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Abstract

Averaging methods of the integro-partial differential equation is studied, without any restrictions on the characteristic form
of the partial differential operators. By using the parabolic transform and the averaging methods, the integro-partial differential
equation can be solved.
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1. Introduction

Consider the following integro-partial differential equation

t

=P(x,t) +£L L(x,t,0,D)u(x,0)do, (1.1)

ou(x,t)
ot

u(x, 0) = o(x), (1.2)
where
L(x,t,0,D)= > aq(xt0)DY,
lql<m
e>0,q=(q1,- - ,qn) is an n-dimensional multi index, |q| = g1 +--- + qn, D9 = D{' ... D", Dj = 5

j=1-,nx= (x5, ,xn) €R", R" is the n-dimensional Euclidean space, 0 <0 <t < T.
Let
S={(x,t,0):xeR",0<0<t<T},
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Cy(S) is the set of all bounded continuous functions on S and the coefficients aq € Cy(S) forall g, [q| <m
Consider the following Cauchy problem [8]

ou(x,t)
ot

= (D24 ...+ D2%)2MFly(x, 1), (1.3)

u(x,0) = @(x) € Cp(R"), (1.4)

where M is a sufficiently large positive integer.
Define the operator P(t) by

Pl = | Gix—y toly)dy.

The solution of the Cauchy problem (1.3), (1.4) is given by

ux ) =6t = | Glx—ytiplyldy,

where the function G is the fundamental solution of the Cauchy problem (1.3), (1.4) and dy = dy; - - - dyn.
For sufficiently large M, we find vy € (0,1) and a constant N > 0 such that

N
max [D9u(x, t)| < — max|e(x)],
X Y x

forall [ <m, m<M,t>0.
A parabolic transform of a function Q is a function Q defined by [8]

Qx, 1, , tr,c1t +c2) —J G(x—y,c1t+¢2)Qy, t1,- -+, tr)dy,

wherec; >0,c0>0,t5,t€[0,T],j=1,--- ,rand Q(y,t1,--- ,t;) € Cp(R™ x [0, T]Y).
From (1.1), we have

t

t
P(x,0)d0 + &:J D bglx,t,0)D%u(x,0)d6,
0

u(xt) = o(x) + J

0 lql<m

where .

bg(x,t,0) :J aq(x,s,0)ds,
0

let

Li(x,t,0,D) Z bg(x,t,0)D
[gl<m

In Section 2, we study the averaging of the linear operator of the integro-partial differential equation
(1.1), (1.2) by using the parabolic transform where we generalize some known results due to Krol [14].
Compare also [1-13, 16].

2. The averaging of the linear operator

Consider the following equation [8]

t t
xb(x,e,clt)deﬂj Y bglxt,0,c1t)DNW(x,0,c; — c16)do, 2.1)
0

w(x, t) = @(x, cit) —i—J

0 lql<m

where c1, ¢, are posmve constants and ¢, > ¢qT.
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If P, bg € Cp(R™ x [0, T]), then (2.1) can be solved [8].

Suppose that w(x, t, %, %) is the solution of (2.1) with ¢; = % and ¢, = % Consider the sequence
1 t 1 1
_ iy = — du. 2.2
Un (x, 1) J Glx—y, o= o Iwly t o, ) dy (2.2)

The sequence {un (x, t)} satisfies the equation

un(x,t) = G( L

1 1.t
o+ G+ Gl | T blxt,8)D%un(x,0)de.
n n nJo
lql<m
Let
t(xltlelcltlD): Z dq(xltlelclt)Dql
l[ql<m
El(X,t,e,Clt,D): Z b~q(xltlelclt)Dq/
lql<m
t~
Fix ) = J b(x,8,¢1t)d6,
0
t ~
Wxt)=e| Y bglxt0,cit)DIW(x,0,c;—c10)do.
[gl<m
We have

W(X/ t) - @(X/ Clt) + F(X/ t) + W(X/ t)/
w(x,0) = ¢(x,0).
By averaging the coefficients bq(x, t,0) and b~q (x,t,0,cit) over t, we can average the operators L;(x,t,6,D)

and [;(x,t,0,cit, D),

. 1 (7

- T

b~q (x,0) = 1J bg(x,t,0,cit)dt,

T Jo

for all (x,t,0), x € R™ the averaged operators L (x, 6, D), fl(x, 0, D) can be produced.
As an approximating problem for (1.1), (1.2), we consider the following equation

t

=1P(x)+¢ L L(x,0,D)u*(x,0)de. (2.3)

ou*(x,t)
ot

With the initial condition
u(x,0) = @(x), (2.4)

we get,
t

u*(x,t) = @(x) +tPp(x) +¢ Jo [1(x,0,D)u*(x,0)de.

As an approximating problem for (2.1), we consider also the following equation

t ~ t ~
W (x, ) = B(x) + J ¢(X,9)d9+€J Ci(x, 8, D)W" (x, 8, cz — c10)d6, (2.5)
0 0
where
_ 1 ("
P(x) = TJ @ (x, cqt)dt,
0



M. M. El-Borai, H. K. Awad, R. H. M. Alj, J. Math. Computer Sci., 22 (2021), 9-15 12

- 17 .
$x,0) = = J $(x,6,crt)dt.
T o

If \, b_q € Cp(R™), then (2.5) can be solved and it is clear that all the derivatives D9w* € Cy (R™ x [0, T]),
for all |[q] < m [8].

Suppose that w*(x, t, ﬁ, %) is the solution of (2.5) with ¢; = ﬁ and ¢, = % Let the sequence
1 t 1 1
*(x,t) = —y,— — —)w*(y,t, —, —)dy. 2.
up (x,t) J Glx Yo nT)w (y, ,nT,n)dy (2.6)

The sequence {uj, (x, t)} satisfies the equation

. T T Y *
Wil t) :G(n)“’+6(n“’+6(n)L > by (x,8)D% (x, 0)de.
lql<m
Let
t:
Fi(x,t) =J H(x, 0)de,
0
t ~
W*(x,t) = eJ Li(x,0,D)W*(x,0,co —c10)do.
0
We have

w*(x,t) = @(x, c1t) + Fi(x, t) + W*(x, 1), (2.7)
w*(x,0) = ¢(x),

another straightforward analysis displays the existence and uniqueness of the solutions of the problems
(1.1), (1.2), (2.1), (2.3), (2.4) and (2.5) on the time-scale %
We consider the domain B = R™ x [0, T]. The norm || . || is defined by the supremum norm on B and
denoted by || u(x,t) ||co= sup lu(x,t)l.
B

Theorem 2.1. There exist two sequences {un (x,t)} and {uj (x,t)} with the initial conditions un(x,0) = @n(x),
uy (x,0) = @n(x). If the sequence {@n (x)} converges to @(x), then we have the estimate

[ un(x,t) —ui(x,t) o= Ofe),
on the time-scale %

Proof. We consider the following near-identity transformation

Wix,t) =w*(x, t) +¢ Jt(f1 (x,t,0,c1t,D) — [1(x,0,D))dOw* (x, t). (2.8)
0

We get

t ~
H W(X,t) _W*(X/t) ||oo =& H J (I:l(xlt/ el Clt/D) - Ll(xl 9,D))d9w*(x, t) ”OO
0

=0(e), on the time-scale o

By differentiating of the near-identity transformation (2.8) and using (2.7), (2.8), we obtain

(I:l (XI t, e/ cat, D) - fl (X/ 9, D))de
. ot

oWw(x,t)  ow*(x,t) n 5Jt ow*(x,t)
ot ot
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t

0 ~

—i—EJ —L1(x,t,0,c1t, D)dOw™ (x, t)
o Ot

to .. OW*(x,t) 0OF(x,t
:EJ S0 ,0,¢1t, D)A0W(x, 1) + b t) | Ol Y

00 ot ot
fr = IW*(x, t
+£[J (L1(X’tlezclt/D)—L1(X,9,D))de$
0
ta . t :
_gJ 3 1(x,t,9,01t,D)d9J ([1(x,t,0,c1t, D) — L1 (x,0,D))dOw* (x, t)]
0 0

‘i = OF1(x,t
+£J (Ll(X,t,e,clt,D)—Ll(xlelD))de16(:/),
0

with initial value W(x,0) = @(x). Let

t
0
—— —1IL1(x,t,0,cqt,D)d0 = L.
ot EL i1t 8 et D)

We have 1
L(W—w*)=0(e) on the time-scale -

Moreover Ww(x,0) —w*(x,0) = 0.
We use the barrier functions see [15]. Let the barrier function

B(x,t) =¢ || M(x, 1) [loo t+ [ J(x, 1) [loo t
oF(x, 1) - OF(x, t)

1 (to. OF1(x,1) OF(x,1) ,
= —L t,0,c1t,D)do — 0o t
+2£” JO dt l(X/ ,9,C1 ) ( ot ot ) H

1 to .-
+5¢ HJ —L1(x,t,6,c1t,D)dOJ(x, 1) [|oo t*

o Ot
1 2 t 0 -~ 2 aFl(X/t) aF(X/t) 3
- i D _
5@ 1] 5ot 0 et D)a T — Sl o ¢,
where
o = OW™*(x, t
M(X/t) :J (Ll(xlt/elcltlD) L](X,G,D))deag:)()
0
t a B t - -
—EJ atL](X/t/e/Clt;D)deJ (Ll(X,t,G,C]t,D)—Ll(X,e,D))dew*(X,t)/
0 0
and

I(Xl t) =

oW*(x,t)  OW(x, 1) Jt 0 -~
- +¢€

—L t,0,c1t,D)do
ot ot 0 ot 1(X, /9,01t )d w

s = oF;(x, t
+e| G0 ct D)~ Gx,0,D)a0 T,
0

and the functions (we omit the arguments)

Q1(x,t) =W(x,t) —w(x,t) —B(x,t), Qa(x,t) = W(x,t) —w(x,t)+ B(x,t).
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We get

0 0
LQux) = (5, — 65

*] Xlt - H ] X/t) HOO +€M(Xlt) —¢& H M(X/t) HOO
OF1(x, 1) B aF(x,t)_ H 0F1(x,t) B 0F(x, 1) ||
ot ot ot ot *©

[1(x,1,0,c1t,D)dO)W(x, t) —w(x,t) — B(x, t)]

ta OF1(x,t)  OF(x,t)
—L(x,t,0,c1t,D)do L d 00
“L L1016, c1t, D)o || T et
to .. 0F{(x,t) OF(x,t)
— —L(x,t,0,c1t,D)do L d 0
8|| JO ot 1(XI ,9,C11, )d ( ot dt ||

1,49 £t 0F(x, t
+£2J le(X t,0,c1t,D)do || J le(X t,0,c1t,D)do( 106t
2 Jp ot ot

aF(x,t)
0F1(x,t) OF(x,t) 2
—Ti(x,t,0,c1t,D)do — oot
\J 10,t,0,ert, D)0 (L Sty )

t
+5J gL"1(><,t,e,c1t,D)de T4 t) [|eo t
o Ot

t
—e J %Lﬁ(x,t, 0,c1t,D)d0J(x, ) [loo t
0

t
0 -~
+ €2 L 5106 1,0,¢1t,D)d0 [| M(x, 1) [|oo t

1 3 t a ~ t a B ,

+6£ L P 1(x,t,0,c1t,D)do || (Jo 3t 1(x,t,0,c1t,D)do)

aFl(X/t) . aF(X,t)) H
ot ot o

1 2 t a t a

+ =€ —Ll(x t,0,c1t,D)do H Li(x,t,0,ct,D)do
X](X,t Hoo t2

<0,

3

x (

Q1(x,0) = @(x) — @(x,0), similarly, £ Qz2(x,t) > 0, Qa(x,0) = @(x) — @(x,0). Q1(x,t) and Qz(x,t) are
bounded, resulting in Q;(x,t) < 0 and Qz(x,t) > 0, we have

_B(X/ t) < W(X/ t) _W(X/ t) < B(X/ t)/
so we can estimate
H W(X/t) _W(X/t) HOO<H B(X/t) HOO: O(E)/
on the time-scale 1. We apply the triangle inequality to have

| wix, t) —w*(x,t) ||oo <|| Wx,t) —W*(x, 1) [|oo + || W(x, t) —W(x, 1) |0

. 1 (2.9)
= O(¢), on the time-scale -

From (2.2), (2.6) and (2.9), we have

1

s, = 0,1) oo < |16 (x =y, =) ol

)

Sl

¢ L
7 TI
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1 1
- * Itlili ood
Wiyt ) e dy

1
= O(¢), on the time-scale - O

3. Conclusion

The integro-partial differential equation can be solved without any restrictions on the characteristic
form by using the parabolic transform and the averaging methods.
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