Available online at www.isr-publications.com/jmcs
J. Math. Computer Sci., 21 (2020), 164-175

Research Article

Online: ISSN 2008-949X

Journal of Mathematics and Computer Science

cs ang

7)“\

A

3 %),
2,

NG

yourna/ o
S
N

us10S @

Pisicanoss
Journal Homepage: www.isr-publications.com/jmcs

On averaging methods for general parabolic partial differen- | ® Checkforupdates
tial equation

Mahmoud M. El-Borai®*, Hamed Kamal Awad®, Randa Hamdy M. Ali®

4Department of Mathematics and Computer Science, Faculty of Science, Alexandria University, Alexandria, Egypt.
bpepartment of Mathematics, Faculty of Science, Damanhour University, Behera, Egypt.

Abstract

The averaging method of the quantitative and the qualitative analysis of the parabolic partial differential equations appears
as an exciting field of the investigation. The aim of this paper is to generalize some known results due to Krol on the averaging
methods and use them to solve the fractional parabolic partial differential equations and a special case of these equations is
studied. We treat some different cases related to the averaging method.
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1. Introduction

The averaging method is an important computational technique. The investigation in the field of the
averaging method of the qualitative and the quantitative analysis of the parabolic partial differential equa-
tions is more exciting field to be studied. We study the fractional parabolic partial differential equation
in this paper using the technique of the averaging method of the linear operator. In Section 2, we discuss
the averaging of the linear operator where we generalize some known results due to Krol [13]. We will
consider the following fractional parabolic partial differential equation in the form

ﬁ[au(x,t
ot*" ot

) _ Z aq(x)D9u(x, t)] = ¢ Z bg(x, t)D%%u(x, t), (1.1)

[ql=2m lql<2m

ou(x,0)

u(x,0) = @(x), m

—(x), (12)
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where 0 < a < 1, € > 0, R™is the n—dimensional Euclidean space, D9 = D'...Di", Dj = o%; 2 5=1,.
q = (q1,...,qn) is an n-dimensional multi index, |q] = q1 + ... + qn. It is supposed that the hnear partlal
differential operator } |;_pm aq(x)D9 is uniformly elliptic on ™. In other words, it is supposed that all

the coefficients aq(x), [q] = 2m, are bounded continuous on i)%“ and that there exists a positive number A
such that for all x € R™ and all & # (0, ...,0), (§9 = &ql,... nER = 62 +..+E2),

m+l Z aq Eq > }\|a|2m

lql=2m

We assume also that all the coefficients aq(x), |q] = 2m, @(x) are bounded continuous with bounded
derivatives on R™, all the coefficients b (x, t), [q| < 2m are bounded continuous with bounded derivatives
n (R™ x [0,T]), aq(x) satisfies a Holder condition on ™ and bq(x,t) satisfies a Holder condition on
(R™ x [0, T]).
Suppose that L,(R™) is the set of all square integrable functions on $i™. Notice that

wxt) = | Gluy el (1.3
will represent the solution of the Cauchy problem
au (1) Z aq(x)D%u(x, t), (1.4)
lql=2m
u(x,0) = o(x), (1.5)

where G is the fundamental solution of the Cauchy problem (1.4), (1.5). The fundamental solution G
satisfies the following properties [2, 3]

|DqG(X/U/t)| < KtC1eXp(_CZp)/ (16)

where K, c; are positive constants, t > 0 and

o 2m -1 n+ \q|
_ Lyt o = ——
p g IXi —yil ¢ o
By using (1.3) and (1.6), we have
N
q -
IDMwl< 5 el
where 0 <y < 1, N is a positive constant, |q| <2mand || . || is the norm in L(R™) [3, 4, 11]. Let
v(x, t) = Z aq(x)D%u(x, t), (1.7)
lql=2m
and
L(x,t,D)= > bgq(x,t)D (1.8)
lql<2m

By using the equations (1.7), (1.8) repeatedly in the equation (1.1) we have

M =c¢el(x,t,D)u(x,t), (1.9)
otx
v(x,0) Z aq(x)D%(x). (1.10)

lql=2m

In Section 3, we discuss a special case for the problem (1.1) when o« = 1. In Section 4, we treat some
different cases related to the averaging method. Compare with [1, 5-10, 12, 15].
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2. Averaging a linear operator
The solution of (1.7) is given formally by
t
wix = | Gluytelyldy+ | | Gy t-enlydyde, 1)
n mn

0

viot) =b(x)— Y aq(x)DYe(x)

lql=2m

e [ el
T LJ (t=s)"Lx5,D)G(xy, s)p(y)dyds

€ t ps .
= _s)e i . o ods,
- (o) Jo Jo J n(t ) (x,5,D)G(x,y,s —0)v(y,0)dydOds

where ' is Gamma function. Let

S(x,t) = ﬁ Jo L;n(t_ $)* TL(x, s,D)G(x,y,s)e(y)dyds,

Vix,t) = —— Jt JJ (t—s)*L(x,5,D)G(x,y,s — 0)v(y,0)dydods.
o) Jo Jo Jorn

Then we have

v(x, — D ag(®)DYe(x) +S(x, 1)+ V(x,t).
lql=2m

By averaging the coefficients b4 (x, t) over t, we can average the operator L(x, t, D),

T
bg(x) = 1 JO bg(x, t)dt

for all (x,t), x € R™ producing the averaged operator L(x, D), all the coefficients bg(x), |q] < 2m are

bounded continuous with bounded derivatives on R™.
Like as an approximating problems for (1.1), (1.2) and (1.9), (1.10), we take

aa:; ow'( Z aq(x)D9u*(x, t)] = eL(x, D)u*(x, t),
lql=2m
ou*(x,0
W (,0) = plx), 20—y,
0v*(x,t) - .
o =e¢el(x,D)u*(x,1t),
where
VX0 =bx)— ) aq(x)D%(x),
lql=2m

we have

t
wint) =[Gy teudy+ | | Gkt 0y eldyds,

n

Vit =h(x)— ) aqg(x)DYe(x) + S*(x,t) + V*(x, 1),
lql=2m

(2.2)

(2.3)

(2.4)

(2.5)
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where
§*(x,1) = EH (t— )% 'L(x, D)G(x,y, s)p(y)dyds
= Jo Joen DG, /
£

V*(x,t) = T Jo Jo J n(t—s)"‘*ll__(x,D)G(x,y,s —0)v*(y,0)dydods,

another straightforward analysis displays the existence and uniqueness of the solutions of problems (1.1),
(1.2) and (2.2), 2.3 on the time-scale %
We consider the domain Q = R™ x [0, T]. The norm || . ||« is defined by the supremum norm on Q
and denoted by || u(x, t) ||co= sup hu(x, t)|.
Q

Theorem 2.1. Let u(x,t) be the solution of the initial value problem (1.1), (1.2) and u*(x, t) be the solution of the
initial value problem (2.2), (2.3), then we have the estimate || u(x,t) —u*(x,t) || o= O(€) on the time-scale %

Proof. Consider the near-identity transformation:
t -
D(x,t) =v*(x,t)+ EJ (L(x,s,D) —L(x,D))dsv*(x, t). (2.6)
0

It can be proved that the derivatives of v* are bounded [6, 10]. So we get
A * . 1
| ¥ —v* ||loo= O(e) on the time-scale =

By differentiating the near-identity transformation (2.6) and using the equations (2.5), (2.6), we have

00 t) VY D) - Tix, D)V (x, 1)

ot ot

+ EE(L(X, 5,D) —L(x,D))ds a"*a(f't)

=eL(x,t,D)d(x, 1) + as*a(:,t) + av*a(:’t)
—eL(x, D)V (x,t) + ¢ J:(I_(x, s,D)—L(x, D))ds%
—I—E[J:(L(X,S,D) —E(X,D))dswngm - sL(x,t,D)E(L(x,s,D)
—L(x,D))dsv*(x, t)]

=el(x,t,D)d(x,t) + as*a(:’t) + av*a(:, t
+£E(L(x, s,D) —I__(x,D))dsaS*a(?s't)
— el D)) = Y aq()DY(x) +S*(x,1) + V*(x, 1))

lql=2m

+e[Lt(L(x,s,D) —E(X,D))dsw*a(:'”

—sL(x,t,D)Jt(L(x,s,D)—I__(X,D))ds(lj)(x)
0
— Y aq(¥)D%(x) +S*(x,1) + V*(x,1))],

lq|=2m
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with initial value ¥(x,0) = P (x) — Z|q|:2m aq(x)D9@(x). Let

0

3 elL(x,t,D) =L,

we obtain .
L(®(x,t) —v*(x,t)) = O(¢) on the time-scale o

Moreover ¥(x,0) —v*(x,0) = 0. To end the proof we use the barrier functions see [14]. We introduce the
barrier function:

B(x,t) =¢ || M(x,t) [|oo t+ || ] x,t) Hoo

+¢ | [L(x,t,D)—L(x — ) aqlx )] oo t
lql=2m

+ %EZ | L(x,t,D)[L(x,t,D) —L(x, D)]p(x)

— Z aq(x)DY(x)] [|so t2+%£ | L(x,t,D)J(x,t) [loo t2,

lql=2m
where
M(x, ) :Jt(ux, s,D)— I__(X,D))dsav*a(:'t)
0
t
—sL(x,t,D)J (L(x5,D) — L(x, D))dslb(x)
0
— ) aqlx X) +5*(x,t) + V*(x, )]
[gl=2m
+L(x,t,D)[S(x,t) + V(x, t)] = L(x, D)[S*(x, t) + V*(x, )]
—i—r(l_(x 5,D)—L[(x,D))ds > )
O 4 7 4 at 7
and

_0S*(x,t)  9S(x,t) , oV*(x,t) OV(x,t)
=" """ "ot ot
and the functions (we omit the arguments)

Z1(x,t) =V(x,t) —v(x,t) = B(x,t), Zo(x,t) =9(x,t) —v(x,t) + B(x, t).
We get

£21x,1) =(2 — €Llx,1, D)) [o(x, 1) —vlx, 1) ~ B(x, 1]
=eM(x, ) —£||Mxt ||Oo+]xt—||]xt ||Oo

+e[L(x,t,D)—L(x — ) aqlx
lql=2m

—¢ | [L(x,t,D) —L(x - ) aqlx ) lloo
lql=2m

+ e2L(x,t,D) || [L(x,t, D) — L(x, D) (x)

— ) aq(¥)DY()] [|oo t

lql=2m
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— &2 || L(x,t,D)[L(x,t,D) — L(x, D) (%)

Y aq(¥)DYe(x)] [l t

lql=2m
+el(x,t,D) || J(x,t) loo t—€ || L(x, t,D)J(x, 1) || t
+€2L(x,t, D) || M(x, 1) [|oo t

1
+ EszL(x,t,D) | L(x,t,D)J(x,t) |0 t2

+ %531_(7(, t,D) || L(x,t,D)[L(x,t,D) — L(x, D)][W(x)

Y aq()DYe(x)] e t?

lql=2m
<0,

Z1(x,0) = 0 similarly, £ Z(x,t) > 0, Z5(x,0) = 0. Also, Z;(x,t) and Z,(x, t) are bounded, resulting in
Z1(x,t) < 0and Zy(x,t) > 0, we have

—B(x,t) <V(x,t) —v(x,t) < B(x,t),

SO we can estimate
| V(% t) —v(x, 1) [|o<| B(x, 1) [[o= Ole),

on the time-scale % Now we can use the triangle inequality to have

| vix, t) = v (%, 1) o< || D(x, 1) =V (%, 1) |loo + || D(x, 1) —v(%, 1) |loo

. 1 (2.7)
=0(¢) on the time-scale o
by using (2.1), (2.4) and (2.7) we obtain
t
0= ) oo | || 1600w, 8,001 v0,0) =v7(3,) [ dyd®
=0(¢) on the time-scale % O]
3. A special case
We treat the special case for the problem (1.1), (1.2) when o« =1
9 Qulx — Y ag(ID%ulx t)] = eL(x,t, D)ulx, t) (3.1)
at t q X LAY X, 1), .
lql=2m
ou(x,0
ulx,0) = o), 2y, 2)
by using the equation (1.7), we have
WY _ L (x,t, Dl b), (3.3)
ot
v(x,0) =px)— Y aq(x)DYe(x), (3.4)

lql=2m
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by using the equation (2.1), we get

v, t) =h(x) = ) aq(x)DYe(x)

lql=2m
t
de| | LousDIGO Y, s)ely)dyds
O n
t prs
—|—£J J J L(x,s,D)G(x,y,s —0)v(y,0)dydOds,
0Jo Jmn
let
t
sl(x,t)zeH L(x,5,D)G(x,y,s)o(y)dyds,
0 Jmn
t prs
Vi(x, t) :£J J J L(x,s,D)G(x,y,s —0)v(y,0)dydOds,
0Jo Jmn
we have
viot) =b(x)— Y aq(x)DYe(x) +Si(x,t) + Vi(x, 1),
lql=2m

like as an approximating problems for (3.1), (3.2) and (3.3), (3.4), we take

aat ou’ o qzzm aq(x)D9U* (x,1)] = eL(x, D)u*(x, 1), (3.5)
w(,0) = plx), 20—y, (3.6)
owv(x,t) - .
T eL(x, D)u*(x,t),
where
VX0 =bx)— ) aq(x)D%(x),
lql=2m
we have
v (x, 1) — ) aqlx (x) + S (x,t) + Vi (x, ), (3.7)
lql=2m
where

t

Silx, t) = EJ

|, T DGy, o ty)ayds

t s
Vi(x,t) = EJ J J L(x,D)G(x,y,s —0)v*(y,0)dydods,
0Jo Joan

another straightforward analysis displays the existence and uniqueness of the solutions of problems (3.1),
(3.2) and (3.5), (3.6) on the time-scale %

Theorem 3.1. Let u(x,t) be the solution of the initial value problem (3.1), (3.2) and u*(x, t) be the solution of the
initial value problem (3.5), (3.6), then we have the estimate || w(x,t) —u*(x,t) || o= O(€) on the time-scale %

Proof. By using the near-identity transformation (2.6), we get

1
| 9(x,t) —v*(x,t) ||loo= O(e) on the time-scale o
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Differentiation of the near-identity transformation (2.6) and using the equations (2.6), (3.7), we have

af}g:t) =el(x,t,D)0(x,t) + aSTa(:' Y + avl*a(:'t)
t *
+5J (L(x,s,D)—I__(x,D))dsasla(z'U
0
—el(x, D)(P(x) — Z aq(x)D9(x) 4+ S7(x, t) + Vi (x, 1))
lql=2m

+ e[JOt(L(x, s,D) — I__(X,D))dsavfa(:'ﬂ

t
—eux,t,D)J (L(x,5,D) — L(x, D))ds(w(x)
0

— ) ag(x)DY(x) + Si(x, 1)+ Vi (x,1))],
l[ql=2m

with initial value ¥(x,0) = P (x) — Z|q|:2m aq(x)D9¢(x). We obtain

L(O(x,t) —v*(x,1t)) = O(¢) on the time-scale %

Moreover v(x,0) —v*(x,0) = 0. Consider the barrier function:

Bi(x,t) =¢ || M1(x,t) |Joo t+ || J1 (%, 1) [l t

+e | [Lx,t,D)—L(x,DIb(x)— Y  aq(x)DY(x)] [|oo t
lql=2m

+ %52 | L(x,t,D)[L(x,t,D) — L(x, D)I[W(x)

— Y agIDYO e £+ ge | L0, DY 1) e 2,

[ql=2m
where
t *
M (x,t) :J (L(x,s,D) —I__(X,D))dsM
0 ot
t
—eL(x,t,D)J (L(x,s,D) — L(x,D))dskp(x)
0
— ) ag(x)DY@(x) + Si(x, ) + Vi (x, t)]
l[ql=2m
+L(x,t,D)[S1(x,t) + Vi(x, t)] — L(x, D)[S] (x, t) + V{'(x, )]
t *
+JO(L(X,S,D)—E(X,D))dSaslz§J1m,
and (x,1) (x,1)
_ 0S7(x,t 7 0S1(x,t)  oVi(x,t B oVi(x,t)
Jibet) = —5 at | ot ot

and the functions (we omit the arguments)

Z3(x,t) =V(x,t) —v(x, t) — B1(x,t), Zs(x,t) =V(x,t) —v(x,t) + By(x,1).
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We get

L75(x,1) :(% —¢el(x,t,D))®(x,t) —v(x,t) — By(x, t)]
=eMi(x,t) —e || M1(x, 1) [[oo +]1(x, )= || J1(x, 1) [|oo

+ell(xt,D) ~LxDI(x) — ) aq(x)DIo(x)]

lql=2m

—¢ || [Lx,t,D)=Lx,D)b(x)— Y  aq(x)DI9(x)] [lso
lql=2m

+€2L(x,t,D) | [L(x,t,D) — L(x, D)I[W(x)
— ) aq)DYOX)] [|oo t

lql=2m
- Ez H L(X/ t/D)[I—(X/ t/D) - ]_—(X/D)] N)(X)

— ) aqg(x)DY()] [loo t

[gl=2m
+eL(x,t,D) || Ji(x, 1) [[oo t—€ || L(x, £, D)J1(x, t) oo t
—i—szL(x,t,D) | M1(x,1) |loo t

1
+§§untD)HuntDHﬂnﬂHm§

+%QU&LD)HuntDHuntD)—UnDﬂmu)

— Y ag(¥)DYe(x)] [|oo t3

lql=2m
<0,

Z3(x,0) = 0 similarly, £ Z4(x,t) > 0, Z4(x,0) = 0. And Z3(x,t) and Z4(x,t) are bounded, resulting in
Z3(x,t) < 0and Z4(x,t) > 0, so we can estimate

[ 9(x, 1) =v(x, 1) lso<[| B1(x, 1) [lso= Ofe),
on the time-scale % We can use the triangle inequality to have
1
Il vix,t) —v*(x,t) ||oo= O(e) on the time-scale o (3.8)

by using (2.1), (2.4) and (3.8) repeatedly, we obtain

1
Il w(x, t) —u"(x,t) ||oo= O(e) on the time-scale o O

4. Averaging of some parabolic equations
Consider the partial differential equation:

ou(x,t)
ot

=¢el(x,t,D)u(x,t), 4.1)

u(x,0) =vy(x). 4.2)

Let
L(X/t/D) - Ll(XItID) + LZ(XItID)I
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where

1(x,t,D) Zalxt

>(x,t,D) ZbuxtaaXJ
i,j=1

in which L, (x, t, D) is a uniformly elliptic operator on the domain Q the coefficients ai(x,t), bij(x,t) and
v are continuous and bounded with bounded derivatives and 33~ u(x t), 3v9% = a 5 u(x,t) are bounded on
xeR0<tLT.

By averaging the coefficients a;(x, t), bij(x, t) over t, we can average the operator L(x, t, D),

1 (7 . 1(7
di(x) = TJ ai(x,t)dt, by(x) = TJ by (x, t)dt,
0 0
for all (x,t), x € ®", i = (1,..,n) and j = (1,..,n) producing the averaged operator L(x, D), the coeffi-
cients d;(x), bij(x) are continuous and bounded with bounded derivatives.

Like as an approximating problem for (4.1), (4.2), we take

% =¢el(x, D)u*(x, t) 4.3)
u’(x,0) =vy(x), (4.4)

another straightforward analysis displays the existence and uniqueness of the solutions of the problems
(4.1), (4.2) and (4.3), (4.4) on the time-scale 1.

Theorem 4.1. Let u(x,t) be the solution of the initial value problem (4.1), (4.2) and u*(x,t) the solution of the
initial value problem (4.3), (4.4), then we have the estimate || u(x, t) —u*(x,t) || o= O(e) on the time-scale %

Proof. Consider the near-identity transformation:
t -
U(x, t) =u*(x,t) + EJ (L(x,s,D) —L(x,D))dsu*(x, t). (4.5)
0

Suppose that the derivatives of u*(x, t) are bounded, we get
~ x . 1
| 0(x,t) —u*(x,t) ||oo= O(e) on the time-scale o
Differentiation of the near-identity transformation (4.5) and using equations (4.3), (4.5), we get

0l t) W) |t D) — Lix, D)Ju(x, 1)

ot ot
t _ ou*(x, t
+5J (Lix,s,D) — [(x,D))ds V)
0 ot
=¢l(x,t,D)0(x,t)

+ ¢2 Jt[(ux, s,D)—1L(x,D))L(x,D)
0

—L(x,t,D)(L(x,s,D) —L(x,D))ldsu*(x, t)
=eL(x,t, D)0(x,t) + e2M(x, t, D)u*
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where .

M(x,t,D) = J [(L(x,s,D)—L(x,D))L(x,D)—L(x,t,D)(L(x,s,D) —L(x,D))]ds,
0

with initial value {(x,0) = y(x), 1L(x, t) satisfies the problem (4.1), (4.2) to order ¢2. We obtain
L(ti(x,t) —u*(x, 1)) = €M(x, t, D)u* = Ofe),

on the time-scale % Moreover 1i(x,0) — u*(x,0) = 0. We use barrier functions.
Letc = || M (x,t,D)u*(x, t) ||, we introduce the barrier function:

Ba(x,t) = €ct,
and the functions (we omit the arguments)
Z5 (X/ t) = ﬂ(xl t) - u(xl t) - BZ(X/ t)r ZG (X/ t) = ﬂ(xl t) - u(xl t) + BZ (X/ t)

We get
LZ5(x,1) = 2M(x,t, D)u*(x,t) — e2c <0, Z5(x,0) =0,
LZ6(x,1) = 2M(x,t, D)u*(x,t) + e2c = 0, Zg(x,0) = 0.

Z5(x,t) and Zg(x, t) are bounded, resulting in Z5(x,t) < 0 and Zg(x,t) > 0, it follows that
_BZ(X/ t) g ﬁ(X/ t) - u(xl t) g BZ (X/ t)/

—e%ct < U(x,t) —u(x,t) < szct,
SO we can estimate
|| ﬁ(xlt) —U-(X,t) HOO<H BZ(X/t) HOOZ O(s)/

on the time-scale 1. We use the triangle inequality to have

1
|| wix,t) —u*(x,t) ||oo= O(e) on the time-scale o O]

5. Conclusion

This paper is focused on generalizing some known results due to Krol on the averaging methods to
solve the fractional parabolic partial differential equation. As a special case Cauchy problems are solved
for the fractional parabolic partial differential equation and treat some different cases due to Krol on the
averaging methods.
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