q), θB(n,q)}, min{θA(x,q), θB(y,q)} } .

Thus, θA×B((m,n) − (x,y),q) > min {θA×B((m,n),q), θA×B((x,y),q)} .
Further,

θA×B((m,n)(x,y),q) = θA×B((mx,ny),q)

= ηA×B((mx,ny),q)eiϕA×B((mx,ny),q)

= min{ηA(mx,q),ηB(ny,q)} eimin{ϕA(mx,q),ϕB(ny,q)}

= min{ηA(mx,q)eiϕA(mx,q),ηB(ny,q)eiϕA(ny,q)}

= min{θA(mx,q), θB(ny,q)}
> min{min{θA(m,q), θA(x,q)} , min{θB(n,q), θB(y,q)} }
= min{min{θA(m,q), θB(n,q)} , min{θA(x,q), θB(y,q)} } .

Therefore, θA×B((m,n)(x,y),q) > min {θA×B((m,n),q), θA×B((x,y),q)} . This concludes the proof.

Corollary 4.5. Let A1,A2, . . . ,An be Q-CFSRs of S1,S2, . . . ,Sn, respectively. Then A1 ×A2 × · · · ×An is Q-
CFSR of S1 × S2 × · · · × Sn.

Remark 4.6. Let A1 and A2 be two Q-CFSRs of S1 and S2, respectively and A1 ×A2 be Q-CFSR of S1 × S2.
Then it is not compulsory both A1 and A2 should be Q-CFSR of S1 and S2, respectively.
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Example 4.7. Let Z2 = {0, 1} and S = {e,a,b, c} be two rings. Here S is ring of 2× 2 matrices over Z2 with

second row has zero entries, where e =
[

0 0
0 0

]
,a =

[
0 1
0 0

]
, b =

[
1 0
0 0

]
, c =

[
1 1
0 0

]
.

Z2 × S = {(0, e), (0,a), (0,b), (0, c), (1, e), (1,a), (1,b), (1, c)}. Then two Q-CFSRs A1 and A2 of Z2 and S
are defined by

A1 = {((0,q), 0.3ei
π
12 ), ((1,q), 0.2ei

π
15 )}, where q ∈ Q,

A2 = {((e,q), 0.4ei
π
3 ), ((a,q), 0.55ei

π
2 ), ((a2,q), 0.43ei

π
3 ), ((a3,q), 0.5eiπ)},

(A1 ×A2)(m,q) =
{

0.3ei
π
12 , for all m ∈ {(0, e), (0,a), (0,b), (0, c)} ,

0.2ei
π
15 , for all m ∈ {(1, e), (1,a), (1,b), (1, c)} .

Here, A1 ×A2 is CFSG of Z2 × S and A1 is Q-CFSR of Z2. But A2 is not a Q-CFSR of S of H1. But A2 is
not a Q-CFSR of S2.

Theorem 4.8. Let A and B be two Q-CFSs of rings S1 and S2, respectively. If A×B is a Q-CFSR of S1× S2, then
at least one of the following statements must be hold.

1. ηA(0,q) > ηB(n,q) and ϕA(0,q) > ϕB(n,q), for all n ∈ S2 and q ∈ Q;
2. ηB(0

′
,q) > ηA(m,q) and ϕB(0

′
) > ϕA(m), for all m ∈ S1 and q ∈ Q.

Where 0 and 0
′

are identities of S1 and S2, respectively.

Proof. Let A× B be a Q-CFSR of S1 × S2. On contrary, suppose that the statements 1 and 2 do not hold.
Then there exist m ∈ S1 and n ∈ S2 and q ∈ Q such that

1. ηA(0,q) 6 ηB(n,q) and ϕA(0,q) 6 ϕB(n,q);
2. ηB(0

′
,q) 6 ηA(m,q) and ϕB(0

′
,q) 6 ϕA(m,q).

Consider

θA×B((m,n),q) = min {ηA(m,q),ηB(n,q)} eimin{ϕA(m,q),ϕB(n,q)}

> min {ηA(0,q),ηB(0
′
,q)}eimin

{
ϕA(0,q),ϕB(0

′
,q)

}
= θA×B((0, 0

′
),q).

But A×B is Q-CFSR. Hence, at least one of the following statements must hold,

1. ηA(0,q) > ηB(n,q) and ϕA(0,q) > ϕB(n,q), for all n ∈ S2 and q ∈ Q;
2. ηB(0

′
,q) > ηA(m,q) and ϕB(0

′
,q) > ϕA(m,q), for all m ∈ S1 and q ∈ Q.

Theorem 4.9. Let A and B Q-CFSRs of S1 and S2 such that ηB(0
′
,q) > ηA(m,q) and ϕB(0

′
,q) > ϕA(m,q)

for all m ∈ S1 and 0
′

is identity of S2 and q ∈ Q. If A×B is Q-CFSR of S1 × S2, then A is Q-CFSR of S1.

Proof. Let A and B be two Q-CFSRs of S1 and S2. Then (m, 0
′
), (x, 0

′
) ∈ S1 × S2. By given condition

ηB(0
′
,q) > ηA(m,q) and ϕB(0

′
,q) > ϕA(m,q), for all m, x ∈ S1 we have

θA(m− x,q)

= ηA(m− x,q)eiϕA(m−x,q)

= min{ηA(m− x,q)eiϕA(m−x,q),ηB(0
′
− 0

′
,q)eiϕB(0

′
−0
′
,q)}

= {ηA×B((m, 0
′
) − (x, 0

′
),q)}eimin{ϕA×B((m,0

′
)−(x,0

′
),q)}

> min{ηA×B((m, 0
′
),q),ηA×B((x, 0

′
),q)} eimin{ϕA×B((m,0

′
),q),ϕA×B((x,0

′
),q)}

= min{min{ηA(m,q),ηB(0
′
,q)}, min{ηA(x,q),ηB(0

′
,q)} } eimin{min{ϕA(m,q),ϕB(0

′
,q)}, min{ϕA(x,q),ϕB(0

′
,q)}}
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= min{min{ηA(m,q),ηA(m,q)}, min{ηA(x,q),ηA(x,q)}} eimin{min{ηA(m,q),ηA(m,q)}, min{ηA(x,q),ηA(x,q)}}

= min{ηA(m,q),ηA(x,q)} eimin{ϕA(m,q),ϕA(x,q)}

= min{θA(m,q), θA(x,q)} .

Thus, θA(m− x,q) > min {θA(m,q), θA(x,q)} . Also,

θA(mx,q)

= ηA(mx,q)eiϕA(mx,q)

= min{ηA(mx,q)eiϕA(mx,q),ηB(0
′
0
′
,q)eiϕB(0

′
0
′
,q)}

= {ηA×B((m, 0
′
)(x, 0

′
),q)}eimin{ϕA×B((m,0

′
)(x,0

′
),q)}

> min{ηA×B((m, 0
′
),q),ηA×B((x, 0

′
),q)}eimin{ϕA×B((m,0

′
),q),ϕA×B((x,0

′
),q)}

= min{min{ηA(m,q),ηB(0
′
,q)}, min{ηA(x,q),ηB(0

′
,q)}} eimin{min{ϕA(m,q),ϕB(0

′
,q)}, min{ϕA(x,q),ϕB(0

′
,q)}}

= min{min{ηA(m,q),ηA(m,q)}, min{ηA(x,q),ηA(x,q)}}eimin{min{ηA(m,q),ηA(m,q)} ,min{ηA(x,q),ηA(x,q)}}

= min{ηA(m,q),ηA(x,q)} eimin{ϕA(m,q),ϕA(x,q)}

= min{θA(m,q), θA(x,q)} .

Thus, θA(mx,q) > min {θA(m,q), θA(x,q)} . Hence, proved our claim.

Theorem 4.10. Let A and B two Q-CFSRs of S1 and S2 such that ηA(0,q) > ηB(n,q) and ϕA(0,q) > ϕB(n,q)
for all n ∈ S2 and 0 is identity of S1 and q ∈ Q. If A×B is Q-CFSR of S1 × S2, then B is Q-CFSR of S2.

Proof. Similar as pervious theorem.

Corollary 4.11. Let A and B two Q-CFSRs of S1 and S2 respectively. If A× B is Q-CFSR of S1 × S2 and then A
is a Q-CFSR of S1 or B is a Q-CFSR of S2.

5. Homomorphism of Q-complex fuzzy sub-rings

In this section, we define the homomorphic image and pre image of the Q-CFSR. We prove some
results of the Q-CFSR under ring homomorphism.

Definition 5.1. Let f : S→ R be a homomorphism from ring S to ring R. Let A and B be two Q-CFSRs of
rings S and R, respectively. For all m ∈ S and for all n ∈ R, the image f(A) and pre-image f−1(B) of A
and B, respectively, are defined as

f(θA)(n,q) =
{

sup{θA(m,q), if f(m) = n, f−1(n) 6= ∅,
1, otherwise,

f−1(θB)(m,q) = θB(f(m,q)).

Theorem 5.2. Let f : S→ R be homomorphism from ring S to ring R. Let A be Q-CFSR of S and B be Q-CFSR of
R. Then f(A) is Q-CFSR of R and f−1(B) is Q-CFSR of S.

Lemma 5.3. Let f : S→ R be a ring homomorphism from S to R. Let A and B be two Q-CFSRs. Then

1. f(θA)(n,q) = f(ηA)(n,q)eif(ϕA)(n,q), for all m ∈ S and q ∈ Q;
2. f−1(θB)(m,q) = f−1(ηB)(m,q)eif

−1(ϕB)(m,q), for all n ∈ R and q ∈ Q.

Proof. Consider,

f(θA)(n,q) = max{(θA)(m,q), if f(m) = n}
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= max{(ηA)(m,q)eif(ϕA)(m,q), if f(m) = (n)}

= max{(ηA)(m,q), if f(m) = n} eimax{(ϕA)(m,q), if f(m)=n}

= f(ηA)(n,q)eif(ϕA)(n,q).

Hence, f(θA)(n,q) = f(ηA)(n,q)eif(ϕA)(n,q).
Consider,

f−1(θB)(m,q) = θB(f(m,q)) = ηB(f(m,q))eiϕB(f(m,q)) = f−1(ηB)(m,q)eif
−1(ϕB)(m,q).

The following result leads us to prove that homomorphic image of Q-CFSR is also Q-CFSR.

Theorem 5.4. Let f : S→ R be a ring homomorphism from S to R. Let A be Q-CFSR of S. Then f(A) is Q-CFSR
of R.

Proof. Obviously, ηA and ϕA are Q-FSR and π-Q-FSR, respectively. From theorem 3.3, 3.6 and theorem
5.1 the homomorphic image of ηA and ϕAare Q-FSR and π-Q-FSR respectively, for all m,n ∈ R. Then we
have

f(ηB)(m−n,q) > min {f(ηB)(m,q), f(ηB)(n,q)}

f(ηB)(mn,q) > min {f(ηB)(m,q), f(ηB)(n,q)}

f(ϕB)(m−n,q) > min {f(ϕB)(m,q), f(ϕB)(n,q)}

f(ϕB)(mn,q) > min {f(ϕB)(m,q), f(ϕB)(n,q)} .

Consider,

f(θA)(m−n,q) = f(ηA)(m−n,q)eif(ϕA)(m−n,q), ∀ m,n ∈ R
> min{f(ηA)(m,q), f(ηA)(n,q)} ei{f(ϕA)(m,q),f(ϕA)(n,q)}

> min{f(ηA)(m,q)eif(ϕA)(m,q), f(ηA)(n,q)eif(ϕA)(n,q)}

= min{f(θA)(m,q), f(θA)(n,q)}.

Consequently, f(θA)(m−n,q) > min {f(θA)(m,q), f(θA)(n,q)} .
Further,

f(θA)(mn,q) = (ηA)(mn,q)eif(ϕA)(mn,q), ∀ m,n ∈ R
> min{f(ηA)(m,q), f(ηA)(n,q)} ei{f(ϕA)(m,q),f(ϕA)(n,q)}

> min{f(ηA)(m,q)eif(ϕA)(m,q), f(ηA)(n,q)eif(ϕA)(n,q)}

= min{f(θA)(m,q), f(θA)(n,q)}.

Consequently, f(θA)(mn,q) > min {f(θA)(m,q), f(θA)(n,q)}. This establishes the proof.

Theorem 5.5. Let f : S→ R be a homomorphism from ring S to ring R. Let B be two Q-CFSR of R. Then f−1(B)
is Q-CFSR of S.

Proof. Obviously, ηB and ϕB are Q-FSR and π-Q-FSR respectively. Then From Theorems 3.3, 3.6, and 5.2,
the inverse image of ηB and ϕB are Q-FSR and π-Q-FSR, respectively, for all m,n ∈ S. Then we have

f−1(ηB)(m−n,q) > min
{
f−1(ηB)(m,q), f−1(ηB)(n,q)

}
,

f−1(ηB)(mn,q) > min
{
f−1(ηB)(m,q), f−1(ηB)(n,q)

}
,

f−1(ϕB)(m−n,q) > min
{
f−1(ϕB)(m,q), f−1(ϕB)(n,q)

}
,

f−1(ϕB)(mn,q) > min
{
f−1(ϕB)(m,q), f−1(ϕB)(n,q)

}
.
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Consider,

f−1(θB)(m−n,q) = f−1(ηB)(m−n,q)eif
−1(ϕB)(m−n,q), for all m,n ∈ S and q ∈ Q

> min{f−1(ηB)(m,q), f−1(ηB)(n,q)}ei{f
−1(ϕB)(m,q),f−1(ϕB)(n,q)}

> min{f−1(ηB)(m,q)eif
−1(ϕB)(m,q), f−1(ηB)(n,q)eif

−1(ϕB)(n,q)}

= min{f−1(θB)(m,q), f−1(θB)(n,q)}.

Therefore, f−1(θB)(m−n,q) > min
{
f−1(θB)(m,q), f−1(θB)(n,q)

}
. Further,

f−1(θB)(mn,q) = f−1(ηB)(mn,q)eif
−1(ϕB)(mn,q), for all m,n ∈ S and q ∈ Q

> min{f−1(ηB)(m,q), f−1(ηB)(n,q)}ei{f
−1(ϕB)(m,q),f−1(ϕB)(n,q)}

> min{f−1(ηB)(m,q)eif
−1(ϕB)(m,q), f−1(ηB)(n,q)eif

−1(ϕB)(n,q)}

> min{f−1(θB)(m,q), f−1(θB)(n,q)}.

Consequently, f−1(θB)(mn,q) > min
{
f−1(θB)(m,q), f−1(θB)(n,q)

}
. This concludes the proof.

6. Conclusion

Our purpose is to influence the research of ring algebraic structure and investigated new methodolog-
ical development on ring theory, which will be useful in future. In this study, we have introduced the
π-Q-FSR, Q-CFSR and level subset of Q-CFSR and have proved that level subset of Q-CFSR is sub-ring of
ring S. We have also defined product of two Q-CFSRs and have proved that the product of two Q-CFSRs
is also Q-CFSR and discussed various algebraic properties. Further, we have studied the behavior of
homomorphic image and inverse image of these Q-CFSRs.
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