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Abstract

In this paper, we give the refinement of extension of Jensen’s inequality to affine combinations. Furthermore, we present a
functional form of Jensen’s inequality for continuous 3-convex functions at a point of one variable.
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1. Introduction

A subset A of a linear space X is called affine if it contains all binomial affine combination pa1 + qa2,
where a1,a2 ∈ A and p,q ∈ R such that p+ q = 1. The affine hull of a set A ⊆ X, which is denoted
by affA is the smallest affine set that contains A. A function f : A → R is called affine function, if the
following equation holds for all binomial affine combinations of A

f(pa1 + qa2) = pf(a1) + qf(a2).

A subset C of linear space X is called convex if it contains all binomial convex combinations pc1 + qc2 of
points c1, c2 ∈ C, where p,q ∈ R+ and p+ q = 1. The convex hull of C is the smallest convex set that
contains C and denoted as convC. A function f : C→ R is convex if the inequality

f(pc1 + qc2) 6 pf(c1) + qf(c2)

∗Corresponding author
Email address: iabbasbaloch@gmail.com (Imran Abbas Baloch)

doi: 10.22436/jmcs.022.02.05

Received: 2020-04-07 Revised: 2020-06-09 Accepted: 2020-06-22

http://dx.doi.org/10.22436/jmcs.022.02.05
http://dx.doi.org/10.22436/jmcs.022.02.05
http://crossmark.crossref.org/dialog/?doi=10.22436/jmcs.022.02.05&domain=pdf


Y. M. Chu, I. A. Baloch, A. U. Haq, M. D. Sen, J. Math. Computer Sci., 22 (2021), 131–141 132

holds for all binomial convex combinations pc1 + qc2 of points c1, c2 ∈ C.
Let X be a subspace of linear space of all real functions on a nonempty set Ω and contains unit

function I(x) = 1 for every x ∈ Ω. For an interval I ⊆ R, the subset XI ⊆ X contains all functions
with image in I. If pf1 + qf2 is a convex combination of functions f1, f2 ∈ XI, then the number (convex
combination) pf1(x) + qf2(x) is in I for every x ∈ Ω, which indicates that functions set XI is convex. A
linear functional L : X→ R is positive (non-negative) if L(f) > 0 (L(f) > 0) for every non-negative function
f ∈ X, and unital (normalized) if L(1) = 1. In 2015, Pavić [4] gave the extension of Jensen’s inequality to
affine combinations in the following form.

Theorem 1.1. Let pζ,qη, rξ > 0 be coefficients such that their sum p =
n∑
ζ=1

pζ, q =
m∑
η=1

qη, r =
l∑
ξ=1

rξ satisfy

p+ q− r = 1 for p,q ∈ (0, 1] and aζ,bη, cξ ∈ R be points such that cξ ∈ conv{a,b}, where

a =
1
p

n∑
ζ=1

pζaζ , b =
1
q

m∑
η=1

qηbη.

Then the affine combination
n∑
ζ=1

pζaζ +

m∑
η=1

qηbη −

l∑
ξ=1

rξcξ

belongs to conv{a, b}, and for every convex functions f : conv{aζ,bη}→ R satisfies the inequality

f

 n∑
ζ=1

pζaζ +

m∑
η=1

qηbη −

l∑
ξ=1

rξcξ

 6
n∑
ζ=1

pζf(aζ) +

m∑
η=1

qηf(bη) −

l∑
ξ=1

rξf(cξ). (1.1)

In 2014, Pavić [3] gave the functional form of jensen’s inequality for the continuous convex functions
of one variable in the following form.

Theorem 1.2. Let [a,b] ⊆ I, for closed interval I and functions g ∈ X[a,b], h ∈ XI\(a,b) are defined, respectively.
Furthermore, let f : I → R be a continuous convex function such that f(g), f(h) ∈ X. If a pair of unital positive
linear functionals L,H : X→ R satisfies

L(g) = H(h), (1.2)

then
L(f(g)) 6 H(f(h)). (1.3)

Furthermore, Pavić [3] also gave some consequent results based on the following corollaries:

Corollary 1.3. Let f : I → R be a continuous convex function such that f(g) ∈ X. If a unital positive linear
functional L : X→ R satisfies (1.2) and (1.3) for L = H, then

f(L(g)) 6 L(f(g)).

Corollary 1.4. Consider a sequence of closed intervals [a1,b1] ⊆ · · · ⊆ [an−1,bn−1] ⊆ I, function g1 ∈ X[a1,b1],
functions gξ ∈ X[aξ,bξ]\(aξ−1,bξ−1) for ξ = 2, . . . ,n− 1, and functions gn ∈ XI\(an−1,bn−1). Let f : I → R be a
continuous convex function such that f(gζ) ∈ X. If an n-tuple of unital positive linear functionals Lζ : X → R

satisfies
Lζ(gζ) = Lζ+1(gζ+1) for ζ = 1, . . . ,n− 1,

then
Lζ(f(gζ)) 6 Lζ+1(f(gζ+1)) for ζ = 1, . . . ,n− 1.
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Corollary 1.5. Consider a closed interval I ⊆ R and g1, . . . ,gn ∈ XI. If f : I → R be a continuous convex
function such that f(gζ) ∈ X, then every n-tuple of positive linear functionals Lζ : X→ R with

∑n
ζ=1 Lζ(1) = 1

satisfies the inclusion
n∑
ζ=1

Lζ(gζ) ∈ I

and the inequality

f

 n∑
ζ=1

Lζ(gζ)

 6
n∑
ζ=1

Lζ(f(gζ)).

Theorem 1.6. Consider a closed interval I ⊆ R, [a,b] ⊆ I, g1, . . . ,gn ∈ X[a,b], h1, . . . ,hm ∈ XI\(a,b). Let
f : I → R be a continuous convex function such that f(gζ), f(hη) ∈ X. If a pair of n-tuple of positive linear
functionals Lζ,Hη : X→ R with

∑n
ζ=1 Lζ(1) =

∑m
η=1Hη(1) = 1 satisfies

n∑
ζ=1

Lζ(gζ) =

m∑
η=1

Hη(hη),

then
n∑
ζ=1

Lζ(f(gζ)) 6
m∑
η=1

Hη(f(hη)).

In [1], Baloch et al defined a new class of functions which is defined as follow.

Definition 1.7. Let c ∈ I◦, where I is an arbitrary interval (open, closed or semi-open in either direction)
in R and I◦ is its interior. We say that f : I → R is 3-convex function at point c (respectively 3-concave
function at point c) if there exists a constant A such that the function F(x) = f(x) − A

2 x
2 is concave (resp.

convex) on I∩ (−∞, c] and convex (resp. concave) on I∩ [c,∞).

The function is 3-convex on an interval if and only if it is 3-convex at every point of the interval
(see [1]) and the class of 3-convex functions at point c is denoted as K1

c(I) (K2
c(I)) (respectively 3-concave

functions at point c).

2. Main results

Theorem 2.1. Let pζ,qη, rξ > 0 and λζ,µη,νξ > 0 be coefficients such that their sum p =
∑n
ζ=1 pζ, q =∑m

η=1 qη, r =
∑l
ξ=1 rξ satisfy p+ q− r = 1 and p,q ∈ (0, 1]; λ =

∑n
ζ=1 λζ, µ =

∑m
η=1 µη, ν =

∑l
ξ=1 νξ

satisfy λ+ µ− ν = 1 and λ,µ ∈ (0, 1]. Let aζ,bη, cξ ∈ I ⊆ R be points such that cξ ∈ conv{a,b} and also
rζ, sη, tξ ∈ I ⊆ R be points such that tξ ∈ conv{r, s}, where

a =
1
p

n∑
ζ=1

pζaζ , b =
1
q

m∑
η=1

qηbη , r =
1
p

n∑
ζ=1

λζrζ , s =
1
µ

m∑
η=1

µηsη,

if

n∑
ζ=1

pζ(aζ)
2 +

m∑
η=1

qη(bη)
2 −

l∑
ξ=1

rξ(cξ)
2

 n∑
ζ=1

pζaζ +

m∑
η=1

qηbη −

l∑
ξ=1

rξcξ

2

=

n∑
ζ=1

λζ(rζ)
2 +

m∑
η=1

µη(sη)
2 −

l∑
ξ=1

νξ(tξ)
2 −

 n∑
ζ=1

λζrζ +

m∑
η=1

µηsη −

l∑
ξ=1

νξtξ

2 (2.1)
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and also there exists c ∈ I◦ such that

max{max
ζ

{aζ}, max
η

{bη}, max
ξ

{cξ}} 6 c 6 min{min
ζ

{rζ}, min
η

{sη}, min
ξ

{tξ}},

then for every f ∈ K1
c(I), the following inequality holds

n∑
ζ=1

pζf(aζ) +

m∑
η=1

qηf(bη) −

l∑
ξ=1

rξf(cξ) − f

 n∑
ζ=1

pζaζ +

m∑
η=1

qηbη −

l∑
ξ=1

rξcξ


6

n∑
ζ=1

pζf(rζ) +

m∑
η=1

qηf(sη) −

l∑
ξ=1

rξf(tξ) − f

 n∑
ζ=1

pζrζ +

m∑
η=1

qηsη −

l∑
ξ=1

rξtξ

 .

(2.2)

Proof. Since f ∈ K1
c(I), then there exists a constant A such that F(x) = f(x) − A

2 x
2 is concave on I∩ (−∞, c]

and for aζ,bη, cξ ∈ I∩ (−∞, c] be points such that cξ ∈ conv{a,b}, so by using inequality (1.1) we have

0 >
n∑
ζ=1

pζF(aζ) +

m∑
η=1

qηF(bη) −

l∑
ξ=1

rξF(cξ) − F

 n∑
ζ=1

pζaζ +

m∑
η=1

qηbη −

l∑
ξ=1

rξcξ


=

n∑
ζ=1

pζf(aζ) +

m∑
η=1

qηf(bη) −

l∑
ξ=1

rξf(cξ)d− f

 n∑
ζ=1

pζaζ +

m∑
η=1

qηbη −

l∑
ξ=1

rξcξ


−
A

2


n∑
ζ=1

pζ(aζ)
2 +

m∑
η=1

qη(bη)
2 −

l∑
ξ=1

rξ(cξ)
2

+
A

2

 n∑
ζ=1

pζaζ +

m∑
η=1

qηbη −

l∑
ξ=1

rξcξ

2

.

Also, since f ∈ K1
c(I) then there exists a constant A such that F(x) = f(x) − A

2 x
2 is convex on I ∩ [c,∞),

hence for rζ, sη, tξ ∈ I∩ [c,∞) be points such that tξ ∈ conv{r, s}, so by using inequality (1.1), we have

0 6
n∑
ζ=1

pζF(rζ) +

m∑
η=1

qηF(sη) −

l∑
ξ=1

rξF(tξ) − F

 n∑
ζ=1

pζrζ +

m∑
η=1

qηsη −

l∑
ξ=1

rξtξ


=

n∑
ζ=1

pζf(rζ) +

m∑
η=1

qηf(sη) −

l∑
ξ=1

rξf(tξ) − f

 n∑
ζ=1

pζrζ +

m∑
η=1

qηsη −

l∑
ξ=1

rξtξ


−
A

2


n∑
ζ=1

pζ(rζ)
2 +

m∑
η=1

qη(sη)
2 −

l∑
ξ=1

rξ(tξ)
2

+
A

2

 n∑
ζ=1

pζrζ +

m∑
η=1

qηsη −

l∑
ξ=1

rξtξ

2

.

From above, we have

n∑
ζ=1

pζf(aζ) +

m∑
η=1

qηf(bη) −

l∑
ξ=1

rξf(cξ) − f

 n∑
ζ=1

pζaζ +

m∑
η=1

qηbη −

l∑
ξ=1

rξcξ


−
A

2


n∑
ζ=1

pζ(aζ)
2 +

m∑
η=1

qη(bη)
2 −

l∑
ξ=1

rξ(cξ)
2

+
A

2

 n∑
ζ=1

pζaζ +

m∑
η=1

qηbη −

l∑
ξ=1

rξcξ

2

6 0 (2.3)

6
n∑
ζ=1

pζf(rζ) +

m∑
η=1

qηf(sη) −

l∑
ξ=1

rξf(tξ) − f

 n∑
ζ=1

pζrζ +

m∑
η=1

qηsη −

l∑
ξ=1

rξtξ
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−
A

2


n∑
ζ=1

pζ(rζ)
2 +

m∑
η=1

qη(sη)
2 −

l∑
ξ=1

rξ(tξ)
2

+
A

2

 n∑
ζ=1

pζrζ +

m∑
η=1

qηsη −

l∑
ξ=1

rξtξ

2

.

So
n∑
ζ=1

pζf(aζ) +

m∑
η=1

qηf(bη) −

l∑
ξ=1

rξf(cξ) − f

 n∑
ζ=1

pζaζ +

m∑
η=1

qηbη −

l∑
ξ=1

rξcξ


−
A

2


n∑
ζ=1

pζ(aζ)
2 +

m∑
η=1

qη(bη)
2 −

l∑
ξ=1

rξ(cξ)
2

+
A

2

 n∑
ζ=1

pζaζ +

m∑
η=1

qηbη −

l∑
ξ=1

rξcξ

2

6
n∑
ζ=1

pζf(rζ) +

m∑
η=1

qηf(sη) −

l∑
ξ=1

rξf(tξ) − f

 n∑
ζ=1

pζrζ +

m∑
η=1

qηsη −

l∑
ξ=1

rξtξ


−
A

2


n∑
ζ=1

pζ(rζ)
2 +

m∑
η=1

qη(sη)
2 −

l∑
ξ=1

rξ(tξ)
2

+
A

2

 n∑
ζ=1

pζrζ +

m∑
η=1

qηsη −

l∑
ξ=1

rξtξ

2

,

by using (2.1), we get (2.2).

Remark 2.2. From the proof of Theorem 2.1, we have

n∑
ζ=1

pζf(aζ) +

m∑
η=1

qηf(bη) −

l∑
ξ=1

rξf(cξ) − f

 n∑
ζ=1

pζaζ +

m∑
η=1

qηbη −

l∑
ξ=1

rξcξ


6
A

2


n∑
ζ=1

pζ(aζ)
2 +

m∑
η=1

qη(bη)
2 −

l∑
ξ=1

rξ(cξ)
2

−
A

2


 n∑
ζ=1

pζaζ +

m∑
η=1

qηbη −

l∑
ξ=1

rξcξ

2


(2.4)

and
n∑
ζ=1

pζf(rζ) +

m∑
η=1

qηf(sη) −

l∑
ξ=1

rξf(tξ) − f

 n∑
ζ=1

pζrζ +

m∑
η=1

qηsη −

l∑
ξ=1

rξtξ


>
A

2


n∑
ζ=1

pζ(rζ)
2 +

m∑
η=1

qη(sη)
2 −

l∑
ξ=1

rξ(tξ)
2

−
A

2


 n∑
ζ=1

pζrζ +

m∑
η=1

qηsη −

l∑
ξ=1

rξtξ

2
 .

(2.5)

So under assumption (2.1), we can get an improvement of (2.2) as follows

n∑
ζ=1

pζf(aζ) +

m∑
η=1

qηf(bη) −

l∑
ξ=1

rξf(cξ) − f

 n∑
ζ=1

pζaζ +

m∑
η=1

qηbη −

l∑
ξ=1

rξcξ


6
A

2


n∑
ζ=1

pζ(aζ)
2 +

m∑
η=1

qη(bη)
2 −

l∑
ξ=1

rξ(cξ)
2

−
A

2

 n∑
ζ=1

pζaζ +

m∑
η=1

qηbη −

l∑
ξ=1

rξcξ

2

=
A

2


n∑
ζ=1

pζ(rζ)
2 +

m∑
η=1

qη(sη)
2 −

l∑
ξ=1

rξ(tξ)
2

−
A

2

 n∑
ζ=1

pζrζ +

m∑
η=1

qηsη −

l∑
ξ=1

rξtξ

2

6
n∑
ζ=1

pζf(rζ) +

m∑
η=1

qηf(sη) −

l∑
ξ=1

rξf(tξ) − f

 n∑
ζ=1

pζrζ +

m∑
η=1

qηsη −

l∑
ξ=1

rξtξ

 .

(2.6)
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Assume that ã = maxζ{aζ}, b̃ = maxη{bη}, c̃ = maxξ{cξ} and r̃ = minζ{rζ}, s̃ = minη{sη}, t̃ = minξ{tξ}.
Also, let ˜̃a = max{ã, b̃, c̃} and ˜̃r = min{r̃, s̃, t̃}. Now, we give the next result which weakens the assumption
(2.1) such that inequality (2.4) holds again.

Theorem 2.3. Let pζ,qη, rξ > 0 and λζ,µη,νξ > 0 be coefficients such that their sum p =
∑n
ζ=1 pζ, q =∑m

η=1 qη, r =
∑l
ξ=1 rξ satisfy p+ q− r = 1 and p,q ∈ (0, 1]; λ =

∑n
ζ=1 λζ, µ =

∑m
η=1 µη, ν =

∑l
ξ=1 νξ

satisfy λ + µ − ν = 1 and λ,µ ∈ (0, 1]. Let aζ,bη, cξ ∈ I ⊆ R be points such that cξ ∈ conv{a,b} and
rζ, sη, tξ ∈ I ⊆ R be points such that tξ ∈ conv{r, s}, where

a =
1
p

n∑
ζ=1

pζaζ , b =
1
q

m∑
η=1

qηbη , r =
1
p

n∑
ζ=1

λζrζ , s =
1
µ

m∑
η=1

µηsη.

such that
˜̃a 6 ˜̃r

and f ∈ Kc1 (I) for some c ∈ [ ˜̃a, ˜̃r]. Then if

(a)
f ′′−( ˜̃a) > 0

and

n∑
ζ=1

pζ(aζ)
2 +

m∑
η=1

qη(bη)
2 −

l∑
ξ=1

rξ(cξ)
2 −

 n∑
ζ=1

pζaζ +

m∑
η=1

qηbη −

l∑
ξ=1

rξcξ

2

6
n∑
ζ=1

λζ(rζ)
2 +

m∑
η=1

µη(sη)
2 −

l∑
ξ=1

νξ(tξ)
2 −

 n∑
ζ=1

λζrζ +

m∑
η=1

µηsη −

l∑
ξ=1

νξtξ

2

,

or

(b)
f ′′+(˜̃r) 6 0

and

n∑
ζ=1

pζ(aζ)
2 +

m∑
η=1

qη(bη)
2 −

l∑
ξ=1

rξ(cξ)
2 −

 n∑
ζ=1

pζaζ +

m∑
η=1

qηbη −

l∑
ξ=1

rξcξ

2

>
n∑
ζ=1

λζ(rζ)
2 +

m∑
η=1

µη(sη)
2 −

l∑
ξ=1

νξ(tξ)
2 −

 n∑
ζ=1

λζrζ +

m∑
η=1

µηsη −

l∑
ξ=1

νξtξ

2

or

(c)
f ′′−( ˜̃a) < 0 < f ′′+(˜̃r) and f is 3-convex,

then (2.2) holds.

Proof. The idea of proof is similar to proof of Theorem 2.1. Hence, by proceeding as in the proof of
Theorem 2.1, from the inequality (2.3), we have

A

2

 n∑
ζ=1

pζ(rζ)
2 +

m∑
η=1

qη(sη)
2 −

l∑
ξ=1

rξ(tξ)
2

−
A

2

 n∑
ζ=1

pζrζ +

m∑
η=1

qηsη −

l∑
ξ=1

rξtξ

2
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−
A

2

 n∑
ζ=1

pζ(aζ)
2 +

m∑
η=1

qη(bη)
2 −

l∑
ξ=1

rξ(cξ)
2

+
A

2

 n∑
ζ=1

pζaζ +

m∑
η=1

qηbη −

l∑
ξ=1

rξcξ

2

6
n∑
ζ=1

pζf(rζ) +

m∑
η=1

qηf(sη) −

l∑
ξ=1

rξf(tξ) − f

 n∑
ζ=1

pζrζ +

m∑
η=1

qηsη −

l∑
ξ=1

rξtξ


−


n∑
ζ=1

pζf(aζ) +

m∑
η=1

qηf(bη) −

l∑
ξ=1

rξf(cξ)

+ f

 n∑
ζ=1

pζaζ +

m∑
η=1

qηbη −

l∑
ξ=1

rξcξ

 .

Now, due to the concavity of F on I∩ (−∞, c] and convexity of F on I∩ [c,∞), so for every distinct points
xη ∈ [a, ˜̃a] and yη ∈ [˜̃r,b], j = 1, 2, 3, we have

[x1, x2, x3]f 6 A 6 [y1,y2,y3]f.

Letting xη ↗ ˜̃a and yη ↘ ˜̃r, we get (if exists)

f ′′−( ˜̃a) 6 A 6 f ′′+(˜̃r).

Therefore, if assumptions (a) or (b) holds, then

A

2

 n∑
ζ=1

pζ(rζ)
2 +

m∑
η=1

qη(sη)
2 −

l∑
ξ=1

rξ(tξ)
2

−
A

2

 n∑
ζ=1

pζrζ +

m∑
η=1

qηsη −

l∑
ξ=1

rξtξ

2

−
A

2


n∑
ζ=1

pζ(aζ)
2 +

m∑
η=1

qη(bη)
2 −

l∑
ξ=1

rξ(cξ)
2

+
A

2

 n∑
ζ=1

pζaζ +

m∑
η=1

qηbη −

l∑
ξ=1

rξcξ

2

is positive and we conclude the result. If the assumption (c) holds, the f ′′− is left continuous, f ′′+ is right
continuous, they are both non-decreasing and f ′′− 6 f ′′+. Therefore, there exists c̃ ∈ [ ˜̃a, ˜̃r] such that f ∈ Kc̃1 (I)
with associated constant Ã = 0 and again, we can deduce the result.

Remark 2.4. Again from the proof of Theorem 2.1, we obtain the inequalities (2.4) and (2.5). Now, under
assumption (a), (b), or (c) of Theorem 2.3, A is positive or negative or zero, respectively due to argument
discussed in the proof. Therefore, we get a better improvement of (2.2) then (2.6) in this case as follows

n∑
ζ=1

pζf(aζ) +

m∑
η=1

qηf(bη) −

l∑
ξ=1

rξf(cξ) − f

 n∑
ζ=1

pζaζ +

m∑
η=1

qηbη −

l∑
ξ=1

rξcξ


6
A

2


n∑
ζ=1

pζ(aζ)
2 +

m∑
η=1

qη(bη)
2 −

l∑
ξ=1

rξ(cξ)
2

−
A

2

 n∑
ζ=1

pζaζ +

m∑
η=1

qηbη −

l∑
ξ=1

rξcξ

2

6
A

2


n∑
ζ=1

pζ(rζ)
2 +

m∑
η=1

qη(sη)
2 −

l∑
ξ=1

rξ(tξ)
2

−
A

2

 n∑
ζ=1

pζrζ +

m∑
η=1

qηsη −

l∑
ξ=1

rξtξ

2

6
n∑
ζ=1

pζf(rζ) +

m∑
η=1

qηf(sη) −

l∑
ξ=1

rξf(tξ) − f

 n∑
ζ=1

pζrζ +

m∑
η=1

qηsη −

l∑
ξ=1

rξtξ

 .

Under the assumption of Theorem 2.1 with f ∈ Kc2 (I), the reverse of inequality (2.2) holds. Now, we
give only the statement by weakening assumptions of Theorem 2.1 under which the reverse of inequality
(2.2) holds for f ∈ Kc2 (I).
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Theorem 2.5. Let pζ,qη, rξ > 0 and λζ,µη,νξ > 0 be coefficients such that their sum p =
∑n
ζ=1 pζ, q =∑m

η=1 qη, r =
∑l
ξ=1 rξ satisfy p+ q− r = 1 and p,q ∈ (0, 1]; λ =

∑n
ζ=1 λζ, µ =

∑m
η=1 µη, ν =

∑l
ξ=1 νξ

satisfy λ + µ − ν = 1 and λ,µ ∈ (0, 1]. Let aζ,bη, cξ ∈ I ⊆ R be points such that cξ ∈ conv{a,b} and
rζ, sη, tξ ∈ I ⊆ R be points such that tξ ∈ conv{r, s} , where

a =
1
p

n∑
ζ=1

pζaζ , b =
1
q

m∑
η=1

qηbη , r =
1
p

n∑
ζ=1

λζrζ , s =
1
µ

m∑
η=1

µηsη,

such that
˜̃a 6 ˜̃r

and f ∈ Kc2 (I) for some c ∈ [ ˜̃a, ˜̃r]. Then if

(a)
f ′′−( ˜̃a) 6 0

and

n∑
ζ=1

pζ(aζ)
2 +

m∑
η=1

qη(bη)
2 −

l∑
ξ=1

rξ(cξ)
2 −

 n∑
ζ=1

pζaζ +

m∑
η=1

qηbη −

l∑
ξ=1

rξcξ

2

>
n∑
ζ=1

λζ(rζ)
2 +

m∑
η=1

µη(sη)
2 −

l∑
ξ=1

νξ(tξ)
2 −

 n∑
ζ=1

λζrζ +

m∑
η=1

µηsη −

l∑
ξ=1

νξtξ

2

,

or

(b)
f ′′+(˜̃r) > 0

and

n∑
ζ=1

pζ(aζ)
2 +

m∑
η=1

qη(bη)
2 −

l∑
ξ=1

rξ(cξ)
2 −

 n∑
ζ=1

pζaζ +

m∑
η=1

qηbη −

l∑
ξ=1

rξcξ

2

6
n∑
ζ=1

λζ(rζ)
2 +

m∑
η=1

µη(sη)
2 −

l∑
ξ=1

νξ(tξ)
2 −

 n∑
ζ=1

λζrζ +

m∑
η=1

µηsη −

l∑
ξ=1

νξtξ

2

,

or

(c)
f ′′−( ˜̃a) < 0 < f ′′+(˜̃r) and f is 3-concave,

then reverse of (2.2) holds.

Remark 2.6. From the proof of the Theorem 2.5, we obtain the reverse of inequalities (2.4) and (2.5). Now,
due to the convexity of F on I∩ (−∞, c] and concavity of F on I∩ [c,∞), for every distinct points xη ∈ [a, ˜̃a]
and yη ∈ [˜̃r,b], η = 1, 2, 3, we have

[x1, x2, x3]f > A > [y1,y2,y3]f.

Letting xη ↗ ˜̃a and yη ↘ ˜̃r, we get (if exists)

f ′′−( ˜̃a) > A > f ′′+(˜̃r).
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Now, under assumption (a), (b), or (c) of Theorem 2.3, A is negative or positive or zero, respectively due
to argument discussed above. Therefore, we get a better improvement in this case as follows

n∑
ζ=1

pζf(aζ) +

m∑
η=1

qηf(bη) −

l∑
ξ=1

rξf(cξ) − f

 n∑
ζ=1

pζaζ +

m∑
η=1

qηbη −

l∑
ξ=1

rξcξ


>
A

2


n∑
ζ=1

pζ(aζ)
2 +

m∑
η=1

qη(bη)
2 −

l∑
ξ=1

rξ(cξ)
2

−
A

2


 n∑
ζ=1

pζaζ +

m∑
η=1

qηbη −

l∑
ξ=1

rξcξ

2


>
A

2


n∑
ζ=1

pζ(rζ)
2 +

m∑
η=1

qη(sη)
2 −

l∑
ξ=1

rξ(tξ)
2

−
A

2


 n∑
ζ=1

pζrζ +

m∑
η=1

qηsη −

l∑
ξ=1

rξtξ

2


>
n∑
ζ=1

pζf(rζ) +

m∑
η=1

qηf(sη) −

l∑
ξ=1

rξf(tξ) − f

 n∑
ζ=1

pζrζ +

m∑
η=1

qηsη −

l∑
ξ=1

rξtξ

 .

Theorem 2.7. Let I ⊆ R be a closed interval, let [a,b] ⊆ I, let function gζ ∈ X[a,b] and function hζ ∈ XI\(a,b)
for ζ = 1, 2. Let f ∈ Kc1 (I) be continuous function such that f(gζ), f(hζ) ∈ X. If a pair of unital positive linear
functionals L,H : X→ R satisfies

L(gζ) = H(hζ) and H(h2
1) − L(g

2
1) = H(h

2
2) − L(g

2
2), ζ = 1, 2, (2.7)

then inequality
H(f(h1)) − L(f(g1)) 6 H(f(h2)) − L(f(g2)) (2.8)

holds.

Proof. Since f ∈ Kc1 (I), there exists a constant A such that F(x) = f(x) − A
2 x

2 is concave on I ∩ (−∞, c],
therefore by reverse of (1.3) for F on I∩ (−∞, c], we get

0 > H(F(h1)) − L(F(g1)) = H(f(h1)) − L(f(g1)) −
A

2
(H(h2

1) − L(g
2
1)).

Also, since F(x) = f(x) − A
2 x

2 is convex on I∩ [c,∞), therefore by (1.3) for F on I∩ (−∞, c], we get

0 6 H(F(h2)) − L(F(g2)) = H(f(h2)) − L(f(g2)) −
A

2
(H(h2

2) − L(g
2
2)).

From above, we have

H(f(h1)) − L(f(g1)) −
A

2
(H(h2

1) − L(g
2
1)) 6 0 6 H(f(h2)) − L(f(g2)) −

A

2
(H(h2

2) − L(g
2
2)).

So
H(f(h1)) − L(f(g1)) −

A

2
(H(h2

1) − L(g
2
1)) 6 H(f(h2)) − L(f(g2)) −

A

2
(H(h2

2) − L(g
2
2)),

therefore, by the use of (2.7), we get (2.8).

Remark 2.8. From the proof of the Theorem 2.7, we have

H(f(h1)) − L(f(g1)) 6
A

2
(H(h2

1) − L(g
2
1))

and
H(f(h2)) − L(f(g2)) >

A

2
(H(h2

2) − L(g
2
2)).

So, under assumption (2.7), we can get a better improvement of (2.8) as follow

H(f(h1)) − L(f(g1)) 6
A

2
(H(h2

1) − L(g
2
1))

(
=
A

2
(H(h2

2) − L(g
2
2))

)
6 H(f(h2)) − L(f(g2)).
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Corollary 2.9. Let I ⊆ R be a closed interval, let [a,b] ⊆ I, let function gζ ∈ X[a,b] for ζ = 1, 2. Let f ∈ Kc1 (I)
be continuous function such that f(gζ) ∈ X. If a unital positive linear functionals L : X→ R satisfies implication
(2.7)⇒ (2.8) for L = H such that

L(g2
1) − (L(g1))

2 = L(g2
2) − (L(g2))

2,

then following inequality holds

L(f(g1)) − f(L(g1)) 6 L(f(g2)) − f(L(g2)).

Corollary 2.10. Let [a1,b1] ⊆ · · · ⊆ [an−1,bn−1] ⊆ I and let functions g1,h1 ∈ X[a1,b1], let gξ,
hξ ∈ X[aξ,bξ]\(aξ−1,bξ−1) for ξ = 2, . . . ,n− 1, and functions gn,hn ∈ XI\(an−1,bn−1). Let f ∈ Kc1 (I) be con-
tinuous function such that f(gζ), f(hζ) ∈ X. If an n-tuple of unital positive linear functionals Lζ : X → R

satisfies

Lζ(gζ) = Lζ+1(gζ+1) and Lζ(hζ) = Lζ+1(hζ+1) for ζ = 1, . . . ,n− 1,

such that

Lζ+1(g
2
ζ+1) − Lζ(g

2
ζ) = Lζ+1(h

2
ζ+1) − Lζ(h

2
ζ),

then

Lζ+1f(gζ+1) − Lζf(gζ) 6 Lζ+1f(hζ+1) − Lζf(hζ) for ζ = 1, . . . ,n− 1.

Corollary 2.11. Let functions gζ,hζ ∈ XI for ζ = 1, . . . ,n. Let f ∈ Kc1 (I) be continuous function such that
f(gζ), f(hζ) ∈ X. Then every n-tuple of positive linear functionals Lζ : X→ R with

∑n
ζ=1 Lζ(1) = 1 such that

n∑
ζ=1

Lζ((gζ)
2) −

( n∑
ζ=1

Lζ(gζ)
)2

=

n∑
ζ=1

Lζ((hζ)
2) −

( n∑
ζ=1

Lζ(hζ)
)2,

satisfies the inclusion
n∑
ζ=1

Lζ(gζ),
n∑
ζ=1

Lζ(hζ) ∈ I

and the inequality

n∑
ζ=1

Lζ(f(gζ)) − f
( n∑
ζ=1

Lζ(gζ)
)
6

n∑
ζ=1

Lζ(f(hζ)) − f
( n∑
ζ=1

Lζ(hζ)
)
.

Theorem 2.12. Let [a,b] ⊂ I, gζ,g∗ζ ∈ X[a,b] for ζ = 1, . . . ,n and hη,h∗η ∈ XI\(a,b) for η = 1, . . . ,m. Also, let
f ∈ Kc1 (I) be continuous function such that f(gζ), f(g∗ζ), f(hη), f(h

∗
η) ∈ X. If two pair of n-tuple of positive linear

functionals Lζ,L∗ζ,Hη,H∗η : X→ R with
∑n
ζ=1 Lζ(1) =

∑n
1=1 L

∗
ζ(1) =

∑m
η=1Hη(1) =

∑m
η=1H

∗
η(1) = 1 satisfy

m∑
η=1

Hη(hη) =

n∑
ζ=1

Lζ(gζ) and
m∑
η=1

H∗η(h
∗
η) =

n∑
ζ=1

L∗ζ(g
∗
ζ)

and
m∑
η=1

Hη((hη)
2) −

n∑
ζ=1

Lζ((gζ)
2) =

m∑
η=1

H∗η((h
∗
η)

2) −

n∑
ζ=1

L∗ζ((g
∗
ζ)

2),

then
m∑
η=1

Hηf(hη) −

n∑
ζ=1

Lζf(gζ) 6
m∑
η=1

H∗ηf(h
∗
η) −

n∑
ζ=1

L∗ζf(g
∗
ζs).
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3. Conclusion

In this paper, we presented more generalized extension of Jensen’s type inequality to affine combina-
tions and functional form of Jensen’s type inequality for non-convex functions. We hope that our results
will stimulate other researcher to explore more exciting results in literature.
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