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Abstract

In this article, by means of the Zweier matrix domain and modulus function we define and introduce some new definitions
related to asymptotically equivalence for set sequences (Wijsman sense) in a metric space (X, p) with respect to the ideal J of
subset of natural numbers IN. In addition, we examine some results on these definitions.
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1. Introduction

In 1980, Pobyvanets [28] introduced the concept of asymptotic equivalence which was further ex-
tended by Marouf in his work asymptotic equivalence and summability [24]. Patterson [26] and Patterson
and Savas [27] defined the notion of asymptotic statistical equivalence and asymptotic lacunary statis-
tical equivalence, respectively. Recently, the concept of asymptotic equivalence of sequence of numbers
has been extended by several authors to asymptotic equivalence of sequences of sets. The one of these
such extensions considered in this article is the concept of Wijsman asymptotically equivalence. In 2012
Ulusu and Nuray [33] defined asymptotically lacunary statistical equivalent set sequences and presented
theorem about asymptotic equivalence (Wijsman sense). As we know that the notion of J-convergence
is a generalization of the notion of statistical convergence which was introduced by Kostyrko at el. [22].
Since then this concept has become very important in field of classical analysis for more details about
ideal and statistical convergence see, [10-12, 17-20]. Latterly, the notion of J-convergence has contributed
to the development of a concept of asymptotically equivalent sequence of sets. One such development
was the work provided by Kisi et al. [21] through which they introduced the notion of J-asymptotically
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statistical equivalent and J-asymptotically lacunary statistical equivalent set sequences. For more details
about asymptotically equivalence of sequence of sets in Wijsman sense see, [2, 6, 8, 9, 30-32].

The matrix domain has fundamental importance for this study. Sengonul [29] defined the sequence
y = (yi) which is frequently used as the ZP-transform of the sequence x = (xi), i.e, yi = pxi + (1 —p)xi_1,
where x_1 =0,1 < p < co and ZP denoted the matrix ZP = (zix) defined by

P, ifi=k,
Zik = 1—p, ifi—1:k,(i,k€N),
0, otherwise.

For more details on the use Zweier matrix in the theory of sequence space see, [3, 4, 13-16]. In this article,
by means of the Zweier matrix domain, we introduce some new definitions as a generalization of asymp-
totically equivalence, that is, 2*V-asymptotically equivalence, Z"V-asymptotically statistically equivalence,
Z9w-asymptotically equivalence, 27*-asymptotically statistically equivalence, 27 (f) -asymptotically sta-
tistically equivalence, 27W-asymptotically lacunary statistically equivalence, 2”7V (f)-asymptotically lacu-
nary statistically equivalence, strongly 27W-asymptotically equivalence, 2°"(f)-asymptotically equiva-
lence, strongly 27 (f)-asymptotically equivalence, 27" -asymptotically lacunary equivalence and strongly
29w (f)-asymptotically lacunary equivalence for set sequences in a metric space (X, p). Furthermore, we
study some inclusion theorems of these definitions.

2. Definitions and preliminaries

Throughout the article, let (X, p) be a metric space. For any point x € X and non-empty subset A of X,
we define the distance from x to A by

d(x,A) = inf p(x,a).
acA
Definition 2.1 ([34]). Let (X, p) be a metric space. For any non-empty closed subsets Ay, Bx C X, such

that d(x, Ax) > 0 and d(x, Bx) > 0 for each x € X, we say that the sequences {Ay} and {By} are said to be
asymptotically equivalent (Wijsman sense) if for each x € X,

. d(x, Ax)
Iim ————

=1
k—o00 d(X, Bk)

and this is denoted by Ay ~ By.

Definition 2.2 ([34]). Let (X, p) be a metric space. For any non-empty closed subsets Ay, Bx C X, such
that d(x, Ax) > 0 and d(x, Bx) > 0 for each x € X, we say that the sequences {Ay} and {By} are said to be
asymptotically statistically equivalent of multiple L (Wijsman sense) if for every € > 0 and for each x € X,

limlHkén: 'd(X'Ak)—L’ 2(—:}

=0
nn d(x, By)

L
and it is denoted by Ay W3 By and simply asymptotically statistical equivalent (Wijsman sense) if L = 1.

Definition 2.3 ([22]). Let X be a non-empty set then a family of sets J C 2% is called an ideal in X if and
only if
i 0eJ;
(ii) for each A,B € Jwe have AUB € J;
(iii) for each A € J and each B C A we have B € J.
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An ideal J is called non-trivial if X ¢ J and a non-trivial ideal J is called an admissible in X if and only if
it contains all singletons, i.e., if J D {{x} : x € X}.

Definition 2.4 ([22]). A family of sets F C 2% is a filter on X if and only if

(i) 0 ¢ 5
(ii) for each A,B € ¥ we have ANB € F;
(iii) for each A € ¥ and B 2 A we have B € J.

If J is a non-trivial ideal in X, then the family of sets F(J) ={M C X:3A € J: M = X\A} is a filter on X
and it is called the filter associated with the ideal J.

Definition 2.5 ([21]). Let (X, p) be a metric space and J C 2N be an admissible in IN. For any non-empty
closed subsets Ay, By C X, such that d(x,Ax) > 0 and d(x,Bx) > 0 for each x € X, we say that the
sequences {Ay} and {By} are said to be Wijsman J-asymptotically equivalent of multiple L if for every

€ > 0 and for each x € X,
d(x, Ax)
o e L S
{kEIN ’d(x,Bk) L‘ e}eﬂ

and it is denoted by Ay w By.

Definition 2.6 ([21]). Let (X, p) be a metric space and J C 2N be a non-trivial in IN. For any non-empty
closed subsets Ay, B C X, we say that the sequence {Ay} and {By} are said to be strongly asymptotically
equivalent of multiple L (Wijsman sense ) with respect to the ideal J provided that every € > 0, for each

x € X,
1 n
k=1

denoted by Ay R By and simply strongly asymptotically equivalent with respect to the ideal J, if L = 1.

d(x, Ayx)
— -1 > J;
d(X/Bk) ’ e} ©

Definition 2.7 ([7]). Let (X, p) be a metric space and J C 2N be a non-trivial ideal. For any non-empty
closed subsets Ay, Bx C X such that d(x,Ax) > 0 and d(x, Bx) > 0 for each x € X. Two sequences {A}
and {B} are said to be asymptotically Wijsman J-statistically equivalent of multiple L provided that for
every € > 0 and for every 6 > 0,

1 d(x, Ax)
e e a1

25}63,

J L

w
denoted by Ay & By and simply asymptotically Wijsman J-statistically equivalent if L = 1.

In [25] Nakano introduced the notion of a modulus function as follows. By a modulus function, we
mean a function f from [0; co) to [0; co) such that

(i) f(x) =0if and only if x =0;

(i) f(x+y) < f(x)+f(y) forallx >0,y > 0;
(iii) f is increasing;
(iv) fis continuous from the right at 0.

It follows from that f must be continuous on [0,1). A modulus function may be bounded or unbounded.
Basarir [1], Maddox [23], Pehlivan and many others used a modulus function f to define some new
sequence spaces.

Definition 2.8 ([5]). A Lacunary sequence is an increasing integer sequence 0 = {k,} such that ko = 0 and
hy = ks —ky_1 = 0o as v — oo. The intervals determined by 6 will be denoted by J, = (k;_1, k.].
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Definition 2.9 ([21]). Let (X, p) be a metric space and J C 2N be a non-trivial in IN. For any non-empty
closed subsets Ay, Bx C X, we say that the sequences {Ay} and {By} are said to be strongly f-asymptotically
lacunary equivalent of multiple L (Wijsman sense ) with respect to the ideal J provided that for each € > 0,

and x € X,
1 d(X,Ak)
IN:— fl|l———=—-1L|) > J;
{re hrkEZI (‘d(X/Bk) ‘) e} ©

(9
By and simply strongly f-asymptotically lacunary equivalent with respect to the

D

!

N
denoted by Ay
ideal J,if L = 1.

Definition 2.10 ([7]). Let (X, p) be a metric space and J C 2N be a non-trivial ideal. For any non-empty
closed subsets Ay, By C X such that d(x,Ax) > 0 and d(x,Bx) > 0 for each x € X. We say that the
sequences {Ay} and {By} are said to be asymptotically Wijsman J-lacunary statistically equivalent (or
J(Se)-equivalent) of multiple L provided that for every € > 0, for every & > 0 and for each x € X,

{kelr:’d(x'm—l_‘>e}’>5}eﬁ,

1
{re]N. a0, Br)

h;

WI(Se)"
denoted by Ay S By and simply asymptotically Wijsman J(S¢)-equivalent if L = 1.

3. Main results

Throughout the article, for the sake of convenience now we will denote by ZP (Ay) = A{(, ZP(By) = B]’(.
Let (X, p) be a metric space. For non-empty closed subsets Ay, Bk C X, by means of the Zweier matrix
domain we define d(x, A%, B{Q) as follows:

d(xB,)’

d(x, Ay, By) = h.
L if x € AL UB},

{ deA) - ifx ¢ AL UBL,

We now consider our main results. We begin with the following definitions.

Definition 3.1. Let (X, p) be a metric space. For any non-empty closed subsets Aj,Bx C X, such that
d(x,Ax) > 0 and d(x,Byx) > 0 for each x € X, we say that the sequences {Ay} and {By} are said to be
Zweier asymptotically equivalent (Wijsman sense), if for each x € X,

lim d(x,Ay,By) =L

k—o0

w
and it is denoted by Ay 2 By and simply 2" -asymptotically equivalent, if L = 1.

Definition 3.2. Let (X, p) be a metric space. For any non-empty closed subsets Aj,Bx C X, such that
d(x,Ax) > 0 and d(x,Bx) > 0 for each x € X, we say that the sequences {Ay} and {By} are said to be
Zweier asymptotically statistically equivalent of multiple L (Wijsman sense), if for every € > 0 and for

each x € X,
. 1 ! 1
m - - - =
lim {kgn ‘d(x,Ak,Bk) L‘}e}‘ 0
w

ZW(s
and it is denoted by Ay 19 By and simply 2W-asymptotically statistically equivalent, if L = 1.
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Definition 3.3. Let (X, p) be a metric space and J C 2N be an admissible ideal. For any non-empty closed
subsets Ay, Bx C X, such that d(x,Ax) > 0 and d(x, Bx) > 0 for each x € X, we say that the sequences
{Ax} and {By} are said to be Zweier asymptotically equivalent of multiple L (Wijsman sense) with respect
to the ideal J, if for every e > 0 and for each x € X,

{ke N : ‘d(x,A{(,BL)—L‘ > e} el

Iw

and it is denoted by Ay A By and simply 27W-asymptotically equivalent, if L = 1.
Definition 3.4. Let (X, p) be a metric space and J C 2N be an admissible ideal. For any non-empty closed
subsets Ay, Bx C X such that d(x, Ax) > 0 and d(x, Bx) > 0 for each x € X, we say that the sequences {Ay}

and {By} are said to be Zweier asymptotically statistically equivalent of multiple L (Wijsman sense) with
respect to the ideal J, if for every € > 0 and for every & > 0,

!

1 /
{neN:nHkgn: ‘d(x,Ak,Bk)—L‘ >e}‘ >5} €7

Iw

S
and it is denoted by Ay e By and simply 27W-asymptotically statistically equivalent, if L = 1.

Definition 3.5. Let (X, p) be a metric space, J C 2N be an admissible ideal and f be modulus function. For
any non-empty closed subsets Ay, Bx C X such that d(x, Ay) > 0 and d(x, Bx) > 0 for each x € X, we say
that the sequences {Ay} and {By} are said to be Zweier f-asymptotically statistically equivalent of multiple
L (Wijsman sense) with respect to the ideal J, if for every e > 0 and for every & > 0,

{neN:i‘{kgn:f(‘d(X,Ag,B{()—LD > e}( > 5} €9

27w (st
and it is denoted by Ay sy By and simply 2°W (f)-asymptotically statistically equivalent, if L = 1.
Definition 3.6. Let (X, p) be a metric space, J C 2N be an admissible ideal and 0 be a lacunary sequence.
For any non-empty closed subsets Ay, Bx C X such that d(x, Ax) > 0 and d(x, Bx) > 0 for each x € X, we
say that the sequences {Ay} and {By} are said to be Zweier asymptotically lacunary statistically equivalent
of multiple L (Wijsman sense) with respect to the ideal J, if for every € > 0, for every 6 > 0 and for each

x € X,
TE]N'i
T

2w (s
and it is denoted by Ay "ise) By and simply Z’W-asymptotically lacunary statistically equivalent, if

L=1.

{ke I, - (d(x,A{(,B;)—L( > e}( > 5} =

Definition 3.7. Let (X, p) be a metric space, J C 2N be an admissible ideal, 0 be a lacunary sequence
and f be a modulus function. For any non-empty closed subsets Ay, By C X such that d(x, Ax) > 0 and
d(x, By) > 0 for each x € X, we say that the sequences {Ay} and {By} are said to be Zweier f-asymptotically
lacunary statistically equivalent of multiple L (Wijsman sense) with respect to the ideal J, if for every € > 0,
for every & > 0 and for each x € X,

1
N:—
{Te .

Iw Sf
and it is denoted by Ay S By and simply 27w (f)-asymptotically lacunary statistically equivalent, if

L=1.

{ke Ir:f(‘d(x,A;,B;)—L‘) > (—:H > 5} €9
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Definition 3.8. Let (X, p) be a metric space and J C 2N be an admissible ideal. For any non-empty closed
subsets Ay, Bx C X, we say that the sequences {Ay} and {By} are said to be strongly Zweier asymptotically
equivalent of multiple L (Wijsman sense) with respect to the ideal J, if for every e > 0, for each x € X,

1 & ,
{nelN:nkzld(x,Ak,B’k)—L> e} eJ

Iw

and it is denoted by Ay () By and simply strongly 2°W-asymptotically equivalent, if L = 1.

Definition 3.9. Let (X, p) be a metric space, I C 2NN be an admissible ideal and f be a modulus function.
For any non-empty closed subsets Ay, Bx C X, we say that the sequences {Ay} and {Bx} are said to be
Zweier f-asymptotically equivalent of multiple L (Wijsman sense) with respect to the ideal J, if for every
€ > 0, and for each x € X,

{keN:fllaw, AL B~ 1) > e} €3

Iw

f
and it is denoted by Ay . By and simply 27w (f)-asymptotically equivalent, if L = 1.

Definition 3.10. Let (X, p) be a metric space, J C 2N be an admissible ideal and f be a modulus function.
For any non-empty closed subsets Ay, Bx C X, we say that the sequences {Ay} and {Bx} are said to be
strongly Zweier f-asymptotically equivalent of multiple L (Wijsman sense) with respect to the ideal J, if
for every € > 0, and for each x € X,

1 ¢ /
{n eN: nkzlf(ld(x,/\k,B’k) —1) > e} €]

jw(w

Z
and it is denoted by Ay, ~ J By and simply strongly 2°W (f)-asymptotically equivalent, if L = 1.

Definition 3.11. Let (X, p) be a metric space, J C 2N be an admissible ideal and 0 be a lacunary sequence.
For any non-empty closed subsets Ay, Bx C X, we say that the sequences {Ay} and {Bx} are said to be
strongly Zweier asymptotically lacunary equivalent of multiple L (Wijsman sense) with respect to the
ideal J, if for every € > 0, and for each x € X,

r

IN :
TEC n

> ldx A B ) —L>ep el
T kel

27w (N
and it is denoted by Ay N By and simply 27W-asymptotically lacunary equivalent, if L = 1.
Definition 3.12. Let (X, p) be a metric space, J C 2N be an admissible ideal in IN and f be a modulus
function. For any non-empty closed subsets Ay, Bi C X, we say that the sequences {Ay} and {By} are said
to be strongly Zweier f-asymptotically lacunary equivalent of multiple L (Wijsman sense) with respect to
the ideal J, if for every € > 0, and for each x € X,

1 /
{T eIN: ™ Z f(ld(x; Ay, B'x) —L|) > €} elJ
kel
o 2w (Ng) . . . .
and it is denoted by Ay~ ~ ° By and simply strongly 2’ (f)-asymptotically lacunary equivalent, if

L=1
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Lemma 3.13. Let f be a modulus function and let 0 < & < 1. Then for y # 0 and each (%) > b, we have
2F(1)

1) < (57 6)

Theorem 3.14. let I € 2N be a non-trivial in N and f be a modulus function. Then,

" 2w (w) ZIW (wy)
(1) lfAk ~ Bk, then Ak ~ Bk;
) 2w (w) ZIW (wy)

(ii) thm % = >0, then Ax N( By & Ax ~ By .
—00

Proof.

. ZIW (w) ) .

(i) Let Ax ~ By, then we can write ¢ > o be given. Choose 0 < 6 < 1 such that f(x) < ¢ for 0 <t <.
Then we can write

1 ki ks i l 1 n ! i
d(x,A.;B L f(ld(x, Ay, By ) — L|)+— f(ld(x, Ay, By ) —L|).
nkZl (ld(x, Ay; By) — L)= kZl (ld(x, Ay, By) I)Jrn Z (ld(x, Ay, By) — L)
\d(x,AL,B,’c)fL\gé ld(x,A; B, )—L|>8
Moreover, using the conditions of the modulus function f
1 mn
LY flat AL B L) < +< ) mek, =7
k=1

Thus, for any vy > 0,

1 & b —€)d
{nelN Zf|dXAk/ L) > }g{neN:nZId(x,Ak,Bk)—Ll>(Yzf(le))}.

k 1 k=1

. 29w (w) . . . . .
Since A~ @ By, it follows the later set, and hence, the first set in above expression belongs to J. This

27w (wr)

proves that Ay ~ By.

f(t) 27w (wy) .
(ii) thrn - - «> 0, then we have f(t) > ot for all t > 0. Suppose that Ay ~ ~  By. Since

— 00

1 n

— d(x, Ay, (ld(x, Ay, L) = d(x, Ay, By)—L

nkzl(uxk Zouxk) ) a<Z|xk |>

it follows that for each ¢ > 0, we have

1 o o
D= A, By)—L[ > f Ay, B L .
{ne]N —D_ldlx Ay, Bi) 1 e}_{nelN Z (Jd(x, Ay, By) —LI) > }

k=1 k 1

zIw
Since Ay iwf) By, it follows that the later set belongs to J, and therefore, the theorem is proved. O

Theorem 3.15. Let (X, p) be a metric space and {Ay}, {Bx} be two non-empty closed subset of X (k € IN). Then
2w (N 27w (S
M AN By oA S gy
(i) Z?wNo) is a proper subset of 27w (Se);

2w (Sp)
(iii) let Ay, By € Lo and Ay~ By,

(iv) Z7wNe) 0L = ZIwNel 0.
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Proof.

. ZJW(Ne) .

(i) Lete >0and Ay ~ ~  By. Then we can write
3 ‘d(x,AL,BL)—L‘} Y (d(x,A;,B;)—L)>e‘{ke]r:’d(x,A{<,B{<)—L(>e}‘.
keJr keJr

|d(x,A,,B,)—L|>e

If follows that

1 i / 1 i !
— Y }d(x,Ak,Bk)—L‘ > — {ke]r:‘d(x,Ak,Bk)—L‘ >e}‘.

eh, e

Thus for any & > 0, we have

{k €Ty }d(x,AL,B;) —L‘ > e}‘ > 5.

Which implies that
1 !/ !’
~ kEGI ’d(x, AL, B) — L’ > €.

Therefore, we obtain

{re]N:}i {keg: ‘d(x,AL,BL)—L‘ > e}‘ >5} c {ke]N:}i Yy ‘d(x,A{UBL)—L‘ > es}.

KeJ,

Iw

. Z°W (Np)
Since Ay ~ By, so that

1 C
{r eN: theZ] (d(x,Ak,Bk) —L‘ > ezs} ed.

Which implies that
1 / !
{re]N: : er I ’d(x,Ak,Bk)—L’ > e}’ 25} €.
hr

. 27w (Sg)
This shows that Ay, ~ ~ = By.

J UW(S

29w (N 2
(ii) Suppose that Ay NG B CAx ~ °) Bx. Let {Ay} and {By} be two sequences of sets defined as

follows:

{{k}, ifky 1 <k<keq+ W, r=1273,...,
k f—

{0}, otherwise,

and By =1 for all k € IN. It is clear that (Ay) € L, and for € > 0 and for each x € X,

[vh,] [vh.]
and

. . —0asr— oco.

hr

{ke o ‘d(x,A;,B;)—l‘ > eH <

This implies that

1
N:—
{re .

{ke I ‘d(x,A{(,B{()—l‘ > (—:H > 5} C {relN: Whil 5}.
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By virtue of last part of (3.15), the set on the right side is a finite set and so it belongs to J. Consequently,

we have
{re]N:;r {ke]r:’ (x, AL, By, —1] H 25}65.
27w (So) 2w (Neo) . o
Therefore Ay Bx. On the other hand we shall show that Ay~ ~ ~ By is not satisfied. Suppose
2w (N

that Ay Ne) Bk. Then for every 6 > 0, we have

1

{reN:Z)d(x A, By, —1‘ 5}63 3.1)
hy
KeJ,

Now,

hm—Z‘dxAk, -1 =1 (Whi](wml)

1
h: 5 >—>2asr—>oo.

ke,

It follow that for the particular choice § = 1,

{relN ; Z ‘d(x,A;,B;)—l‘ > 1} - {re]N: (MTT]([\/E]_”) > 1} —(mm+1,m+2,...}
T ]r

4 hr 2

for some m € IN which belong to F(J) as J is an admissible. This contradicts (3.1) for the choice 6 = %.

J
Therefore A, ¥ {Ne) By.

27w (s ro
(iif) Suppose that Ay A Byx and Ay, By € L. We assume that ‘d(X,A ,By) — L‘ < M for each x € X

and for all k € IN. Given € > 0, we get

Z dxALBI-L=— Y  + hi > |dxALBO -1

T‘ T

T xel, keEJr k€],
l[d(x,A;,B.)—L|>e |d(x,A. B )—L|<e
M
<i {xe: (d AL B —L| > e}(+e.
If we put
Ale)={reN: Z‘dxAk, ‘
T ke,
and .
B(e) = {r eN:— {k €Ty ’d(x,A;,B;) —L) > e}) > :A}
. 27w (Ng)
then we have A(e) C B(e) and so A(e) € J. This shows that A,  ~ = By.
(iv) It follows from (i), (ii), and (iii). O

Theorem 3.16. Suppose that for given & > 0 and every € > 0
1 / !/
{n EN: = Ho <k<n—1: d(x,Ak,Bk)—L‘ > e}‘ < 5} e 5(9).

ZIw (S)
Then Ay, ~ B
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Proof. Let > 0 and every € > 0 be given. For € > 0, choose n; such that

1 !/ / 6
- HO <kg<n-—1: ‘d(X,Ak,Bk) —L‘ > e}‘ < > for allm > ny. (3.2)
It sufficient to show that there exist n, such that for n > n,
1 i I
- ){o <k<n—1: ‘d(x,Ak,Bk) —L’ > e}’ <
n 2
Let ng = max{ny, ny}. The relation (3.2) will be true for n > ng. If my chosen fixed, then we get

‘{0<k<mo—1: ’d(x,AL,Bk)—L’ > eH =M.

Now, for n > mg, we have

1 / i 1 / i
E‘{nggn—lz‘d(x,Ak,Bk)—L‘26}‘<E‘{O<k< 1 )d(x,Ak,Bk)—L)>e})
]. / ’
—i—EHmogkgn—l:’d(x,Ak,Bk)—L’>e}’
M 1 o
<o <fmo<k<n—1:ab AL BY 1 > e
M3
“n o 2
Thus for sufficiently large n
1 o M5
— < <kg<n-1: —L| = < —+4 = .
n\’{mo\k\n 1:|d(x, AL By L’ e}’ o <d
This establishes the result. O

Theorem 3.17. Let J = Jg, = {A C IN : A is a finite set } be a non-trivial ideal. Let (X, p) be a metric space and
{Aw}, {Bi} be two non-empty closed subset of X (k € IN). Let © = {k.} be a lacunary sequence with limsup.. q, <

29w (S 2w (S
oo. Then Ax ~( °) Bk = Ax N( ) Bk.
Proof. Omitted. O
Theorem 3.18. Let I C 2N be a non-trivial in IN and f be a modulus function. Then,
2Iw (S 2w (S
(1) ifAk N( o) Bk, then Ak N( : Bk,'
cn pp 29w (wy) 2w (S)
(ii) if f is bounded, then Ay ~ Bxe A ~ B

Proof.

Iw
(i) Suppose Ay Lor By, and ¢ > 0 be given. Then we can write

n

1 i !
E Z f(ld(x, Ak/ Bk) —L) >
k=1

n
/ / fle ’ /
>l AL B~ L) > < n s jaie A B~ L )l
k=1

2=

ld(x,A,, By )—L>e

Therefore, for any y > 0, we have

1 / ’ 'y ]. ki ’ /
L < : 7 7 - 2 2 N g . y 7 _I- 2 .
{n €N: —{lk<n:ldlx Ay, By) — Ll > el} f(a)} {n eEN:— kZ_lf(ld(x A, By —1)) y}

. 20w (we) 2w (S)
Since Ay ~ ~ By, it follows that the later set belongs to J, and therefore Ay, ~  Bx.
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ZIw (S
(i) Assume that f is bounded and Ay ) Bk. Since f is bounded there exists a real number M such

that sup f(t) < M. And for € > 0, we write

1 n , , 1 n ’ ’ n ’ ’
— D flld(x Ay By) — L) = — > f(ld(x, Ay, By) — L)+ > f(ld(x, Ay, By) — L))
k=1 k=1 k=1
ld(x,A,, By )—LI>¢e ld(x;A;By)—Ll<e

M ’ ’
< pHkesmldl Ay, Bi) — L > el + f(e).

ZIw (S
Now if ¢ — 0, the theorem is proved. Since Ay ~( : By, it follows that the later set belongs to J, and
2w
therefore Ay {wr) By. O

Theorem 3.19. Let I C 2N be a non-trivial in N, 0 = {k.} be a lacunary sequence and f be a modulus function. If
o 2w (wr) 27w (Np)
liminf, qr > 1, then Ay ~ By = Ax ~ By.

Proof. Assume that liminf, qr > 1, then there exist 4 > 0 such that q, = kk

— > 1+ 5 for sufficiently large

D . 27w (wy) . . ) . .
r, which implies that %: > 1%. Let Ay~ ~ ' By. For sufficiently large r, we obtain the following

k
1 - / !’ 1 !’ ’
fy 2 T AL B L) > 0 3 flld Ay By~ L)

T kel,
h\ 1 b
(1) i X tlaix A By~ L)
kel,
(2 )L > f(ld(x, Ay, By) —LI)
= 1+6 hT 7 ks Pk 7
kel,
which gives ¢ > 0,
1 1 & £.5
. i / . ! / .
reN: - 3 (Al B ) L) > e {rEN%Zf('d(%Aka KWL= 1+5}'
kel, k=1
. 2w (we) 2w (N{)
Since Ay ~ By, it follows that the later set belongs to J, and therefore Ay ~ Bx. O

Theorem 3.20. Let (X, p) be a metric space. Let J C 2N pe a non-trivial in N, © = {k,} be a lacunary sequence,
{Ax}, {Bx} be non-empty closed subsets of X, and f be a modulus function. Then,
o 2’W (No) 2w (N§)
(1) lfAk ~ Bk, then Ak ~ Bk,'
ZIwW (N 27w (Ng)
(i) limyooo ") = > 0, then Ay~ By = A~ O By
Proof. The proof is similar to the Theorem 3.18. 0

Theorem 3.21. Let (X, p) be a metric space. Let I C 2N be a non-trivial in N, 0 = {k,} be a lacunary sequence,
{Ax}, {Bx} be non-empty closed subsets of X, and f be a modulus function. Then,

o 2w (Ng) 27w (Se)
(1) lfAk ~° Bk, then Ak ~ ° Bk;
27w (N§) 27w (Se)

(ii) if f is bounded, then Ay ~ By <<= Ax ~  Bx.
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Proof.

ZJW(Nf)

(i) Suppose that Ai, ~ ~ ° By and ¢ > 0 be given. Since

—_

1 ro
o 2 fldio AL B —L) > = f(ld(x, Ay, By) — LI)
kel keI,—

ld( xAk ) L)>

> f(e )hi'{k el |d(x,A;<,B{<) —L > e)l.

If follows that for any y > 0, if we set

Aley) = {re N e I lats AL B — > ol > v},
T

B(e,v) = reN:—Zf\dxAk, Bi)—LI) > vf(e) 7,

T kel,
) 2w (Nf)
then A(e,y) C B(e,y). Since Ay ~ Bk, so B(e,y) € J. But then, by the definition of an ideal,
2w (S
Al(e,v) € J, and therefore, Ay 15) By.
27w (Sp)

(ii) Suppose that f is bounded and let Ay ~ Bx. Since f is bounded there exists a positive real
number M such that [f(x)| < M for all x > 0. Further, using the fact

1
—Z (ld(x A Bi) — L) = -~ > fldx A B -1
T xel, T kel,
ld(x,A,,By)—L>e

+ Y f(dx Ay By — L)
kel,
Id(x AL B )—Ll<e

<Mier, Sld(x, Ay, By) — LI > e}l + f(e).

~ hy
. . . 27w (Sg) .
Now if ¢ — 0, the theorem is proved. Since Ay ~ By, it follows that the later set belongs to J, and
2Iw (Nf )
hence, the first set in above expression belongs to J. This is proved that Ay, = ~ ° By. O
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