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Abstract

Non-associative algebraic structures are of interest to consider for their remarkable properties.
In this paper, we generalize the AG*-groupoids to I' — AG*-groupoids and study their algebraic
properties. Among other results, it is shown that every I' — AG*-groupoid is left alternative and a
I' — AG*-groupoid having a left cancellative element is a 7' —I" — AG*-groupoid, a al’ — AG*-groupoid
S is a [-intra-regular if ST'a = S holds for all a € S, let S be a I'-intra-regular of I' — AG*-groupoid
then B is a right I'-ideal of S if BI'S = B, if S is a I'-intra-regular of I' — AG*-groupoid then
(STB)I'S = B, where B is a [-interior ideal of S, in an I'-intra-regular of I' — AG*-groupoid S if A
is a I'-interior ideal of S then A is a I' — bi-ideal of S, in an I'-intra-regular of I' — AG*-groupoid S
if A is a I-interior ideal of S then A is a I'(1,2)-ideal of S. (©2016 All rights reserved.

Keywords: T — AG-groupoid, I' — AG*-groupoid, T! — I" — AG-groupoid, I'-left alternative, I'-left
cancellative, ' — 3-band, I'-interior ideal, I'-intra-regular, I' — bi-ideal, I' — (1, 2)-ideal.

1. Introduction and Preliminaries

The idea of generalization of communicative semigroups was introduced in 1977 by Kazim and
Naseerudin [2]. They named this structure as the left almost semigroup (L A-semigroup) in [1]. It is
also called as Abel-Grassmanns groupoid (AG-groupoid) in [3]. In generalizing this notion the new
structure I' — AG- groupoid (I' — LA-semigroup) is also defined by Shah and Rehman in [9]. Here
we introduce the notion of I' — AG*-groupoid which is a generalization of AG*-groupoid studied in
[8], and then investigate some of their properties. Some new results on AG*-groupoids have been
recently studied by Ahmad and Mushtaqin [3| [7]. We generalize these results and investigate some
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properties of I' — AG*-groupoids. Following [4] [7, 9], we first recall some preliminary definitions. Let
S and I' be non-empty sets. We call S to be a I'-Semigroup if there exists a mapping S xI' x .S — S
writing (a, 7, b) by avb, such that S satisfies the identity (avb)5c = avy(bfc) for all a,b,c € S and
~v,8 € I'. A I'-Semigroup with identity is called a I'-monoid.

Let S and ' be non-empty sets. We call S to be a I' — AG-groupoid if there exists a mapping
SxTI'x S — S writing (a,v,b) by avyb such that satisfies the identity (ayb)Sc = (cyb)fa for all
a,b,ce S and v, 5 €T.

An element e € S is called a left identity if eya = a for all a € S and vy € I'. A I' — AG-groupoid
S is called:

(i) I'-medial if for every a,b,c,d € S and v, 5 € I', (aab)B(cyd) = (acc)B(byd).

(i) I'-paramedial if for every a,b,c,d € S and v, 5 € I', (aab)B(cyd) = (dab)B(cya).

(iii) T-locally associative if for every a € S and ~, 5 € T it satisfies v, 8 € I, (aya)Ba = ay(afa).
(iv) T-idempotent if for every a € S and v € T', aya = a.

In the following we recall the definitions from [3] which are applied in this paper.

Definition 1.1. A I' — AG-groupoid S is called a I' — AG-band if every its element is [-idempotent.

Definition 1.2. A I' — AG-groupoid is called a 7' — I' — AG-groupoid if for every a,b,c,d € S,
v € I', ayb = cyd implies bya = dc.

Definition 1.3. A I' — AG-groupoid S is called a I' — AG — 3-band if aa(afa) = (aya)Ba = a, for
alla € S and g,y €T

Definition 1.4. A I' — AG-groupoid S is called a I'-left alternative if for all a,b € S and o, 3 € T,
(aca)Bb = aa(apb).

Definition 1.5. A I'— AG-groupoid S is called a I'-left cancellative if for every a,b,c € S and v € T,
aab = aac implies b = c.

Definition 1.6. An element a of a I' — AG-groupoid S is called a I'-intra-regular if there exists
z,y € S and «, 8,7 € I such that a = (za(aBa))yy and S is called a I-intra-regular, if every
element of S is an ['-intra-regular.

Definition 1.7. A I' — AG-subgroupoid A from a I' — AG-groupoid S is called a I'-interior ideal of
S if (STA)I'S C A.

Definition 1.8. A I' — AG-subgroupoid A from a I' — AG-groupoid S is called a I'-bi-ideal of S if
(A'S)I'A C A.

Definition 1.9. A I' — AG-subgroupoid A from a I' — AG-groupoid S is called a I" — (1, 2)-ideal of
S if (AT'S)I'A? C A.

We recall the three following lemmas from [4] which are applied to get some results.
Lemma 1.10. Every I' — AG-groupoid is I'-medial.
Lemma 1.11. Every I' — AG-groupoid with left identity is I'-paramedial.

Lemma 1.12. In an ' — AG-groupoid S with left identity, we have ac(bfc) = ba(afc) for every
a,b,ce S and a, 8 €.

Lemma 1.13. Let S be a T' — AG-groupoid with left identity e then, S2 = ST'S = S and STe =
e'S=S6.
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2. On I' — AG*-groupoids

In this section we introduce the notion of I' — AG*-groupoid which is a generalization of AG*-
groupoid studied in [§], and then investigate some of their properties.
An AG-groupoid S is called an AG*-groupoid if it satisfies the identity (ab)c = b(ac) for all a,b,c € S.

Definition 2.1. A T' — AG-groupoid S is called a I' — AG*-groupoid if it satisfies the identity
(ayb)Be = by(aBe) for all a,b,c € S and 7,5 € T.

Example 2.2. Let S be an arbitrary AG*-groupoid and I' any non-empty set. Define a mapping
SxIT'xS — S, by ayb=abforall a,b € S and v €. Then S is a ' — AG-groupoid (see [6]). Also
for every a,b,c € S and v, € I we have (ayb)Sc = (ab)Bc = (ab)c = b(ac). On the other hand,
by(aBc) = by(ac) = b(ac). Hence, (ayb)Sc = by(afc) and then S is a I' — AG*-groupoid.

Example 2.3. Let S be an arbitrary I' — AG*-groupoid and ~ a fixed element in I". We define
aob = avyb for every a,b € S. Then (S,0) is an AG*-groupoid (see [6]). Also for every a,b,c € S
and v € I, we have (a0 b)oc = (ayb) o c = (ayb)yc = by(ayc). On the other hand, bo (aoc) =
bo (ayc) = by(ayc). Hence, (aob)oc=bo (aoc). Therefore, S is an AG*-groupoid.

Example 2.4. Let S be the set of all non-positive integers and I' be the set of all non-positive
even integers. If ayb denotes as usual multiplication of integers for a,b € S and v € I'; then S is a
I' — AG*-groupoid but not an AG*-groupoid.

Example 2.5. Let S be the set of all integers of the form 4n + 1 where n is an integer and I" denote
the set of all integers of the form 4n + 3. If aybis a + v+ b, for all a,b € S and v € I, then S is a
I' — AG*-groupoid but not an AG*-groupoid.

Note that by Examples and I' — AG*-groupoids are a generalization of AG*-groupoids.

Lemma 2.6. In every I' — AG*-groupoid, we have by(afc) = by(cfa) for every a,b,c € S and
7,8 €T,

Proof. Let S be a I' — AG*-groupoid. We have

(ayb)Bec = (cyb)Ba, (by left invertive law)

(ayb)Bec = by(aBc), (by I' — AG*-groupoid)

(ayb)Be = by(cPa), (by I' — AG*-groupoid)

Then, by(afc) = by(cfa). O
(

Lemma 2.7 ([5]). In a T'— AG-groupoid S with a left identity, we have aab = af3b for every a,b € S
and a, B € T.

Lemma 2.8. Every I' — AG*-groupoid with a left identity is a commutative I'-semigroup.

Proof. Let S be a I' — AG*-groupoid with a left identity e. Then by Lemma , we have by(afc) =
by(cBa) for every a,b,c € S and 7,3 € I'. Now putting b = e, it follows that ey(afc) = ey(cfa)
and then afc = cfa for every a,c € S and 8 € I'. Therefore, S is commutative. Now since S is
commutative, we obtain,

(ayb)Be = (bya)Be (by commutativity)
= ay(bpc)(byl' — AG™ — groupoid).

Hence, S is a [-semigroup. O
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Theorem 2.9 ([5]). If a I' — AG-band S contains a left identity e, then S becomes a commutative
I'-monoid.

Proposition 2.10 ([5]). Every T' — T — AG-groupoid is T -paramedial.

Proposition 2.11 ([8]). If S is an AG*-groupoid, then for every xy,xs,x3,24 € S, we have
(r122)(w374) = (xPp)TP(2)) (T p3)Tp1)) where P is any permutation on the set {1,2,3,4}.

Note that Proposition [2.11] can be generalized for I' — AG*-groupoids with left identity. As for
I' — AG*-groupoids without left identity we have:

Proposition 2.12. If S is a I' — AG*-groupoid, then for every xi,xs,x3,24 € S and o, 3,y € T,
(zr022) B(xsy24) = (T102p(2)) (T P(3)y YT P(a)) Where P is any permutation on the set {2,3,4}.

Proof. Let x1,x9,x3, x4 be arbitrary elements of S. Then we have

(x1029) B(x37724) = (x1023) B(T2724) (by [-medial law)

(x1023)B(x4722) (by Lemma [2.6)

(z1022) B(zav23) = (T1024) B(2Y2T3) = (T1024) B(23722) (by Lemma 2.6] and I-medial law). O

Proposition 2.13. Let S be a I' — AG*-groupoid. Then S is a commutative I'-semigroup if any of
the following holds:

(i) aab = cad = aad = bac,
(i1) aab = cad = daa = cab,
for every a,b,c € S and o € T.

Proof. Since for every a,b € S and a € I' the equation aab = aab trivially holds, an application of
(i) or (ii) proves commutatively. So for every a,b,c € S and «,y € ', we get

(aab)ye = ba(aye) = (aye)ab = (byc)aa = aa(byc).

Hence, S is a commutative I'-semigroup. ]
Lemma 2.14. If S is a T — AG*-band, then S = S%, where St = STS.
Proof. By the definition of I' — AG-groupoid we have S2 = SI'S C S. Let S be a I' — AG*-band.
For every x € S, x = xyx € STS for every v € I'. Therefore, S C ST'S = S2. Hence, S = SZ. [
3. properties of I' — AG™*-groupoids

In this section we investigate some important properties of I' — AG*-groupoids.
Proposition 3.1. Fvery I' — AG*-groupoid is a U-left alternative.

Proof. Let S be a I' — AG*-groupoid and let a,b,c € S and o, € I". Then by the definition of
I' — AG*-groupoid we have
(aad)Be = ba(afc). (3.1)

Now replacing b by a in (3.1)), we have (aca)Bc = aa(afc). Hence, S is a T'-left alternative. ]

Theorem 3.2. A T' — AG*-groupoid having a I'-left cancellative element is T* — ' — AG-groupoid.
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Proof. Let x be a I'-left cancellative element of a I' — AG*-groupoid S and a,b,¢c,d € S, and o,y € T'.
Let aab = cad. Then
xy(baa) = (byx)aa(by I' — AG*-groupoid)
= (ayx)ab(by left invertive law)
= z7y(aad)(by ' — AG™-groupoid)
= zy(cad)(by assumption)
= (eyx)ad(by I' = AG*-groupoid)
= (dyx)ac(by left invertive law)
= z7y(dac)(by I' = AG™-groupoid),

= z7y(baa) = zy(dac)
= baa = dac.(by left cancellative law).

Hence, S is a T' — ' — AG-groupoid. O
Corollary 3.3. A I' — AG*-groupoid S having a U-left cancellative element is I'-paramedical.
Proof. By Proposition and Theorem [3.2] the result is immediate. O]

Proposition 3.4. Let S be a I' — AG*-groupoid. Ift € S is a I' — 3-band, i.e. (t0t)yt = tB(tt) =
for every , B € T, then t2 is a T'-idempotent, where t = tyt, v € T

Proof. Let t € S be a I' — 3-band. Then,
tiﬂti = (t1)B(tyt) = ty(tB(tt)) (by I — AG*-groupoid)
= tyt = 2.(by ' — 3-band).
Hence, t% is a ['-idempotent. O

Theorem 3.5. A I' — AG*-groupoid S having a I'-left cancellative square element is a T* —TI' — AG-
groupoid.

Proof. Suppose x is a I'-left cancellative square element of S and aab = cad for every a,b,c,d € S
and «,v € I'. Then it gives the following:

(zaz)y(baa) = (by(zaz))aa(by I' — AG*-groupoid)

(

((zyb)az)aa(by I' — AG*-groupoid)
= ((7d)

(

e 9

= (aax)a(xyb)(by left invertive law)

= (aab)a(zvyx)(by Proposition [2.12)

= (cad)a(zyz)(by assumption)

= (cax)a(xyd)(by Proposition [2.12)
(zvd)az)ac(by left invertive law)

= (dy(zaz))ac(by I' — AG*-groupoid)

= (zax)y(dac)(by T' — AG*-groupoid)

ie. (xax)y(bac) = (xax)y(dac), so baa = dac. (by left cancellative law)
Hence, S is a T' — ' — AG-groupoid. O
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Proposition 3.6. Every T' —TI' — AG-groupoid is T'-paramedial.
Proof. Let S be a T' —T' — AG-groupoid and let a,b,c,d € S and «, 3,y € I'. Now we have

(a0b)y(cBd) = (aac)(b5d)(by LemmofZT)
= (bBd)y(aac)(byT* — T — AG — groupoid)

= (bpa)y(dac)(by Lemma]2.6])

= (dac)y(bBa)(byT* — T — AG — groupoid)

= (dab)v(cBa).(by LemmaR.6))

Hence, S is ['-paramedial. n
Corollary 3.7. Every I'-left cancellative I' — AG*-groupoid is I'-paramedial.

Proof. By Proposition [2.10] and Theorem [3.2] the result is immediate. O

Lemma 3.8. Let S be a I' — AG*-groupoid such that ST'a = S, hold for all a € S, then al'S = S
and SI'S = S.

Proof. Since ST'a = S for all a € S then al'S = 5, S = ST'S = (STa)I'S = al'(ST'S) = al'S. Hence
al’S = S. O

Theorem 3.9. A I' — AG*-groupoid is a I'-intra-reqular if STa = S holds for all a € S.
Proof. Since STa = S by lemma[3.8/ ST'S = S. Let a € S, then
((STa)I'(STa))IS(by T' — AG*-groupoid)
(

((STS)I'(ala))I'S(by mediallaw)
(STai)TS.

Hence a € (STa)I'S, i.e. S is [-intra-regular. O

Theorem 3.10. Let S be a '-intra-reqular of I' — AG*-groupoid, then B is a right I'-ideal of S if
BT'S = B.

Proof. Let B be a right I'-ideal i.e. BI'S C B. Now let b € B, then by assumption there exists
x,y € S and «, 8,7 € I" such that

b= (za(bBb))vy (by I-intra-regular)
(bpb)a(xyy) € BT'S (byl' — AG*-groupoid),

implies B C BI'S. Hence BI'S = B. O

Theorem 3.11. If S is a I'-intra-regular of I' — AG*-groupoid then (STB)I'S = B, where B is a I'-
interior ideal of S.

Proof. Since B is a I-interior ideal of S also (ST'B)['S C B, let b € B, we have

b= (xa(bﬁb))fyy (by I-intra-regular)
((bax)Bb)vyy (by I' = AG*-groupoid).

Since 5 C S implies bax € S. Hence b € (SI'B)I'S. O
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Theorem 3.12. In an I'-intra-regular of I' — AG*-groupoid S, if A is a U'-interior ideal of S then is
a I'(1,2)-ideal of S.

Proof. let A be a I'-interior ideal of, i.e. (STA)I'S C A. Let p € (AI'S)I'(AT'A), then p = (aus)d(bac)
for some a,b,c € A, s € S and p,0,a €T.

Since S is I'-intra-regular so there exists x,y € S and 3,7v,0 € ' such that a = (a:ﬁ(aéa))fyy. Now
we have

obviously ((sac)@(xﬁ(a&z))) € S, as S is I' — AG*-subgroupoid and A is I' — AG-subgroupoid,
therefore p € (STA)I'S C Aie. (AI'S)I'(AT'A) C A. Hence A is a I' — (1,2)-ideal of S. O

Theorem 3.13. In a I'-interior ideal of I' — AG*-subgroupoid S if A is a I'-interior ideal of S then
Ais a I' — bi-ideal of S.

Proof. Let A be a I-interior ideal of S, then (STA)I'S C A. Let p € (AI'S)I'A, then p = (aus)yb for
some a,b € A, s € S and u, € I'. Since S is ['-intra-regular so there exists x,y € S and §,7v,0 € I’
such that b = (z(béb))yy. Now we have

p = (aps)y(zB(bdb))vy (by I-leftinvertive)
= (z(bob)) ¥ (aps)yy (by I' — AG*-groupoid)

= ((bob)B(x(aps)))vy (by I — AG*-groupoid)
= (((zw(aps))dob) Bb)yy € (STA)T'S C A (by DI-leftinvertive).

Thus (AT'S)['A C A. Hence A is a I' — bi-ideal of S. O
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