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Abstract

The existence of solutions of a boundary value problem of self-reference functional differential equation with infinite point
and integral conditions will be studied. Some properties of solution will be given. Two examples to illustrate main results.
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1. Introduction

Many investigators have interested in studying nonlocal problem of the functional differential equa-
tions with infinite point conditions, in order to achieve various goals; see [6-8, 10, 12, 15, 20, 21].

The differential and integral equations with deviating arguments that appear in recent literature, the
deviation of the argument usually involves only the time itself, see [1, 2]. However, another case, in which
the deviating arguments depend on both the state variable x and the time t, is of importance in theory and
practice. Several papers have appeared recently that are devoted to such kind of differential equations,
see for example [3-5, 9, 11, 16-19] and the references cited therein.

Here we are concerning with the nonlocal problem of functional differential equation with self-
dependence on a nonlinear integral operator

dx t
— =1 t,x(J g(s,x(s))ds) ), ae., te(0,T], (1.1)
dt 0
with the nonlocal condition o
Y ax(t) =xo, T € (0,T). (1.2)

k=1
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The existence of solutions x € AC[0, T] will be studied. The continuous dependence of the unique solution
on xp, on the functional g and on the nonlocal parameter ay will be proved.
As applications, the nonlocal problem of equation (1.1) with the integral condition

)
JO x(s)dg(s) = x (1.3)

and the infinite-point boundary condition
D ax(Ti) = xo (1.4)
will be studied.

2. Integral representation

Consider the nonlocal problem of functional differential equation (1.1)-(1.2) with the assumptions:

1. f: [0, T] x R — R satisfies Carathéodory condition, i.e., f is measurable in t for any x € R and
continuous in x for almost all t € [0, T]. There exist a bounded measurable function c(t) and a
positive constant b > 0, such that

[f(t,x)l <c(t)+blxl, et <M;

2. ¢g:[0,TI x R — R" satisfies Carathéodory condition, i.e., g is measurable in t for any x € R and
continuous in x for almost all t € [0, T] such that |g(t,x)| < 1;
3. 2bT < 1.

Definition 2.1. By a solution of the nonlocal problem (1.1)-(1.2) we mean an absolutely continuous func-
tion x € AC[0, T] that satisfies the nonlocal problem itself.

Theorem 2.2. Let B~! = Y vty ax # 0 and the assumptions 1-3 be satisfied, then the nonlocal problem (1.1)-(1.2)
and the functional integral equation

m

x(t) = [xo — Z J (s X r g(@,x(@))d6)> ds] —i—Jt f(s,x(r g(@,x(G))dG)) ds, tel0,T], (2.1)

0 0 0

are equivalent.

Proof. Let the solution of the nonlocal problem (1.1)-(1.2) exists. Integrating both sides of (1.1) we obtain

x(t) = x(0) +th<s,x(Js g(@,x(e))de))ds. (2.2)

0 0

Using the nonlocal condition (1.2), we obtain

Zakx T ) = x(0 Zak—i-ZakJ (s XJ g(9,x(9))d9)>ds,
0
then we can deduce that

Jka<s,x(Js g(G,x(G))d6)> ds]. (2.3)
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Using (2.2) and (2.3), we obtain

x(t) =B~! [Xo — i ax rk f<s,x(Js g(G,x(@))d@))dS] +Jt f<s,x(Js g(S,x(G))dG)) ds.

0 0 0 0

Conversely, let x € AC[0, T] be a solution of the functional integral equation (2.1). Differentiation (2.1) we
obtain

% = jt{B_l [Xo - Z ak L * f(s,x(E g(e,x(S))dS)) ds} +J0 f(s,x(Jj g(@,x(e))d6)> ds}

k=1

ol : ) . 1
=0+ m L f(s,x(JO g(e,x(e))de)) ds = f<t’X(Jo 9(9,X(9))d9)>e L0, T].

Also, from the integral equation (2.1), we obtain

m

_np-1 _ Tk s Tk s
x(tk) =B [xo kZ1ak L f<s,x(Jo g(G,x(G))dG))ds} +JO f<s,x(JO g(G,x(G))d9)>dS,
and
Z ax(Tk) = Z axB! [xo - Z akJ ’ f(s,x(JS g(e,x(e))de)> ds]
k=1 k=1 k=1 0 0
+ kZ—l Qi L f(S’X(L 9(9,X(6))d6)) ds.
Then

m
D ax(Ti) = xo. O
k=1

3. Existence of solution

Theorem 3.1. Let the assumptions 1-3 be satisfied, then the nonlocal problem (1.1)-(1.2) has at least one solution
x € AC[0, TI.

Proof.

B » B m Tk s
IX(O)I—‘B [xo kZ_lakL f(s,x(L g(S,x(B))dB))ds]
ds]

<B! _|X0| + Z ax
- k=1
(e(s) +b|x(f 6(0,x(6))d8) — x(0) +b|x(0)|) ds}
0

Tk

f(s,x(r g(G,x(G))dG)>

JO

Tk

r m
<B 7ol 4+ ) ax
. k=1 Y0

rTx

(c(s) +DbL LS Ig(0,x(0))/do + blx(O)I)ds}

r m
< B Ixol + Z ax
: k=1 70

< B Yxol + TM + bLT? + bT|x(0)).

Hence
B~ !xo| + TM + bLT?

<
x(0)] < A

(3.1)
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Define the operator A associated with the integral equation (2.1). As

Ax(t) =B~! [Xo — Z ax JOTk f(s,x(J’(;g g(e,x(e))d6)> ds} ~|—J: f(s,x(Js g(@,x(@))d@)) ds,

k=1 0

and the set Sp by St = {x € R : [x(t) —x(s)| < Llt—s[,Vt,s € [0,T]}, L = w. Then we have, for

x € St
ak LTk f(S,X(JOS 9(9,x(9))d6)> ds} + J: f(s,x(LS Q(G,X(e))de)) ds
ax Jo f(s,X(L g(e,x(e))de)) ds}—i—L
akj ( (s) +blx(J: g(e,x(G))d6)> ds]

(c +b|xJ g(e,x(e))de)l)ds
0 0

<B™ 1[|X0|+Zﬂk

c(s) + blx( (G,X(e))de)—x(0)|+blx(0)|> ds

hE

[Ax(t)] = ’Bl [xo —

k=1

ds

hE

f<s,x(JS g(S,x(G))dG))

0

<B™! [|X0| +

k=1

M=

<B™ 1 [|Xo| +
k

1

k

) + blx(Ls (8,x(0))d0) — x(0)| + blx(O)I)ds} 3.2)

O

<B™ 1[Ix0|+Zak

+ Jt (c(s) + bLJ lg(0,x(0))]d6 + b|x(0)|> ds
0

k

) + bLJ Ig(0,x(0))/de + blx(O)I)ds]

0
B~ !lxgl + TM + bLT? + bT|x(0)| + TM + bLT? + bT|x(0)|

= B~ Yfxo| +2TM + 2bLT2 4 2bT[x(0).
From (3.1) and (3.2) we get

B~ ![xo| + TM + bLT? )
1—bT
B~ xo| + bTB Y xg| + 2TM +2bLT? B~ lxg| + TM + bLT?

IAx(t)] < BV xo| +2TM + 2bLT? + 2bT(

Now, let t1,t> € (0, T] such that [t — t1] < §, then

f(s,x(JS g(@,x(G))dG))
Jty 0

< b (c(s) —I—bIX(J’S g(6,x(0))de) —x(0)] +b|x(0)|> ds

Jty 0
rtz

rta

|Ax(t2) — Ax(t1)] < ds

N

<c(s) +bLJS |g(9,x(6))|d6+blx(0)|> ds (3.3)
Jty 0

< (t2 —t) M+ (t2 — t)bLT + (t2 — t1)blx(0)]
= (tp —t1)(M +bLT + b|x(0)|).
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From (3.1) and (3.3)

B! TM + bLT?
Ax(ta) = Ax(tr)] < (12 — 1) (Mo BLT 4 b EEERED )

bBlxg| + M +bLT

1—bT = (t, — t1)L.

< (to—tq)

This proves that A : St — St, the class of functions {Ax} is uniformly bounded and equi-continuous in Sy .
Let xn € St, xn — x (N — o0), then from continuity of the functions f and g, we obtain f(t, x (t), yn(t)) —
f(t,x(t),y(t)) and g(t,xn(t)) — g(t,x(t)) as n — oco. Also

lim Axn(t) = lim <B1 {xo — Z ay JTk f(s,xn(JS g(e,xn(ﬁ))dﬁ)) ds]

k=1

t S
+ L f(s, xn(J0 g(o, xn(e))d6)> ds).

Now

S S S

9(6,xn (6))d6) —xn(L 9(6,x(6))de)

|xn(r 9(0, % (0))d0) —x(J

0 0

9(6,x(8))d0)| < |xn(J0

S S

9(6,(6))do) _"(L 9(6,(8))d0)|

" wj

0

L | l9(0,xn (@)~ (0, x(@)Id0+ 5 < 5+ 5 =

Using assumptions (1)-(2) and Lebesgue dominated convergence Theorem [14] we obtain

Iim Axn(t) =B~ [XOZ JT lim f(s,xn(rg(G,xdG))dG))ds}

+ hm f<s xn(| 9(b, xn(e))d6)> ds.

0 n—oo
Then Ax, — Ax as n — oo. This mean that the operator A is continuous. Hence by Schauder fixed point

Theorem [13] there exist at least one solution x € AC[0, T] of the nonlocal problem (1.1)-(1.2). O

4. Nonlocal integral condition

Let x € C[0,1] be the solution of the nonlocal problem (1.1)-(1.2). Let ax = h(tx) —h(tk—1), his
increasing function, Tx € (tk—1,tk), 0 =tp < t1 < tp,... < t, =1 then, as m — oo the nonlocal condition
(1.2) will be

D (h(te) = h(tk-1))x(Tic) = 0.
k=1
And
m T
lim > (h(ti) = h(ti—1))x(Ti) —J x(s)dh(s) =
m—o0 = 0

Theorem 4.1. Let the assumptions 1-3 be satisfied, then the nonlocal problem of (1.1), (1.3) has at least one solution.
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Proof. As m — oo, the solution of the nonlocal problem (1.1)-(1.2) will be

1 m Tk s t s
x(t) = lim [xo—ZakJ f(s,x(J g(e,x(e))de))ds] —i—J f(s,x(J g(G,x(G))dG))ds

m
m—oo ) 174 ax 1 0 0 0 0
m

w0 e [ (] a@nenae Jastniee) it )

+ Jt f<s,x(Js g(@,x(@))d@)) ds

0 0
1

T pt s t s
= ") —h0) [xo —JO Jo f<S’X(J0 g(B,x(B))dB)) ds.dh(t)] —i—L f(s,x(L g(6,x(6))d6)> ds. d

5. Infinite-point boundary condition

Theorem 5.1. Let the assumptions 1-3 be satisfied, then the nonlocal problem of (1.1), (1.4) has at least one solution.

Proof. Let the assumptions of Theorem 3.1 be satisfied. Let }_ " ; ax be convergent, then

1 m Tk s
Xm(t) = m [xo — kZ_l ax Jo f(s,x(JO g(e,x(e))de)) ds} .

+ Jt f<s,xm(JOS g(e,xm(e))d9)> ds.

0

Take the limit to (5.1), as m — oo, we have

Tiiinoo Xm(t) = n{l{}noo [ZE:ak [xo — Z ayx JOTk f(s,x(Ls g(@,x(@))d9)> ds]

k=1
—i—Jt f(s,xm(JS g(G,xm(G))d6)> ds}
0 : 0 e . (5.2)
:é@mm[xo—];akjo f(s,x(L g(e,x(e))de))ds}

+ lim th<s,xm(Js g(e,xm(e))d8)>ds.
0

m—o0 0

Now, |axx(tk)| < laxl||x||, then by comparison test Y ;. ; axx(Tk) is convergent. Also

Tk

|JO f(s,x(r 0(0,(0))a0)ds] < |

(c(s) + blx(r g(8,x(8))d0))ds < TM + bLT? + bT|x(0)|,
0 0 0

then |ay [3* f(s,x(s), [3 9(6,x(6))d0)ds| < |axl.M; and by the comparison test Y o ; ax [o* f(s,x(s),
5 9(6,%(0))d0)ds is convergent. Using assumptions 1-2 and Lebesgue Dominated convergence Theo-
rem [14], from (5.2) we obtain

x(t) = Zfiak [xo — ki ax JTk 1’<s,x(JS g(@,x(B))dB)) ds} + Jt 1’<s,x(JS g(@,x(@))d@)) ds.

—1 0 0

Then we have proved. [
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6. Uniqueness of the solution
Let f and g satisfy the following assumptions

4. £:10,T] xR — R is measurable in t for any x € R and satisfies the Lipschitz condition

[T(t,x) — f(t, W] < bx —uf;

5. g:[0,T] x R — R is measurable in t for any x € R and satisfies the Lipschitz condition

lg(t,x) —g(t,u)] < bylx —uj;

6. (2bb;LT?>42bT) < 1

Theorem 6.1. Let the assumptions 4-6 be satisfied, then the solution of the nonlocal problem (1.1)-(1.2) is unique.

Proof. From assumption 4 we have f is measurable in t for any x,y € R and satisfies the lipschitz condi-

tion, then it is continuous in x € R Vt € [0, T], and

If(t,x)| < blx|+[f(t,0)].

Then condition 1 is satisfied. Also by the same way we can show that assumption 2 satisfied by assump-
tion 5. Now, from Theorem 3.1, the solution of the nonlocal problem (1.1)-(1.2) exists. Let x,y be two

solutions of (1.1)-(1.2), then

x(t) —y(t) < B! <Z akJ

<t X JS g(G,x(G))dG))—1°<’c,x(‘[S g(G,x(G))dG))
k=1 0 0

f<s,x ))de)> < ’”(L g(e,y(ende)>

S

-1 .
< bB kZ_lakL |><(J0 9(6,x(6))do) y(j 9(6,y(0))d0)/ds

0

ds

0

S

+J |x(J g(e,x(e))de)—y(J 9(6,y(0))d0)ds

0 0 0
<vB Y akj x| 900, x(0))a0) ~x(| g(0,y(@)a0)las

S

b8 1Zakj xr ey(e))de)—y(J 9(0,y(0))d0)]ds

0

t s
+bJ IX(J g(0,x(0))do) —XJ g(o ))do)|ds
0 0 0
t s
—l—bJ |X(J g(0,y(6 J g(o ))do)|ds
0 0 0
m v
<olB Y | JO 19(6,x(0)) — g(6,y(6))/d0ds + bT][x —y|
k=1

+bLJ J 19(8,x(8)) — g(6,y(6))/d0ds + bT|x —y|
0J0

m
<bbi LB ) akJ

k=1 0

Tk

S
jo x(0) — y(6)|d0ds + bT||x —y|
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t rs
+bb1LJ J Ix(0) —y(0)|dods + bT||x —y||
0Jo
< 2bbiLT?||x —y|| +2bT|x —y|| = (2bb;LT? +2bT)|x —y|.

Hence
(1—(2bbiLT? +2bT))|x —yl| <0

Since (2bb;LT? +2bT) < 1, then x(t) = y(t) and the solution of the integral equation (2.1) is unique. [

7. Continuous dependence

7.1. Continuous dependence on xg
Definition 7.1. The solution x € AC[0, T] of the nonlocal problem (1.1)-(1.2) depends continuously on xy,
if

Ve >0, 3d(e), s.t, Ix—xpl<d=|x—x"| <e,

where x* is the solution of the nonlocal problem

d;: = f<t,x*(E g(s,x*(s))ds)), ae, te(0,T], (7.1)

with the nonlocal condition o

D ax*(m) =x3, e (0,T). (7.2)
Theorem 7.2. Let the assumptions of Theorem 6.1 be satisfied, then the solution of the nonlocal problem (1.1)-(1.2)
depends continuously on xy.

Proof. Let x, x* be two solutions of the nonlocal problem (1.1)-(1.2) and (7.1)-(7.2), respectively, then

m

x(t) —y(t)] < B lxg —x§| +B ! <Z akJ ’ f<t,x(Js g(G,x(O))d9)>
. Jo 0
d
s)—i—L

— f(t,x(Jj g(G,x(Q))dQ))

Bl5+bB 1Y a | x| o0x(e))a0) (| (o y(@)ce)ias

. Jo 0 0

ds

f(ax(js 9(9,X(6))d6)>—f<s,y(J: g(e,y(e))de)>

0

S

t S
+J |x(J g(e,x(e))de)—y(J 9(6,y(0))d0)|ds

0 0 0

m
<B 15+bB! Z akj

k=1 0

Tk

|x(j0 9(6,x(6))d6) —x(JO 9(6,(0))d0)ds

S

v AL B
+bB k;akjo |><(J0 9(6,y(6))de) y(J g(0,4(0))do)|ds

0

0 0

t S
—f—bJ |X(J g(6,x(0))do) —XJ g(o ))do)|ds
0
J g(o ))do)|ds
0

+th (| g(0,y10

B15 4 bLB 1Zakjo | ate.x10)) o, y(@)iaoas + vTx—y|
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t rs
+bLJ j 19(0,x(8)) — g(6,y(8))|d0ds + bTx — |
0Jo

m Tk
< B 6+ bb LB Z akJ

S
J x(8) — y(0)/d0ds + bT|x —y|
k=1 0 0

t rs
—|—bb1LJ J [x(0) —y(0)|ddds + bT||x —y|
0 Jo

< B8 +2bb 1 LT?||x —y|| +2bT|x —y|
=B 164 (2bb LT +2bT)|x —y.

Hence

Ix—x*|| < B o —c
S [1—(2bbiLT2+2bT)]
Then the solution of the nonlocal problem (1.1)-(1.2) depends continuously on xy. O

7.2. Continuous dependence on ay

Definition 7.3. The solution x € AC[0, T] of the the nonlocal problem (1.1)-(1.2) depends continuously on
Ay, if
Ve >0, 358(e), s.t, lax—ag|<d=|x—x"|<eg,

where x* is the solution of the nonlocal problem

dx* y t .
—f(t,x (J g(s,x*(s))ds) ), ae, te(0,T], (7.3)
at 0
with the nonlocal condition o
Y aixt(nd =x, T € (0T (7.4)
k=1

Theorem 7.4. Let the assumptions of Theorem 6.1 be satisfied and sup, (o 1; [ OT f(s,0)|ds < Ly, then the solution

of the the nonlocal problem (1.1)-(1.2) depends continuously on ay.

Proof. Let B* = Y ' ;af # 0 and x and x* be two solutions of the nonlocal problem (1.1)-(1.2) and
(7.3)-(7.4), respectively, then

Ix(t) —x"(t)] = ‘B_l [xo — Z ax JTk f(s,x(JS g(9,x(6))d6)) ds] + Jt f(s,x(r g(B,x(S))dS)) ds
k=1 0

0 0 0

m

gt [xo— Y a Jka<s,x*(r g(e,x*(e))ae))ds} _th<s,x*(f g(s,x*(e))de))ds

0 0 0 0

m Ty
< B 1B* lméxy + B* ! Z a]”;J ds

k=1 0

f<s, x*(r g(o, x*(@))d@)) —f(s,x(J'S g(G,x(O))dO))

0 0

Tk
0

m
+B7(Y Jai - a) |
k=1
m m Tr
+BBY Jo-ail ) a |
k=1 k=1 0

t
g
0

f<s,x(JS g(@,x(G))dG)) ds
0

ds

f<s,x(JS g(G,x(G))d9)>

0

ds,

f(s,x(s),J’S g(@,x(@))d@) —f <s, x"‘(s),JS g(s,x*(@))d@)

0 0
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using the Lipschitz condition, we get

m Tk S
x(t) —x* (1) < BlB*_lméxo—i-B*_lZa]*(J b[lx*(J 9(6,x"(8))do)
k=1 0 0

S S

9(6,x(6))do) _"(L 9(6,x(0))d0)1ds

_x*(L 9(6,x(8))d0)| + |x*([

0
+B* T md(Tbx|| + L1) + B* 'md(Tb]x|| + L)

S

+bj nx(J g(e,x(e))de)x(J g(s,x*(0))d0)]
0 0 0

+|x(J: g(s,x*(e))de)—x*(j o(s,x*(6))d0)1ds

0
< BB T mdxg + 2bLby T2||x — x*|| + 2bT||x* — x|

+B* 'm&(Tb||x|| + L1) + B* 'ms(Tb||x| + L1).

Hence
. mxo + 2Bm(Tb||x|| + L1)
e —x* < oo , 5=
[1—(2bLb; T2+ 2bT)IB.B
Therefore the solution of the nonlocal problem (1.1)-(1.2) depends continuously on ay. O

7.3. Continuous dependence on the functional g

Definition 7.5. The solution x € AC[0, T] of the nonlocal problem (1.1)-(1.2) depends continuously on the
functional g, if
Ve >0, 3b(e), st, |g—g'l<d=|x—x"|<eg,

where x* is the solution of the nonlocal problem

dx* I
=flt,x"(| g"(s,x"(s))ds) ), ae, te(0,T], (7.5)
dt 0
with the nonlocal condition o
Z apx* () =xo0, T € (0, T). (7.6)
k=1

Theorem 7.6. Let the assumptions of Theorem 6.1 be satisfied, then the solution of the nonlocal problem (1.1)-(1.2)
depends continuously on the function g.

Proof. Let x and x* be two solutions of the nonlocal problem (1.1)-(1.2) and (7.5)-(7.6), respectively, then

m Ty s t s
Ix(t) —x*(t)] = ’Bl[xo — Z akJ f(t,x(J g(G,x(G))dG)) ds} —i—J f(t,x(L g(@,x(@))d9)> ds

w1 Jo 0 0
m Tk s t s
— B! [xo—kzlak JO f(t x*(L g*(@,x*(@))d@))ds]—i—JO f(t,x*(L g*(e,x*(e))de)> ds
1 — o * s * *
’B Zlakjo f(t,xJ (0, x(S))dS)) f(t,x (L g*(0,x (e))ae)) ds

k

f ds

—+

—i—J (,x sg ) f(t,x*(rg*(e,x*(e))de))
0 0 0

< bB~ 1Zakjo XJ 6X(G))de))—x*(rg(G,x*(G))dG))Ids

k=1 0
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S

t S
b J "‘(L g(e,x(e))de)—x*(J g7 (6,x(8)d6))]ds

0 0

—1 — T * o $ * *
< bB kz_lak L |x(j0 9(6,x(0))do) x(JOg (6, x*(8)d6))]ds

. m Tk S . . . s . .
+bB ];akjo IX(J g9*(6,x*(6)d6)) —x (L g*(6,x*(0)de))|ds

0

—f—bJ |X(J g(e,x(e))de)—x(J g*(0,x*(0)de))|ds
0 0 0

b L |x(j g*(e,x*(e)de))—x*(J g*(6,x*(6)d0))]ds

0 0

m Tk S
gbLBlzakJ J|g(6,x(6))—g*(e,x*(e))ldeds+bT||x—x*Hds
k=1

0

t rs
+bLJ J 19(6,%(6)) — g*(0, x*(0))d0ds + bT[x — x*||ds

<oiB Y a| [ lgt6,x0) — 916, (@)

+19(6,x7(8)) — ¢*(6,x"(0))1d8ds + bT||x —x™||ds
t

+bLJ
0Jo

< 2bLby T?|jx — x*|| 4+ 2bT|)x — x*|| + 2bL T25.

Hence
Ix—x*] < 2bLT%5 .
S [1—(2bLbyT2+2bT)]

JS[IQ(O,X(G)) —9(6,x%(0))+1g(6,x"(0)) — g"(6,x"(8))]d8ds + bT||x —x"||ds

This mean that the solution of the nonlocal problem (1.1)-(1.2) depends continuously on the functional

g.

8. Examples
In this section we offer some examples to illustrate our results.

Example 8.1. Consider the following nonlinear differential equation

t cos?(x)
dx 1., In(I+x(fy onmn)l
7X 7t + J‘O S+e‘ ! 7 te (0/ 1]/
dt 3 5+ 12

with nonlocal condition

> 1 k—
zk— =1

Set

O

8.1)

(8.2)

D)

¢ 1 n(1+Ix(f; cos” (x
1’: t — *t3 s+e
(ML g(s,x(s))ds)> : . ks

Then .
(] ats xisnas) )< 3+ o,
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and also

lg(s,x(s))l < 1.
It is clear that the assumptions 1-3 of Theorem 3.1 are satisfied with |c(t)] = |%t3| < % is measurable
bounded, b=12bT=2<1,L= % ~ 0.92, and the series: ) 74 k14 is convergent. Therefore,

by applying Theorem 3.1, the given nonlocal problem (8.1)-(8.2) has a solution.

Example 8.2. Consider the following nonlinear differential equation

—=(t+1)+ , te(0,1], :
Tt 4( ) 9 ( (8.3)
with nonlocal condition -
1 K4+k—1
- =0. 4
> ¥ ey =0 ®.4)
k=1
Set )
in“(s)
t t (J‘S sn\x(s)\)”
flt,x s,x(s))ds) |= - + ste
(x| gt xtsnas) )= + =05
Then .
(x| atsxtsnas))|< 3+ 5
and also
lg(s,x(s))| < 1.
Itis clear that the assumptions 1-3 of Theorem 3.1 are satisfied with [c(t)| = | | < 4 is measurable bounded,

l
b =3, 2bT = < 1, L= —; 3, and the series: Y 7, k6 is convergent. Therefore, by applying Theorem
3.1, the given nonlocal problem (8.3)-(8.4) has a solution.
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