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Abstract

In this study, we define and study the generalized bivariate Jacobsthal and Jacobsthal Lucas polynomial sequences. The
Binet formulae, generating functions, some sum formulae, and interesting properties of these sequences are given.
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1. Introduction and Preliminaries

From the definition of Fibonacci numbers (the first known special integer sequence), there are many
studies on the integer sequences because of so many applications in science and art, and etc. For instance,
the ratio of two consecutive elements of Fibonacci sequence is the golden ratio, is very important number
almost every area of science and art. And the other integer sequence Jacobsthal numbers are met in
computer science. It is well known that computers use conditional directives to change the flow of
execution of a program. In addition to branch instructions, some microcontrollers use skip instructions
which conditionally bypass the next instruction. This brings out being useful for one case out of the
four possibilities on 2 bits, 3 cases on 3 bits, 5 cases on 4 bits, 11 cases on 5 bits, 21 cases on 6 bits,...,
which are exactly the Jacobsthal numbers. There are a lot of identities of number sequences described
in [6, 9]. From these sequences, Jacobsthal and Jacobsthal Lucas numbers are given by the recurrence
relations jn, =jn—1+2jn—2, jo=0, j1=1and cn =cn—1+2cn_2, co =2, ¢; =1 for n > 2, respectively
in [4-6]. There are some generalizations of these integer sequences. For example, a generalization of
Jacosthal sequences is given in [8] as jn(s,t) = sjn_1(s,t) +2tjn—2(s,t), jol(s,t) =0, ji(s,t) =1 and
cn(s, t) =scn_1(s,t) +2tcn_a(s,t), cols, t) =2, ci(s,t) = s for n > 2. The bivariate Fibonacci {F, (x,y)}
and Lucas {L, (x,y)} polynomials sequences are defined as by using the following recurrence relation

FTL (X/U) - Xanl (X/U) +yFTL—2 (X/U) s (FO (X/U) - 0/ Fl (X/y) = 1)/
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Lo (oY) =xLln1 (v y)+ylna(xy), (Lolxy) =2 Lilxy) =x),
where x # 0,y # 0, and x> + 4y # 0. Some identities about the bivariate Fibonacci and Lucas polynomials
are obtained by Catalani in [1, 2]. And then the bivariate Pell and Pell Lucas polynomials are defined as
by using the following recurrence relation
Pn(%,y) = 2xyPn_1 (x,y) + yPn2 (x,y), (Po(x,y) =0, Pi(x,y) = 1),
Qn (%Yy) =2yQn-1(x,y) +yQn-2(x,y), (Qo(x,y) =2, Qilx,y) = 2xy),

where x # 0,y # 0, and x?y? + 8y # 0. The Binet formula for these sequences are given in [3] as

(xy +/x2y? +y>n — (xy — /x2y? +y)

2y/x%y? +y

1= (s 4 VETTS) 4 o VT

In [7], the authors study bivariate Fibonacci and Lucas polynomials sequences and give some properties
of these sequences. In [3], by using different matrices new sum formulae for bivariate Pell and Pell Lucas
polynomials are obtained.

In this paper, we study the bivariate Jacobsthal {j,, (x,y)} and bivariate Jacobsthal Lucas {cn (x,y)}
polynomials in detail.

n
7

Pn (X/y) =

2. Main Results

Definition 2.1. The bivariate Jacobsthal {j» (x,y)} and bivariate Jacobsthal Lucas {c (x,y)} polynomials
are described by using using the following recurrence relations respectively as

jn (% Y) =xYjn-1 (% Y) +2yjin—2(x,y),  Gol(x,y) =0, j1 (x,y) =1), (2.1)
cn (%, Y) =xycn—1(x,y) +2ycn—2 (x,y), (co(x,y) =2, c1(x,y) =xy). (2.2)
where x # 0, y # 0and x?y? + 8y > 0. The characteristic equation of recurrence relation (2.1) and (2.2)
2 —xyr —2y = 0.

The roots of the characteristic equation are

‘X_xy—i—\/xzyz—l—Sy xy — v/x2y2 + 8y
— 5 ,

2 7

p=
with the following properties

a+B=xy, a—Pp=+vx*y2+8y, P =-2y.

The first some generalized bivariate Jacobsthal polynomials arejo (x,y) = 0, ji1(x,y) =1, j2(x,y) =
xy, j3 (%, y) = ¥*y*+2y, js(x,y) = x*y® + 4xy>. The first some generalized bivariate Jacobsthal Lucas
polynomials are cg (x,y) =2, ¢1 (x,y) =xy, c2 (x,y) = x*y> + 4y, c3(x,y) = x>y> + 6xy°.
The Binet formulas for these sequences are
ol — Bn
a—p "’
cn (x,y) =a™+p™. (2.4)

The negative term for bivariate Jacobsthal and Jacobsthal Lucas polynomials are defined

jn (x,y) = (2.3)

)T‘L

i-n (0 Yy) =—n (x,Y) /(—2y)"c_n (x,y) =cn (x,y) /(—2y

with the roots 1/« and 1/f. For the brevity, in the rest of the paper we use the notation j, for j, (x,y)
and cn, for cn (%, y).
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Theorem 2.2 (Explicit closed form).

2,
_ —1- n—1-2k (9, 1k
jn= > < . >(xy) (2y)
k=0
and
I
-y - n—2k (9. k
Cn—Zn_k< 5 >(xy) (2y)*.
k=0
Proof. Induction on n provides the required proofs. O

Theorem 2.3 (Derivative).

ocn B

aX - Uln/

5 2]

a—J =nXjn + E — (fracn —1—kk) (xy)™ 21 (2y)*.

k=0

Proof. From the partial derivations of the explicit formula of bivariate Jacobsthal Lucas polynomials we
have

dcn _%n n—k (L — 2Kk) (x)" 2k~ lgkyn—k
x “~—n-—k k Y
k=0
13
:i n(n_k_]-)' ( )n—Zk—lzkyn—k
K (n—2k—1)!
k=0
bz n—1—-k
=y n( 5 ) (xy)™ 12 (2y)*y
k=0
:lejn,

dcn _% n n—k (n— 2k) y™ 2k 1xn2k (o)
ET et G Lt

—i—% kn n—k (g 2Kk k1
kion—k k bt Y

2] nn—k—1)!

=) iz )" ey
k=07" ’
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Theorem 2.4 (The Generating functions of bivariate Jacobsthal and Jacobsthal Lucas polynomial se-
quences). Let i any positive integer and |ot| < 1and |B't| < 1. Then the generating functions of these sequences
for different values of i are obtained as

Zjintn = jit

1—cit+ (—2y) 2

ic, o 2+ t/XPY2 + Byl
n -

1—cit+ (—2y)tt2

n=0

Proof. By using Binet formula for generalized bivariate Jacobsthal polynomial sequence, we get

P 5 S (g

n=0

1 1 1
Ta—p [1—<xit 1 Bit}
_ (ot — i)t
(x—B) (1t (ot +BY + (~2y)')
_ jit
S 1—cit+ (—2y) 2

Similarly

[e¢]

Zcmt“ —i o 4RI = Y [(o&t)“ + (Bit)“}

=0

(oc + Bt
(1—t(oc1+ BY) +
2—c¢cit
:1 —cit+ (—2y)' 2

[1 —oclt 1-— Blt}
)t
2

(—2y)")

Corollary 2.5 (The Exponential Generating Functions of Jacobsthal and Jacobsthal Lucas Sequences).

— . t" o« at—pht" (at)™
2ni = mz

n=0 n=0
1
at eﬁt) ,

e
ch _ (et 4 eBY).

Lemma 2.6 (Important Relationships).

L4 jncn = j2'ru
® Cn = jn+1 + Zyjnflr

o (x*y? +8Y)jn = cni1+2ycn_1,
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® XYjn +Cn = 2jn41,

o (x*y%2 +8y)jn +xycn = 2cn1,
VX2Y2 4 8yjn +cn = 2™,
VX2 £ 8yjn —cn = —2p™,

o c2 ,+2yc .| = Conta+2YConi2,
o i1+ 2ui% = VX2 + 8yjan1,

e con =j3 (x¥*y?+8y) +2(—2y)™,

e 2 =con +2(—2y)",
o (X*y*+8y)ih = can —2(-2y)",
® C3n = cnlcon — (—2y)"),
® jan =jnlcon +(—2y)").
Proof. All of the proofs can be seen easily by using Binet formula or mathematical induction method. O

Theorem 2.7 (Summation Formulas). Let a,b are positive integers. For bivariate Jacobsthal polynomial se-
quence, we get

E. ~ b —na+b = (=2Y)%b—aj(n+n)i + (=24 Y)Y n-1)atb
k_O]ak+b = T—cq+(—2y)° .

and for generalized bivariate Jacobsthal Lucas polynomial sequence, we get

nZlC . (—2y)® [Ca(n71)+b — Cb—a] —Can4tb +Cb
— ak+b — 1_ Ca+ (—Zy)a .

Theorem 2.8 (D’ocagne’s property). Let n > mand n, m € Z*. For generalized bivariate Jacobsthal polynomial
sequence, we have
Jm+in —Jjming1 = (_Zy)mjn—m-
Let m > nand n,m € Z™. For bivariate Jacobsthal Lucas polynomial sequence, we have
Cm+1Cn — CmCni1 = VX*Y2 4+ 8y(—2y)"cm—n.
Proof. By (2.3) and(2.4), we have
o‘erl _ Bm+1 o™ — Bn om — Bm “n+1 _ BnJrl

Jm+1In —ImIn+l = ) ) x—p )

:((x_lB)2 [—a™ IR — B ™ 4 M B 4 MR
— g BT e B B e )

5 [ o =)

=— 5 [29)™ (o g

It can be proved for bivariate Jacobsthal Lucas numbers as bivariate Jacobsthal numbers. O
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Theorem 2.9 (Catalan’s property). Assume that n,v € Z*. For bivariate Jacobsthal polynomial sequence, we

have
n—r:2

Jntrin—r — )%L = —(—2y) )y
and for bivariate Jacobsthal Lucas polynomial sequence,

n—r:2

CntrCn—r — C‘Z} = (—2y) ]r(X y +8y).
Theorem 2.10 (Cassini’s property or Simpson property). For n € Z*, it is obtained that
Instina1 —in = =(=240,y))" 7,

and
Crnt1Cn_1—cA = (—2q(x,y))™ ' (x*y? + 8y).

Theorem 2.11. For bivariate Jacobsthal polynomial sequence, the following results are denoted
j4n+p - (2y)zn 'jp = jZnC2n+p/
j4n+p + (Zy)zn ~j‘p = Can2n+p/

j3n+p - (—Zy)n -jn+p = jnc2n+p/
jan+p + (*213)“ Jn+p = Cnjantps

wheren >1,p > 0.
Proof. It can be proved by using Binet formulas as the following theorem. O
Theorem 2.12. For bivariate Jacobsthal Lucas polynomial sequence, the following results are satisfied

Cansp — (29)™" .cp = (PY* +8Y)iznjan+p,

Cantp + (2Y)7™ Cp = ConConip,

Cin+p — (—Zy)n Cn+tp = (XZUZ + 89)jnj2n+p/
Cantp + (—Zy)n Cnt+p = CnContp,

wheren >1,p > 0.

Theorem 2.13. Let n > 0 any integer. Then generating function with negative indices are obtained as

-1 . .
ZJkt k= tn “xyt—2y) [_tn+1 FYnt1+ Zt]n] ,
-1 2t —xyt
tk = t 2 .
ch P gt —2y] e n T el

Proof. By using expansion of geometric series, it is calculated as

tn+1 _ (Xn+1 B tn+1 _ BnJrl
(x—pB)tm t—a t—p
_tn+1((x_ B) _i_t((anrl _ BnJrl) +2t(0€n _ Bn)
12 —xyt — 2y
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-1
t“( —xyt—2y

) [—t" "+t + 2t ] -

Similarly

;akt_k: - ()™ (t)g Y

X
I — = tn

t—o * t—p

;1 _2tn+2+tn+l(oc+ B)+t(an+l+6n+l)+2y(an+6n)
tn t2 —xyt —2y
—1 2t — xyt

_ t 2 =
tn (2 — xyt — 2y) [ten1+2yen] + 2 — xyt — 2y

Corollary 2.14. If we take n — oo in the above theorem, we get

ij.t—i:;
—r 2 —xyt—2y’

Corollary 2.15. If we take n — oo in the above theorem, we get
oo
; 2t —xyt
Zcit_l = 5 A XY .
4 2 —xyt—2y

Theorem 2.16. For ‘ock(—ﬁr*k)t} <1,

P ( 1)r k 1
th ];)(k> (Vx2y2 +8y)" 1 —oak(—p)r—Ft

Proof. By using geometric series and Binet formula, we have

T4l i _Bi r—kyi
ZJt ZZ() — (ﬂ) “t

i=0k=0

=/ 1 - i
:kzo<k>(oc—m (o ﬁsz g

1

L (v e

Theorem 2.17. For |«*B™*t| < 1, we get

T

T41 1
S et=3 (D iwpw

k=0

Proof. By using geometric series and Binet formula, it is calculated as

T o0

icirti _ ii <;> ()R (BHT Rt = Z (;)Z [akBrfkt]i

k=0 i=0

oy 1
:;<k>l—ock[3fkt' .
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Theorem 2.18. By this theorem new relations between the roots «, 3 and bivariate Jacobsthal and Jacobsthal Lucas
polynomial sequences ar demonstrated

" = ojn +2Yjn-1,

B™ = Bjn +2yjn—1,

VX2 4+ 8ya™ = acn +2ycn 1,
Vx2y2 +8yp™ = Bcn +2ycn 1.

Proof. The proof is made by using Binet formula and the product of the roots:

) ) o — ‘311 an—l - Bn—l
2Ujn_1 = 2
Bin +2yjn— =B x—p +2y B

=P (B (o™ —=p™) +2y (™=

— (—Zy (XT‘Lfl - BTIJrl + Zy (xnfl o Zy anl)
o«—p
1

_ _an—1 2 __ pn
=g " (BP+2y)] ="

—_

Similarly

acn +2ycn_1 :oc(cx +p™) +2y ( +[3n_1)
= o2y oyt 4 2ypn!
=a™ ! (o +2y)

= o™ (a—B) = v/x2y2 + 8ya™.
Other proofs can be done by using the same way. O

Theorem 2.19. The square of elements of bivariate Jacobsthal sequence is obtained by the following:

1
nzjg: 1 4y2C2n72_C2n_C2+2+2(_21J)n_1 .
' 14+4y?—c; 2y+1

Proof. By the definition of Binet formulas, we have

n—1 n—1 (Xi [31" 2 1 n—1
.2 — 2i | @2i i
ji= < ) = o+ BT —2(—2y)
;)1 é ax—p xzyz—i—Sy;)( )
_ 1 — ~|—an_ +2(—Zy)n—1
x2y2+8y \ o2 —1 B2—1 2y+1
_ 1 4y2C2n72 —Cop—Co+2 s (_2y)n —1
x?y? + 8y 1+4y2—c; 2y+1 '

Theorem 2.20. The square of elements of bivariate Jacobsthal Lucas sequence is obtained by the following:

49 Con—2—Con —Cp+2 2(—29)“—
1+4y2 —c 2y 1

M:
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Proof. The proof is made by the same method as the above

n—1 n—1 n—1
ZC% :Z (‘Xi_'_Bi)Z _ Z (“21+[521+2(_2y)i)
i=0 i=0 i=0

_OCZn_l N [52“—1 B (—Zy)n—l

Caz—1 Bz —1 2y+1

4y?con-no—cm—c2+2 (—2y)"—1
= -2 . O
14+4y%2—cp 2y+1

Theorem 2.21. By this theorem we can see another sum property, equals to 2n. th element of bivariate Jacobsthal,
bivariate Jacobsthal Lucas sequence respectively

> () 2wl s = en,
i=0
Proof.
. | 5 (1)(2y)" (o)’
Z(T) (2y)" " (xy) i = iﬁ e ;
i=0 i B go (111) (Zy)nil (Bxy)l
= cxi [(2y + axy)™ — (2y + Bxy)"]
- jZn/

5 ()2 (o)

> (T)eurtowra-|

3 (D)y)" (B’

= [(2y + axy)™ + (2y + Bxy)"]
= Con. O

Lemma 2.22. For m,n positive integers

jman+1 = Jjm+tint1 +2Yjmin-

Theorem 2.23 (Divisibility Properties of Bivariate Jacobsthal Polynomial Sequence). Let n > 2 positive
integers,
jm/jn <= m/n.
Proof. < Assume that m/n, then there exists an integer k such that n = km. We want to show j /jn. We
use induction method. For k = 1, it’s easily seen that j /jm.Suppose that jm /jxm. For k = n +1,from the
above Lemma
j(k+1)m = jJkm+m = Jkmim+1 +29(% Y)jkm—1jm-

Since jm/jkm then it’s easily seen that jm /j(k11)m-

= Let j;m/jn and m { n. So there exist integers q,r with 0 < r < m, such that n = mq + r. From the
above theorem

jn =jmg+r = Jjmq+ir 29(%,Y)jmqir—1-

Since jm/jmq then jm/jmq+1jr- Since (jn, jn+1) =y then j;,, /j+.This is impossible because of lower degree
of j; than j, in x. So we have r = 0 and m/n. O
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3. Conclusion

In this paper we have obtained a lot of interesting properties, are satistied by generalized bivariate
Jacobsthal and Jacobsthal Lucas polynomials. We give some generating functions, explicit formulas,
different sum properties, divisibility properties, partial derivatives etc.
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