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Abstract

In this paper, we introduce both the generalized degenerate Gould-Hopper based degenerate Stirling polynomials of the
second kind and the generalized degenerate Gould-Hopper based fully degenerate Bell polynomials. We study and investigate
multifarious properties and relations of these polynomials such as explicit formulas, differentiation rules and summation for-
mulas. Moreover, we derive several correlations with the degenerate Bernstein polynomials for these polynomials. Furthermore,
we acquire several representations of the generalized degenerate Gould-Hopper based fully degenerate Bell polynomials via not
only the fully degenerate Bell polynomials but also the generalized degenerate Gould-Hopper based degenerate Bernoulli, Euler
and Genocchi polynomials.
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1. Introduction

The Gould-Hopper polynomials are defined via the following Mac Laurin series expansion (see [1, 11,
14]): ∞∑

n=0

H
(j)
n (x,y)

tn

n!
= ext+yt

j

, (1.1)

where j ∈N with j > 2. Upon setting j = 1, the Gould-Hopper polynomials reduce to the representation
of the Newton binomial formula. Also, choosing j = 2 in (1.1), we obtain the familiar Hermite polynomials
denoted by Hn (x,y) (cf. [2, 10, 13, 17, 28, 33, 34, 37]).
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The Gould-Hopper polynomials and Hermite polynomials have been used to generalize diverse spe-
cial polynomials such as Bernoulli, Euler, Bell and Genocchi polynomials (see [2, 10, 11, 13, 14, 17, 28,
33, 34]). For instance, Araci et al. [2] introduced a novel concept of the Hermite based Apostol-Genocchi
polynomials and investigated several general symmetric identities and implicit summation formulas aris-
ing from different analytical means and series manipulation procedure. Duran et al. [13] considered
Hermite based poly-Bernoulli polynomials with a q-parameter and gave some properties and relations
of them. Duran et al. [14] defined the Gould-Hopper based fully degenerate poly-Bernoulli polynomi-
als with a q-parameter and provided some of their multifarious basic formulas and properties includ-
ing both addition and difference rule properties. Duran et al. [11] considered generalized degenerate
Gould-Hopper polynomials, generalized Gould-Hopper based degenerate central factorial numbers of
the second kind and generalized Gould-Hopper based fully degenerate central Bell polynomials via the
degenerate exponential functions and then provided several formulae and correlations for these polyno-
mials and numbers related to not only the degenerate Bernstein polynomials but also the Gould-Hopper
based fully degenerate Bernoulli, Euler and Genocchi polynomials. Khan [17] defined degenerate Hermite
poly-Bernoulli numbers and polynomials and gave some properties and relations. Kurt et al. [28] consid-
ered Hermite based Genocchi polynomials. Ozarslan [33] introduced a unified family of Hermite based
Apostol-Bernoulli, Euler and Genocchi polynomials and proved a finite series relation between this unifi-
cation and 3d-Hermite polynomials. Pathan [34] introduced a new kind of generalized Hermite-Bernoulli
polynomials and attained some implicit summation formulae and symmetric relations.

For λ ∈ C, the λ-falling factorial (x)n,λ is defined by (see [3–14, 16, 17, 20–23, 25, 27, 28, 34])

(x)n,λ =

{
x(x− λ)(x− 2λ) · · · (x− (n− 1)λ), n = 1, 2, . . . ,
1, n = 0. (1.2)

In the case λ = 1, the λ-falling factorial reduces to the familiar falling factorial (x)n (see [3–14, 16, 17, 20–
23, 25, 27, 28, 31, 33])

(x)n = x(x− 1) · · · (x−n+ 1).

The Stirling numbers of the first kind S1 (n,m) are defined by means of the falling factorial as follows

(x)n =

n∑
m=0

S1 (n,m) xm,

cf. [3, 12, 31, 33] and see also references cited therein.
The ∆λ difference operator is defined by (see [10, 11, 14, 31])

∆λf(x) =
1
λ
(f(x+ λ) − f(x)), λ 6= 0.

The following Lemma will be useful in the derivation of several results.

Lemma 1.1 ([10, 11, 14, 31]). The following elementary series manipulation hold:

∞∑
n=0

∞∑
k=0

A(k,n) =
∞∑
n=0

bn/jc∑
k=0

A(k,n− jk), (1.3)

where b·c is the Gauss notation, and represents the maximum integer which does not exceed the number in the
square brackets.

The degenerate exponential function exλ (t) for a real number λ is given by (cf. [3, 5, 7, 10–14, 16, 17, 20–
23, 25, 27])

exλ (t) = (1 + λt)
x
λ and e1

λ (t) = eλ (t) . (1.4)
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It is readily seen that limλ→0 e
x
λ (t) = ext. From (1.2) and (1.4), we obtain the following relation (cf.

[3, 5, 7, 10–14, 16, 17, 20–23, 25, 27])

exλ (t) =

∞∑
n=0

(x)n,λ
tn

n!
, (1.5)

which satisfies the following difference rule

∆λe
x
λ (t) = te

x
λ (t) .

Let n, j ∈ Z with n = 0 and j > 0, and let λ1, λ2 ∈ R\ {0}. The generalized degenerate Gould-Hopper
polynomials H(j)

n,λ1,λ2
(x,y) are defined by means of the following generating function (cf. [11]):

∞∑
n=0

H
(j)
n,λ1,λ2

(x,y)
tn

n!
= exλ1

(t) eyλ2

(
tj
)

. (1.6)

Duran and Acikgoz in [11] investigated diverse formulas and properties of the generalized degenerate
Gould-Hopper polynomials H(j)

n,λ2,λ3
(x,y).

2. The generalized degenerate Gould-Hopper based degenerate Stirling polynomials of the second
kind

In this section, we perform to analyze and investigate degenerate forms of some special polynomials
and numbers. We focus on the generalized degenerate Gould-Hopper based degenerate Stirling polyno-
mials of the second kind. We then derive several properties and formulas for these polynomials.

For non-negative integer n, the Stirling numbers of the second kind S2 (n,m) are defined by the
following exponential generating function (cf. [1–4, 7, 10–17, 20–22, 25–27, 29–33, 38]

∞∑
n=0

S2 (n,m)
tn

n!
=

(
et − 1

)m
m!

(2.1)

or by recurrence relation for a fixed non-negative integer n as follows

xn =

n∑
m=0

S (n,m) (x)m .

For non-negative integer n, the degenerate Stirling polynomials of the second kind S2,λ (n,m : x) and
the degenerate Stirling numbers of the second kind S2,λ (n,m) are defined by the following exponential
generating functions (cf. [19, 21, 25–27])

∞∑
n=0

S2,λ (n,m : x)
tn

n!
=

(eλ (t) − 1)m

m!
exλ (t) (2.2)

and ∞∑
n=0

S2,λ (n,m)
tn

n!
=

(eλ (t) − 1)m

m!
. (2.3)

When λ goes to 0, the degenerate Stirling numbers of the second kind (2.3) reduce to the Stirling numbers
of the second kind (2.1), that is limλ→0 S2,λ (n,m) = S2 (n,m).

We are now ready to give the definition of the generalized degenerate Gould-Hopper based degenerate
Stirling polynomials of the second kind.
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Definition 2.1. Let λ1, λ2, λ3 ∈ R\ {0}. The generalized degenerate Gould-Hopper based degenerate Stir-
ling polynomials of the second kind S[j,ω]

2,λ1,λ2,λ3
(n,m : x,y) are defined by means of the following generat-

ing function
∞∑
n=0

S
[j,ω]
2,λ1,λ2,λ3

(n,m : x,y)
tn

n!
=

(
eωλ1

(t) − 1
)m

m!
exλ2

(t) eyλ3

(
tj
)

. (2.4)

We here analyze some special circumstances of the generalized degenerate Gould-Hopper based de-
generate Stirling polynomials of the second kind S[j,ω]

2,λ1,λ2,λ3
(n,m : x,y) as follows.

Remark 2.2.

1. When x = y = 0, we get the extended degenerate Stirling numbers of the second kind

∞∑
n=0

S2,λ1,ω (n,m)
tn

n!
=

(
eωλ1

(t) − 1
)m

m!
, cf. ([12]). (2.5)

2. Upon setting y = 0, we obtain a new extension of the Stirling polynomials of the second kind,
termed unified degenerate Stirling polynomials of the second kind:

∞∑
n=0

S
(ω)
2,λ1,λ2

(n,m : x)
tn

n!
=

(
eωλ1

(t) − 1
)m

m!
exλ2

(t) .

3. When x = 0, we attain a novel family of polynomials, which is a generalization of the Stirling
polynomials of the second kind:

∞∑
n=0

S
[j,ω]
2,λ1,λ3

(n,m : x)
tn

n!
=

(
eωλ1

(t) − 1
)m

m!
exλ3

(
tj
)

.

4. In the limiting case λ1 → 0, generalized Gould-Hopper based degenerate Stirling polynomials of the
second kind S[j,ω]

2,λ1,λ2,λ3
(n,m : x,y) reduce to the ω-analogue of the degenerate Gould-Hopper based

Stirling polynomials of the second kind denoted by S[j]2,ω;λ2,λ3
(n,m : x,y):

∞∑
n=0

S
[j]
2,ω;λ2,λ3

(n,m : x,y)
tn

n!
=

(
eωt − 1

)m
m!

exλ2
(t) eyλ3

(
tj
)

.

5. When ω = 1 and y = 0 with replacing λ2 by λ1, we get the degenerate Stirling polynomials of the
second kind S2,λ1 (n,m) in (2.2), cf. [25–27].

6. Choosing ω = 1, λ1, λ2 → 0 and y = 0, we acquire the usual Stirling polynomials of the second kind
S2 (n,m : x), cf. [12, 19, 24–27].

7. When λ1 → 0, ω = 1 and x = y = 0, we attain the familiar Stirling numbers of the second kind
S2 (n,m) in (2.1), cf. [1–4, 7, 10–17, 20–22, 25–27, 29–33, 38].

Proposition 2.3. The following summation formulas

S
[j,ω]
2,λ1,λ2,λ3

(n,m : x,y) =
n∑
s=0

(
n

s

)
S2,λ1,ω (s,m)H

(j)
n−s,λ2,λ3

(x,y) ,

S
[j,ω]
2,λ1,λ2,λ3

(n,m : x,y) =
n∑
s=0

(
n

s

)
(x)s,λ2

S
[j,ω]
2,λ1,λ3

(n− s,m : y) ,
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S
[j,ω]
2,λ1,λ2,λ3

(n,m : x,y) = n!
bnj c∑
s=0

(y)s,λ3
S
(ω)
2,λ1,λ2,λ3

(n− sj,m : x)

(n− js)!s!
,

hold true.

Proposition 2.4. For k,m,n ∈N and λ1, λ2, λ3 ∈ R\ {0}, we have

S
[j,ω]
2,λ1,λ2,λ3

(n,m+ k : x,y) =
k!m!

(k+m)!

n∑
u=0

(
n

u

)
S
[j,ω]
2,λ1,λ2,λ3

(u,m : x,y)S2,λ1,ω (n− u,k) ,

S
[j,ω]
2,λ1,λ2,λ3

(n,m+ k : x,y) =
k!m!

(k+m)!

n∑
u=0

(
n

u

)
S
(ω)
2,λ1,λ2,λ3

(u,m : x)S
[j,ω]
2,λ1,λ3

(n− u,k : y) .

Here is a differentiation rule for the generalized degenerate Gould-Hopper based degenerate Stirling
polynomials of the second kind S[j,ω]

2,λ1,λ2,λ3
(n,m : x,y).

Theorem 2.5. The following relation

∂

∂ω
S
[j,ω]
2,λ1,λ2,λ3

(n,m : x,y) =
n!

(n− u)!

n∑
s=0

m∑
k=0

∞∑
u=1

(
n

s

)(
m

k

)
(−1)u+k+1

m!
λu−1

1

× m− k

u
(ω (m− k))n−u−s,λ1

H
(j)
s,λ2,λ3

(x,y) (2.6)

holds true for λ1, λ2, λ3 ∈ R\ {0}.

Proof. In view of (2.4), we get

∂

∂ω

∞∑
n=0

S
[j,ω]
2,λ1,λ2,λ3

(n,m : x,y)
tn

n!

=
∂

∂ω

(
eωλ1

(t) − 1
)m

m!
exλ2

(t) eyλ3

(
tj
)

=

m∑
k=0

(
m

k

)
(−1)k

exλ2
(t) eyλ3

(
tj
)

m!
(1 + λ1t)

ω(m−k)
λ1 ln (1 + λ1t)

m−k
λ1

=

m∑
k=0

(
m

k

) ∞∑
u=1

(−1)u+k+1

m!
m− k

u
λu−1

1 tu (1 + λ1t)
ω(m−k)
λ1 exλ2

(t) eyλ3

(
tj
)

=

∞∑
n=0

n∑
s=0

m∑
k=0

∞∑
u=1

(
n

s

)(
m

k

)
(−1)u+k+1

m!
m− k

u
λu−1

1 (ω (m− k))n−s,λ1
H

(j)
s,λ2,λ3

(x,y)
tn+u

n!
,

which implies the claimed result (2.6).

Theorem 2.6. The following identity

∂

∂x
S
[j,ω]
2,λ1,λ2,λ3

(n,m : x,y) =
n!

(n− u)!

∞∑
u=1

(−1)u+1

u
λ2S

[j,ω]
2,λ1,λ2,λ3

(n− u,m : x,y) (2.7)

is valid for λ1, λ2, λ3 ∈ R\ {0}.

Proof. From (2.4), the asserted result (2.7) can be obtained by utilizing similar method used in the proof
of Theorem 2.5. Thus, we omit the proof.
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Theorem 2.7. For λ1, λ2, λ3 ∈ R\ {0}, we have

∂

∂y
S
[j,ω]
2,λ1,λ2,λ3

(n,m : x,y) =
n!

(n− ju)!

∞∑
u=1

(−1)u+1 λu−1
3

u
S
[j,ω]
2,λ1,λ2,λ3

(n− ju,m : x,y) . (2.8)

Proof. From (2.4), the asserted result (2.8) can be similarly obtained by utilizing same method used in the
proof of Theorem 2.5. Thus, we omit the proof.

We here give the following correlation.

Theorem 2.8. The following relation

S
[j,ω]
2,λ1,λ2,λ3

(n,m : x,y) =
n∑
k=0

∞∑
u=0

(
n

k

)
x!

(x− u)!
S2,λ2 (n− k,u)S[j,ω]

2,λ1,λ3
(k,m : y) (2.9)

holds true for λ1, λ2, λ3 ∈ R\ {0}.

Proof. By Definition 2.1, we have

∞∑
n=0

S
[j,ω]
2,λ1,λ2,λ3

(n,m : x,y)
tn

n!
= (eλ2 (t) − 1 + 1)x

(
eωλ1

(t) − 1
)m

m!
e
y
λ3

(
tj
)

=

∞∑
u=0

(
x

u

)
(eλ2 (t) − 1)u

(
eωλ1

(t) − 1
)m

m!
e
y
λ3

(
tj
)

=

∞∑
n=0

n∑
k=0

∞∑
u=0

(
n

k

)
x!

(x− u)!
S2,λ2 (n− k,u)S[j,ω]

2,λ1,λ3
(k,m : y)

tn

n!
,

which implies the desired result (2.9).

We here give the following correlation.

Theorem 2.9. The following correlation

S
[j,ω]
2,λ1,λ2,λ3

(n,m : x,y) =
n∑
l=0

S
[j]
2,ω;λ2,λ3

(l,m : x,y)S1 (n, l) λn−l1 (2.10)

is valid for λ1, λ2, λ3 ∈ R\ {0}.

Proof. By Definition 2.1 and the identity (1.4), we obtain

∞∑
n=0

S
[j,ω]
2,λ1,λ2,λ3

(n,m : x,y)
tn

n!
=

∞∑
1=0

S
[j]
2,ω;λ2,λ3

(l,m : x,y) λ−l1
(log (1 + λ1t))

l

l!

=

∞∑
n=0

n∑
l=0

S
[j]
2,ω;λ2,λ3

(l,m : x,y)S1 (n, l) λn−l1
tn

n!
,

which provides the desired result (2.10).

3. The generalized degenerate Gould-Hopper based fully degenerate Bell polynomials

In this section, we consider a new concept of the degenerate Bell polynomials by using the generalized
degenerate Gould-Hopper polynomials. We then get several formulas and identities for these polynomials
such as summation formula, explicit formula and differentiation property.
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The classical Bell polynomials Bn (x) (also called exponential polynomials) are defined by means of
the following generating function: (cf. [1, 2, 12, 14–16, 19–22, 26, 31, 32])

∞∑
n=0

Bn (x)
tn

n!
= ex(e

t−1). (3.1)

The classical Bell numbers Bn are determined by taking x = 1 in (3.1), that is Bn (1) := Bn and are given
by the following exponential generating function:

∞∑
n=0

Bn
tn

n!
= e(e

t−1) . (3.2)

The Bell polynomials introduced by Bell [3] appear as a standard mathematical tool and arise in combina-
torial analysis. The familiar Bell polynomials have been intensely investigated by several mathematicians,
cf. [1, 2, 12, 14–16, 19–22, 26, 31, 32] and see also the references cited therein.

The usual Bell polynomials and Stirling numbers of the second kind satisfy the following relation (cf.
[1, 2, 14, 15, 20, 26, 32])

Bn (x) =

n∑
m=0

S2 (n,m) xm. (3.3)

The degenerate Bell polynomials are given by the following Taylor series expansion at t = 0 as follows
(cf. [11, 21, 23–25, 27]) ∞∑

n=0

Bn,λ (x)
tn

n!
= ex(eλ(t)−1). (3.4)

When x = 1 in (3.4), the polynomials Bn,λ (x) reduce to the degenerate Bell numbers Bn,λ (1) := Bn,λ
having the following generating function

∞∑
n=0

Bn,λ
tn

n!
= e(eλ(t)−1). (3.5)

We note that using (1.4), the degenerate classical Bell polynomials (3.4) reduce the classical Bell polyno-
mials in the following limit cases:

lim
λ→0

Bn,λ (x) = Bn (x) .

The degenerate Bell polynomials and the degenerate Stirling numbers of the second kind satisfy the
following relation (cf. [23–25, 27])

Bn,λ (x) =

n∑
m=0

S2,λ (n,m) xm. (3.6)

We are now ready to define the generalized degenerate Gould-Hopper based fully degenerate Bell
polynomials and numbers by the following Definition 3.1.

Definition 3.1. Let λ, λ1, λ2, λ3 ∈ R\ {0}. The generalized degenerate Gould-Hopper based fully degenerate
Bell polynomials B(c,j)

n,λ,λ1,λ2,λ3
(z : ω, x,y) are defined by the following exponential generating function

∞∑
n=0

B
[j]
n,λ,λ1,λ2,λ3

(z : ω, x,y)
tn

n!
= ezλ

(
eωλ1

(t) − 1
)
exλ2

(t) eyλ3

(
tj
)

. (3.7)
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Upon setting z = 1, the generalized degenerate Gould-Hopper based fully degenerate Bell poly-
nomials reduce to the corresponding numbers B[j]

n,λ,λ1,λ2,λ3
(1 : ω, x,y) := B

[j]
n,λ,λ1,λ2,λ3

(ω, x,y) termed as
generalized degenerate Gould-Hopper based fully degenerate Bell numbers:

∞∑
n=0

B
[j]
n,λ,λ1,λ2,λ3

(ω, x,y)
tn

n!
= eλ

(
eωλ1

(t) − 1
)
exλ2

(t) eyλ3

(
tj
)

. (3.8)

We now examine diverse special cases of the generalized degenerate Gould-Hopper based fully de-
generate Bell polynomials as follows.

Remark 3.2.

1. When ω = 1, the polynomials B[j]
n,λ,λ1,λ2,λ3

(z : ω, x,y) in (3.7) reduce to the generalized Gould-

Hopper based degenerate Bell polynomials B[j]
n,λ,λ1,λ2,λ3

(z : x,y) are as in (3.9), which are also new
generalizations of the Bell polynomials Bn (x) in (3.1), given by

∞∑
n=0

B
[j]
n,λ,λ1,λ2,λ3

(z : x,y)
tn

n!
= ezλ (eλ1 (t) − 1) exλ2

(t) eyλ3

(
tj
)

. (3.9)

2. Upon setting λ, λ2, λ3 → 0, we get the Gould-Hopper based generalized degenerate Bell polynomials
B
[j]
n,λ1

(z : ω, x,y) (3.10), which are extensions of the Bell polynomials (3.1), shown by

∞∑
n=0

B
[j]
n,λ1

(z : ω, x,y)
tn

n!
= e

z
(
eωλ1

(t)−1
)
ext+yt

j

. (3.10)

3. Choosing y = x = 0, we obtain a new generalization of the degenerate Bell polynomials given below:

∞∑
n=0

Bn,λ,λ1 (z : ω)
tn

n!
= ezλ

(
eωλ1

(t) − 1
)

.

4. Setting ω = 1, y = x = 0 and λ1 → 0, we attain the degenerate Bell polynomials and numbers
denoted by Bn,λ (z) and Bn,λ, which is different from the polynomials and numbers in (3.4) and
(3.5) given by Kim et al. [21]:

∞∑
n=0

Bn,λ (z)
tn

n!
= ezλ

(
et − 1

)
and

∞∑
n=0

Bn,λ
tn

n!
= eλ

(
et − 1

)
.

5. In the special case λ, λ1, λ2, λ3 → 0, we acquire Gould-Hopper based extended Bell polynomials
B
(j)
n,ω (x : x,y) as follows

∞∑
n=0

B
(j)
n,ω (z : x,y)

tn

n!
= ez(e

ωt−1)ext+yt
j

.

6. When ω = 1, y = x = 0 and λ→ 0, we obtain the degenerate Bell polynomials and numbers in (3.4)
and (3.5) (cf. [11, 21, 23–25, 27]).

7. When λ, λ1 → 0, y = x = 0 and ω = 1, we arrive at the usual Bell polynomials and numbers in (3.1)
and (3.2) (cf. [1, 2, 14, 15, 20, 26, 32]).

We now investigate some properties and formulas of the generalized degenerate Gould-Hopper based
fully degenerate Bell polynomials B(c,j)

n,λ,λ1,λ2,λ3
(z : ω, x,y). Hence, we firstly provide the following theo-

rem.
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Theorem 3.3. For λ, λ1, λ2, λ3 ∈ R\ {0} , we have

B
[j]
n,λ,λ1,λ2,λ3

(z : ω, x,y) =
n∑
l=0

(
n

l

)
Bl,λ,λ1 (z : ω)H

(j)
n−l,λ2,λ3

(x,y) . (3.11)

Proof. By (1.6) and (3.7), the asserted result (3.11) can be directly derived by using Cauchy product. Hence,
we omit the proof.

A generalization of the well-known relations in (3.3) and (3.6) is given below.

Theorem 3.4. The following relation

B
[j]
n,λ,λ1,λ2,λ3

(z : ω, x,y) =
n∑
m=0

S
[j,ω]
2,λ1,λ2,λ3

(n,m : x,y) (z)m,λ (3.12)

holds true for λ, λ1, λ2, λ3 ∈ R\ {0}.

Proof. By Definition 3.1 and formulas (1.4) and (1.5), the claimed result (3.12) can be directly obtained by
utilizing Cauchy product. Thus, we omit the proof.

We now state a summation formula for B[j]
n,λ,λ1,λ2,λ3

(z : ω, x,y) as follows.

Theorem 3.5. The following summation formula

B
[j]
n,λ,λ1,λ2,λ3

(z1 + z2 : ω, x,y) =
n∑
m=0

(
n

m

)
B
[j]
n−m,λ,λ1,λ2,λ3

(z1 : ω, x,y)Bm,λ,λ1 (z2 : ω) , (3.13)

is valid for λ, λ1, λ2, λ3 ∈ R\ {0}.

Proof. By Definition 3.1 and the identity (1.5), the desired result (3.13) can be directly acquired by using
Cauchy product. Hence, we omit the proof.

We now provide a correlation as follows.

Theorem 3.6. The following formula

B
[j]
n,λ,λ1,λ2,λ3

(z : ω, x,y) =
n∑
m=0

n∑
l=0

(z)m,λ S
[j]
2,ω;λ2,λ3

(l,m : x,y)S1 (n, l) λn−l1 (3.14)

holds true for λ, λ1, λ2, λ3 ∈ R\ {0}.

Proof. By Definition 3.1 and Theorem 2.9, we get

∞∑
n=0

B
[j]
n,λ,λ1,λ2,λ3

(z : ω, x,y)
tn

n!
=

∞∑
m=0

(z)m,λ

(
eωλ1

(t) − 1
)m

m!
exλ2

(t) eyλ3

(
tj
)

=

∞∑
m=0

(z)m,λ

∞∑
n=0

n∑
l=0

S
[j]
2,ω;λ2,λ3

(l,m : x,y)S1 (n, l) λn−l1
tn

n!

=

∞∑
n=0

n∑
m=0

n∑
l=0

(z)m,λ S
[j]
2,ω;λ2,λ3

(l,m : x,y)S1 (n, l) λn−l1
tn

n!
,

which gives the claimed result (3.14).
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We here provide an explicit formula for B[j]
n,λ,λ1,λ2,λ3

(z : ω, x,y) as follows.

Theorem 3.7. The following explicit formula

B
[j]
n,λ,λ1,λ2,λ3

(z : ω, x,y) =
n∑
u=0

∞∑
m=0

m∑
k=0

b(n−u)/jc∑
k=0

(
n

u

)(
m

k

)
(−1)m−k (n− u)!

m!

× (z)m,λ (ωk)u,λ1

(x)n−u−jk,λ2
(y)k,λ3

(n− u− jk)!k!

(3.15)

holds true for λ, λ1, λ2, λ3 ∈ R\ {0}.

Proof. By Definition 3.1 and formulas (1.3) and (1.5), we get

∞∑
n=0

B
[j]
n,λ,λ1,λ2,λ3

(z : ω, x,y)
tn

n!

=

∞∑
m=0

(z)m,λ

(
eωλ1

(t) − 1
)m

m!
exλ2

(t) eyλ3

(
tj
)

=

∞∑
m=0

(z)m,λ

m!

m∑
k=0

(
m

k

)
(−1)m−k (1 + λ1t)

ωk
λ1 (1 + λ2t)

x
λ2
(
1 + λ3t

j
) y
λ3

=

∞∑
n=0

( ∞∑
m=0

m∑
k=0

(
m

k

)
(z)m,λ

(−1)m−k

m!
(ωk)n,λ1

)
tn

n!

∞∑
n=0

n!
bn/jc∑
k=0

(x)n−jk,λ2
(y)k,λ3

(n− jk)!k!

 tn

n!
,

which gives the asserted result (3.15).

We now present the following derivation property with respect to z for B[j]
n,λ,λ1,λ2,λ3

(z : ω, x,y).

Theorem 3.8. The following relation

d

dz
B
[j]
n,λ,λ1,λ2,λ3

(z : ω, x,y) =
n∑
u=0

∞∑
m=1

(
n

u

)
B
[j]
n−u,λ,λ1,λ2,λ3

(z : ω, x,y)S2,λ1;ω (u,m) (m− 1)! (−λ)m−1 (3.16)

holds true for λ, λ1, λ2, λ3 ∈ R\ {0}.

Proof. By Definition 3.1 and formulas (1.4) and (1.5), we get

d

dz

∞∑
n=0

B
[j]
n,λ,λ1,λ2,λ3

(z : ω, x,y)
tn

n!

=
d

dx
ezλ
(
eωλ1

(t) − 1
)
exλ2

(t) eyλ3

(
tj
)

=
(
1 + λ

(
eωλ1

(t) − 1
)) z

λ ln
((

1 + λ
(
eωλ1

(t) − 1
))λ−1)

exλ2
(t) eyλ3

(
tj
)

=

∞∑
n=0

B
[j]
n,λ,λ1,λ2,λ3

(z : ω, x,y)
tn

n!

∞∑
m=1

(m− 1)! (−λ)m−1

(
eωλ1

(t) − 1
)m

m!

=

∞∑
n=0

n∑
u=0

(
n

u

) ∞∑
m=1

(m− 1)! (−λ)m−1 B
[j]
n−u,λ,λ1,λ2,λ3

(z : ω, x,y)S2,λ1;ω (u,m)
tn

n!
,

which means the claimed result (3.16).
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4. Multifarious connected formulas

In this section, we perform to get several diverse relations for B[j]
n,λ,λ1,λ2,λ3

(x : ω, x,y) with some other
degenerate polynomials including both the degenerate Bernstein polynomials and the generalized degen-
erate Gould-Hopper based degenerate Bernoulli, Genocchi, and Euler polynomials.

Kim and Kim [22] defined the degenerate Bernstein polynomials by means of the following generating
function: ∞∑

n=0

Bk,n (x : λ)
tn

n!
=

(x)k,λ

k!
tke1−x

λ (t) . (4.1)

By utilizing (1.6), (3.7), and (4.1), we consider that

∞∑
n=0

B
[j]
n,λ,λ1,λ2,λ3

(z : ω, x,y)
tn

n!

=

∞∑
m=0

(z)m,λ

(
eωλ1

(t) − 1
)m

m!
exλ2

(t) eyλ3

(
tj
)

=

∞∑
m=0

m∑
k=0

(z)m,λ

tk (1 −ωk)k,λ1

(−1)m−k

(m− k)!
(1 −ωk)k,λ1

k!
tk (1 + λ1t)

ωk
λ1 exλ2

(t) eyλ3

(
tj
)

=

∞∑
m=0

m∑
k=0

(z)m,λ

tk (1 −ωk)k,λ1

(−1)m−k

(m− k)!

∞∑
n=0

n∑
u=0

(
n

u

)
Bk,u (1 −ωk : λ1) H

(j)
n−u,λ2,λ3

(x,y)
tn−k

n!
.

Hence, we arrive at the following theorem.

Theorem 4.1. The following correlation

B
[j]
n,λ,λ1,λ2,λ3

(z : ω, x,y) = n!
∞∑
m=0

m∑
k=0

(z)m,λ

(1 −ωk)k,λ1

(−1)m−k

(m− k)! (n+ k)!

×
n+k∑
u=0

(
n+ k

u

)
Bk,u (1 −ωk : λ1) H

(j)
n+k−u,λ2,λ3

(x,y)

holds true.

Let

Υ =
(z)k,λ

k!
(
eωλ1

(t) − 1
)k
e1−z
λ

(
eωλ1

(t) − 1
)
exλ2

(t) eyλ3

(
tj
)

.

From (2.4) and (4.1), we obtain

Υ =

∞∑
u=0

Bk,u (z : λ)

(
eωλ1

(t) − 1
)u

u!
exλ2

(t) eyλ3

(
tj
)

=

∞∑
u=0

Bk,u (z : λ)

∞∑
n=0

S
[j,ω]
2,λ1,λ2,λ3

(n,u : x,y)
tn

n!

=

∞∑
n=0

(
n∑
u=0

Bk,u (z : λ)S
[j,ω]
2,λ1,λ2,λ3

(n,u : x,y)

)
tn

n!

and on the other hand, by (2.5) and (3.7), we get

Υ =

∞∑
n=0

B
[j]
n,λ,λ1,λ2,λ3

(1 − z : ω, x,y)
tn

n!

∞∑
n=0

S2,λ1,ω (n,k)
tn

n!
(z)k,λ
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=

∞∑
n=0

(
n∑
u=0

(
n

u

)
B
[j]
u,λ,λ1,λ2,λ3

(1 − z : ω, x,y)S2,λ1,ω (n− u,k) (z)k,λ

)
tn

n!
.

Thus, we arrive at the following theorem.

Theorem 4.2. The following summation equality
n∑
u=0

Bk,u (z : λ)S
[j,ω]
2,λ1,λ2,λ3

(n,u : x,y) =
n∑
u=0

(
n

u

)
B
[j]
u,λ,λ1,λ2,λ3

(1 − z : ω, x,y)S2,λ1,ω (n− u,k) (z)k,λ (4.2)

is valid.

The classical Bernoulli Bn (x), Euler En (x) and Genocchi Gn (x) polynomials and the degenerate
Bernoulli Bn,λ (x), Euler En,λ (x) and Genocchi Gn,λ (x) polynomials are given as follows (cf. [2, 8, 10, 13,
14, 16, 17, 28, 29, 33–36]):

∞∑
n=0

Bn (x)
tn

n!
=

t

et − 1
and

∞∑
n=0

Bn,λ (x)
tn

n!
=

t

eλ (t) − 1
exλ (t) , (4.3)

∞∑
n=0

En (x)
tn

n!
=

2
et + 1

and
∞∑
n=0

En,λ (x)
tn

n!
=

2
eλ (t) + 1

exλ (t) , (4.4)

∞∑
n=0

Gn (x)
tn

n!
=

2t
et + 1

and
∞∑
n=0

Gn,λ (x)
tn

n!
=

2t
eλ (t) + 1

exλ (t) . (4.5)

We here generalize the mentioned polynomials above via the generalized degenerate Gould-Hopper
polynomials in (1.6).

Definition 4.3 ([11]). the following exponential generating functions are the definition of the generalized
degenerate Gould-Hopper based degenerate Bernoulli B[j]

n,λ1;λ2,λ3
(x,y), Euler E[j]

n,λ1;λ2,λ3
(x,y) and Genoc-

chi G[j]
n,λ1;λ2,λ3

(x,y) polynomials:

∞∑
n=0

B[j]
n,λ1;λ2,λ3

(x,y)
tn

n!
=

t

eλ1 (t) − 1
exλ2

(t) eyλ3

(
tj
)

, (4.6)

∞∑
n=0

E[j]
n,λ1;λ2,λ3

(x,y)
tn

n!
=

2
eλ1 (t) + 1

exλ2
(t) eyλ3

(
tj
)

, (4.7)

∞∑
n=0

G[j]
n,λ1;λ2,λ3

(x,y)
tn

n!
=

2t
eλ1 (t) + 1

exλ2
(t) eyλ3

(
tj
)

(4.8)

for λ1, λ2, λ3 ∈ R\ {0}.

When x = y = 0, the polynomials in (4.6), (4.7), and (4.8) reduce to the corresponding degenerate
numbers, namely B[j]

n,λ1;λ2,λ3
(0, 0) := Bn,λ1 , E[j]

n,λ1;λ2,λ3
(0, 0) := En,λ1 and G[j]

n,λ1;λ2,λ3
(0, 0) := Gn,λ1 , see

[8, 29] and the references cited therein for further information. Several properties and relations of these
polynomials have been proved by Duran and Acikgoz in [11].
Remark 4.4. When y = 0 and λ2 = λ1, the polynomials in (4.6), (4.7) and (4.8) reduce to the degenerate
polynomials given in (4.3), (4.4), and (4.5).

We now perform to acquire several representations for B[j]
n,λ,λ1,λ2,λ3

(z : ω, x,y) by means of the gener-
alized degenerate Gould-Hopper based degenerate Bernoulli, Euler and Genocchi polynomials and fully
degenerate Bell polynomials.

We here provide a relation involving the polynomials B[j]
n,λ,λ1,λ2,λ3

(z : ω, x,y), Bn,λ,λ1 (x : ω), and

B[j]
n,λ1;λ2,λ3

(x,y) as follows.
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Theorem 4.5. The following correlation

B
[j]
n,λ,λ1,λ2,λ3

(z : ω, x,y) =
n∑
u=0

u∑
s=0

(
n

u

)(
u

s

)
Bu−s,λ,λ1 (z : ω)B[j]

s,λ1;λ2,λ3
(x,y)

(1)n−u+1,λ1

n− u+ 1
(4.9)

holds true.

Proof. By (3.7) and (4.6), we get

∞∑
n=0

B
[j]
n,λ,λ1,λ2,λ3

(z : ω, x,y)
tn

n!

= ezλ
(
eωλ1

(t) − 1
)
exλ2

(t) eyλ3

(
tj
) t

eλ1 (t) − 1
eλ1 (t) − 1

t

=

∞∑
n=0

Bn,λ,λ1 (z : ω)
tn

n!

∞∑
n=0

B[j]
n,λ1;λ2,λ3

(x,y)
tn

n!

∞∑
n=0

(1)n+1,λ1

tn

(n+ 1)!

=

∞∑
n=0

(
n∑
u=0

(
n

u

) u∑
s=0

(
u

s

)
Bu−s,λ,λ1 (z : ω)B[j]

s,λ1;λ2,λ3
(x,y)

(1)n−u+1,λ1

n− u+ 1

)
tn

n!
,

which implies the desired result (4.9).

We give the following theorem.

Theorem 4.6. The following summation formula

B
[j]
n,λ,λ1,λ2,λ3

(z : ω, x,y) =
n∑
k=0

k∑
m=0

(
n

k

)(
k

m

)
(1)n−k,λ1

2
Bk−m,λ,λ1 (z : ω)E[j]

m,λ1;λ2,λ3
(x,y)

+
1
2

n∑
k=0

(
n

k

)
Bn−k,λ,λ1 (z : ω)E[j]

k,λ1;λ2,λ3
(x,y) (4.10)

is valid.

Proof. From (3.7) and (4.7), the aimed result (4.10) can be directly obtained by utilizing similar method
used in the proof of Theorem 4.2. Thus, we omit the proof.

A correlation covering the generalized degenerate Gould-Hopper based degenerate Genocchi polyno-
mials and the fully degenerate Bell polynomials is stated in the following theorem.

Theorem 4.7. The following relation

B
[j]
n,λ,λ1,λ2,λ3

(z : ω, x,y) =
1

n+ 1

n+1∑
k=0

k∑
m=0

(
n+ 1
k

)(
k

m

)
(1)n+1−k,λ1

2
Bk−m,λ,λ1 (z : ω)G[j]

m,λ1;λ2,λ3
(x,y)

+

n+1∑
k=0

(
n+ 1
k

)
Bn+1−k,λ,λ1 (z : ω)G[j]

k,λ1;λ2,λ3
(x,y)

2 (n+ 1)

holds true.

Proof. In view of (3.7) and (4.8), the proof can be directly attained by utilizing similar method used in the
proof of Theorem 4.2. Thus, we omit the proof.
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