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Abstract
This article presents a modify adaptive combined synchronization for a class of different unknown fractional order chaotic

systems. A combination of different states of the drive systems asymptotically synchronizes with the desired states of the
response system. Hence, increases the complexity of the communication channel in secrete communications. The Lyapunov
stability theory proves the asymptotic stability of the error system at the origin. The design of a suitable adaptive controller
assures the target synchronization. This work provides parameters update laws that estimate the true values of unknown param-
eters. This paper also presents two numerical examples of unknown different fractional order chaotic systems and simulation
results that validate the efficiency and performance of the proposed adaptive combined synchronization strategy. The presented
adaptive combined synchronization strategy can be applied to multiple synchronization strategies. The paper suggests some
future problems related to this work.

Keywords: Chaos, combined synchronization, adaptive control, unknown parameters, fractional order.

2020 MSC: 93D99, 93C40.

c©2020 All rights reserved.

1. Introduction

The study of complex dynamical systems has a long history as several natural phenomena exhibit
dynamics which are many a times quite complex to study. This inherent complexity of systems presents
challenges in the investigation of their characteristics and it had been the case up until early 1980s due
to the limitation of computational power. However, this barrier has slowly been overcome with the fast
speed computers which made it possible the exploration of territories which were once considered highly
infeasible if not impossible.

Synchronization of chaotic systems is one area which has received great attention for over several
decades now. Extensive studies have been conducted on the synchronization of chaotic systems of integer
order but a fast emerging trend is the attention towards the more general order which includes the frac-
tional order systems. Although the applications of integer order systems are more prevalent, innumerable
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and steadily growing, however, the fractional order chaotic systems is picking the pace now as they are
more effective in modelling natural complex systems than their counterpart integer order systems. The
science of fractional order chaos has paved into several academic disciplines such as engineering, sciences
such as biology, chemistry, physics as well as in the areas of nonlinear science and it is considered as an
interdisciplinary field now [19, 27, 39, 41]. The use of fractional order chaotic dynamics is prevalent in
the control and synchronization of fractional order chaotic systems. The aforementioned topics present a
fine blending of the mathematics of the fractional order chaos with that of the numerous applications. At
present, synchronization of fractional order chaotic systems becomes a challenging and interesting prob-
lem due to its potential applications in secure communication and control processing, chemical reactions,
biological systems, etc. The concept of the fractional order dynamical systems has a theoretical basis in
fractional calculus which is a generalization of classical calculus. It may sound relatively a new frontier
nevertheless its traces are found even in the works of the founding fathers of ordinary calculus such as
Leibniz and other the contemporary mathematicians [15, 31].

After the pioneering work Pecora and Carrol [26], considerable attention has been paid to the re-
search of synchronizing fractional order chaotic systems. For the last three decades, fractional order
chaos synchronization has been remained an interesting subject due to its potential applications in se-
cure communications, chemical reactions, salt-water oscillators, electronic circuits and neural networks,
etc. A number of effective control techniques have been developed to accomplish the fractional order
chaotic synchronization, such as the active and backstepping control techniques, nonlinear control strat-
egy, adaptive control approach, sliding mode control method, and intermittent pinning control technique,
[1–5, 9–12, 14, 16, 17, 21, 28–30, 34, 35, 38, 40, 42, 43, 45].

In the recent decade, the one-to-one system synchronization mode has been shifted to new types of
synchronization strategies where more than two chaotic systems are involved in drive-response system
arrangement. In this line, based on the chaos synchronization theory, different synchronization control
schemes have been developed. These include, compound synchronization [37], dual combination synchro-
nization [33], multi switching combination synchronization [7, 32], dual combination-combination multi
switching synchronization [6] and dual synchronization [22–25]. These approaches involve the same
number of fractional order chaotic systems in the drive-response system synchronization mode. Such
type of synchronization approaches are meaningful in secure communication systems, for instance, the
transmitted signals can be divided in to several parts, loaded in different chaotic signals of the transmitter
system and the original message signal can be recovered in the receiver system with enough security.
Hence, increases the security of the information signal in communication systems. Until, the research on
fractional order chaos synchronization is still open and challenging.

To the best of authors’ knowledge based on the literature survey, there is no result in the relevant
literature dealing with the adaptive compound synchronization among four unknown fractional order
chaotic systems containing three unknown fractional order chaotic systems in the drive system and one
unknown fractional order chaotic system in the response system. The aforesaid discussion motivates us to
study the adaptive combined synchronization among four different fractional order chaotic systems with
unknown parameters. These systems have different parameters values. Based on the Lyapunov stability
theory [20] and using the adaptive control strategy [1], sufficient conditions are derived analytically that
established the asymptotic stability of the error dynamical system at the origin. Suitable adaptive laws
are derived to estimate the exact value of the unknown parameters.

Two numerical examples are presented. In the first example, a combination of two different unknown
fractional order chaotic Lü, Liu systems are considered as the drive system and the unknown Chen frac-
tional order chaotic system is considered as the response system. In the second example, a combination of
the unknown fractional order chaotic Lü, Liu and Genesio-Tesi systems are considered as the drive system
and the unknown fractional order Chen chaotic system is considered as the response system. Numerical
simulation results are furnished to validate the theoretical findings. Since the fractional order chaotic sys-
tems under study have different parameter values and these parameters are assumed unknown. Hence,
the proposed approach increases the complexity level of the drive (transmitter) system, thereby, enriches
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the security of the information signal in secure communication systems. The rest of the paper is organized
as follows. Section 2 presents a step by step methodology for the proposed adaptive combined synchro-
nization controller design of fractional order chaotic systems with unknown parameters. In Section 3,
description of the fractional order chaotic Lü, Liu, Genesio-Tesi and Chen systems are given, followed by
two numerical examples for the adaptive combined synchronization with simulations in Section 4. This
paper concludes in Section 5 with some future problems related to this work.

2. Preliminaries of fractional-order calculus

The concept of an integer-order integro-differential operator can be extending by the fractional-order
integro-differential operator using a generalizable formulation, that is

aD
p
t =


dp

dtp , p > 0,
1, p = 0,
t∫
a

(dτ)−p , p < 0,

where p is the fractional order which could be a complex number, and a, t symbolize the limits of the
operation. There are many definitions of the fractional integral and derivative which have been used
in the recent literature, precisely, the following three definitions (Grünwald-Letnikov, Riemann-Liouville,
and Caputo). The current study dealing with the Riemann-Liouvile definition ([1, 27]), which is given by

aD
p
t f (t) =

dm

dtm
J
m−p
t f (t) , p > 0,

where m = dpe, J is the fractional Riemann-Liouville integral and

Jϕt φ (t) =
1

Γ (ϕ)

t∫
0

φ (υ)

(t− υ)1−ϕ
dυ,

with 0 < ϕ 6 1 and Γ(.) is a gamma function. For r > n > 0, p and q are integers such that 0 6 p− 1 6
r < p, and 0 6 q− 1 6 n < q. Then,

aD
r
t

(
aD

−m
t f (t)

)
= aD

r−m
t f (t) . (2.1)

For r,m > 0, there exist integers p and q such that 0 6 p− 1 6 r < p, and 0 6 q− 1 6 m < q. Then,

aD
r
t ( aD

m
t f (t)) = aD

r+m
t f (t) −

m∑
j=1

[
aD

m−j
t f (t)

]
t=a

(t− a)−r−j

Γ (1 − r− j)
. (2.2)

Suppose also that f(t) has a continuous nth derivative in [0, t](n ∈ N, t > 0) and let r,m > 0. Then, there
exists some k ∈ N with k 6 n and r, r+m ∈ [k− 1,k] such that

aD
r
t aD

m
t f (t) = aD

r+m
t f (t) .

3. Adaptive combined synchronization controller design

Let us consider the following chaotic systems:

Ds
tx1 = g1(x1) +G1(x1)ϕ1,

Ds
tx2 = g2(x2) + g1(x2)ϕ2,

Ds
tx3 = g3(x3) + g3(x3)ϕ3,

...
Ds

txk = gk(xk) + gk(xk)ϕk,

(3.1)
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where xi ∈ Ωxi
⊂ <p is the state vector. Let Ω =

k⋂
i=1

Ωxi
6= φ such that

k∑
i=1

xi is defined on Ω, ϕi ∈ <p is

the unknown parameter vector of the system xi, gi(xi) is a continuous vector function, Gi(xi) is a matrix
function. On the other hand, the controlled response system is assumed by

Ds
ty = h(y) +H(y)ϑ+ u, (3.2)

where y ∈ Ωy ⊂ <p is the state vector, ϑ ∈ <p is the unknown parameter vector of the system, h(y)is a
continuous vector function, H(y) is a matrix function, u ∈ <p is a controller. Let E(t) = y(t) − (x1(t) +
x2(t) + · · ·+ xk(t)) be the error vector. Our aim is to find a suitable control function u which can able to
achieve the combined synchronization such that,

lim
t→∞ |E| = lim

t→∞ |y(t,y0) − (x1(t, x10) + x2(t, x20) + · · ·+ xk(t, xk0))| = 0.

The following theorem shows that the systems (3.1) and (3.2) can be effectively combined synchronized.

Theorem 3.1. If the adaptive combined control laws are chosen as follows:

u = g1(x1) +G1(x1)ϕ1 + g2(x2) +G2(x2)ϕ2 + · · ·
+ gk(xk) +Gk(xk)ϕk − h(y) −H(y)ϑ+Ds−1

t

[
G1(x1)ϕ̂1 +G2(x2)ϕ̂2 + · · ·

+Gk(xk)ϕ̂k −H(y)ϑ̂− (Ds−1
t E(t))

(t)−(s−1)−1

Γ(−(s− 1))
− E
] (3.3)

and the update rule of the unknown parameters are taken as

˙̂ϕ1 = −
[
G1(x1)

]T
e,

˙̂ϕ2 = −
[
G2(x2)

]T
e,

...

˙̂ϕk = −
[
Gk(xk)

]T
e,

˙̂ϑ =
[
H(y)

]T
e,

(3.4)

where s ∈ [0, 1] is the fractional order and ϕ̂1, ϕ̂2, . . . , ϕ̂k, ϑ̂ are the estimated parameters of ϕ1,ϕ2, . . . ,ϕk and ϑ,
respectively, then the drive systems (3.1) will achieve adaptive combined synchronization with the response systems
(3.2).

Proof. The error dynamical system between drive system (3.1) and response system (3.2) is described by

Ds
tE (t) = h(y) +H(y)ϑ− g1(x1) −G1(x1)ϕ1 − g2(x2)

−G2(x2)ϕ2 − · · ·− gk(xk) −Gk(xk)ϕk + u,
(3.5)

where E = y− (x1 + x2 + · · ·+ xk). Substituting (3.3) into (3.5) results in the following

Ds
tE(t) = D

s−1
t

[
F1(x1)ϕ̃1 + F2(x2)ϕ̃2 + · · ·+ Fk(xk)ϕ̃k −G(y)ϑ̃

− (Ds−1
t E(t))

(t)−(s−1)−1

Γ(−(s− 1))
− E
]
,

(3.6)
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where, ϕ̃1 = ϕ̂1 − ϕ1, ϕ̃2 = ϕ̂2 − ϕ2, . . . , ϕ̃k = ϕ̂k − ϕk, ϑ̃ = ϑ̂ − ϑ. Construct a Lyapunov function
candidate as

V =
1
2

[
ETE+ ϕ̃T

1 ϕ̃1 + ϕ̃
T
2 ϕ̃2 + · · ·+ ϕ̃T

kϕ̃k + ϑ̃T ϑ̃
]
.

The derivative of V along the solutions of the error dynamical system (3.5) is

V̇ = ET Ė+ ˙̃ϕT
1 ϕ̃1 + ˙̃ϕT

2 ϕ̃2 + · · ·+ ˙̃ϕkϕ̃k + ˙̃ϑT ϑ̃.

Thus, using (2.1), we have

V̇ = ET
[
Ds−1

t (Ds
tE(t)) + (Ds−1

t E(t))
(t)−(s−1)−1

Γ (− (s− 1))

]
+ ˙̃ϕT

1 ϕ̃1 + ˙̃ϕT
2 ϕ̃2 + · · ·+ ˙̃ϕkϕ̃k + ˙̃ϑT ϑ̃.

Hence, from (3.6), we obtain,

V̇ = ET

[
Ds−1

t (Ds−1
t

[
G1(x1)ϕ̃1 +G2(x2)ϕ̃2

+ · · ·+Gk(xk)ϕ̃k −H(y)ϑ̃− (Ds−1
t E(t))

(t)−(s−1)−1

Γ(−(s− 1))
−E
]

+ (Ds−1
t E(t))

(t)−(s−1)−1

Γ(−(s− 1))

]
+ ˙̃ϕT

1 ϕ̃1 + ˙̃ϕT
2 ϕ̃2 + · · ·+ ˙̃ϕkϕ̃k + ˙̃ϑT ϑ̃.

(3.7)

Using (2.2) and (3.4), (3.7) reduces to

V̇ = ET

[
G1(x1)ϕ̃1 +G2(x2)ϕ̃2 + · · ·+Gk(xk)ϕ̃k −H(y)ϑ̃− (Ds−1

t E(t))
(t)−(s−1)−1

Γ(−(s− 1))
−E

+ (Ds−1
t E(t))

(t)−(s−1)−1

Γ(−(s− 1))

]
− ET

[
G1(x1)ϕ̃1 +G2(x2)ϕ̃2 + · · ·+Gk(xk)ϕ̃k −H(y)ϑ̃

]
= −ETE 6 0.

Based on Lyapunov theory [20], the combined synchronization is achieved between the drive system
(3.1) and the response system (3.2) under the choice of the controller u (3.3) and parameters update law
(3.4) is achieved.

4. Adaptive combined synchronization of Lü, Liu and Chen systems

In this section, we shall extend the direct application of the proposed above method to study the
combined synchronization of the fraction order Lü [8], Liu [18] and Chen systems. Here we have assumed
that the fraction order Lü, Liu systems as a drive systems and fraction order Chen [44] system assumed
as a response system as follows:

Ds1
t x1 = a1(y1 − x1), Ds2

t y1 = −x1z1 + c1y1, Ds3
t z1 = x1y1 − b1z1, (4.1)

Ds1
t x2 = a2(y2 − x2), Ds2

t y2 = b2x2 − x2z2, Ds3
t z2 = −c2z2 + d2x

2
2, (4.2)

Ds1
t x3 = a3(y3 − x3) + u1, Ds2

t y3 = (c3 − a3)x3 − x3z3 + c3y3 + u2, Ds3
t z2 = x3y3 − b3z3 + u3, (4.3)

where U = (u1,u2,u3)
T denote to the controller function. In the following, an effective adaptive controller

function is constructed to achieve the combined synchronization between Lü, Liu systems and Chen
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system with fully unknown parameters. By subtracting (4.1)-(4.2) from (4.3) the following error system is
obtained:

Ds1
t e1(t) = a3(y3 − x3) − a2(y2 − x2) − a1(y1 − x1) + u1,

Ds2
t e2(t) = (c3 − a3)x3 − x3z3 + c3y3 − b2x2 + x2z2 + x1z1 − c1y1 + u2,

Ds3
t e3(t) = x3y3 − b3z3 + c2z2 − d2x

2
2 − x1y1 + b1z1 + u3,

(4.4)

where e1 = x3 − x2 − x1, e2 = y3 − y2 − y1 and e3 = z3 − z2 − z1. Our objective is to design the controller U
with a parameter update law in order to achieve the globally and asymptotically combined synchroniza-
tion between (4.1)-(4.2) and (4.3).

In order to show that systems (4.1)-(4.2) and system (4.3) are combined synchronized, the following
Theorem is construct.

Theorem 4.1. The asymptotically combined synchronization of the systems (4.1)-(4.2) and the system (4.3) will
achieve for any distinct initial condition with following modify adaptive controller

u1 = −a3(y3 − x3) + a2(y2 − x2) + a1(y1 − x1) +D
s1−1
t

[
− â3(y3 − x3) + â2(y2 − x2)

+ â1(y1 − x1) − (Ds1−1
t e1(t))

(t)−(s1−1)−1

Γ(−(s1 − 1))
− e1

]
,

u2 = −(c3 − a3)x3 + x3z3 − c3y3 + b2x2 − x2z2 − x1z1 + c1y1 +D
s2−1
t

[
− (ĉ3 − â3)x3 − ĉ3y3

+ b̂2x2 + ĉ1y1 − (Ds2−1
t e2(t))

(t)−(s2−1)−1

Γ(−(s2 − 1))
− e2

]
,

u3 = −x3y3 + b3z3 − c2z2 + d2x
2
2 + x1y1 − b1z1 +D

s3−1
t

[
b̂3z3 − ĉ2z2 + d̂2x

2
2 − b1z1

− (Ds3−1
t e3(t))

(t)−(s3−1)−1

Γ(−(s3 − 1))
− e3

]
,

(4.5)

and the update rule of the unknown parameters are taken as

˙̃a1 = −(y1 − x1)e1, ˙̃b1 = z1e3, ˙̃c1 = −y1e2, ˙̃a2 = −(y2 − x2)e1, ˙̃b2 = −x2e2,

˙̃c2 = z2e3, ˙̃d2 = −x2
2e3, ˙̃a3 = (y3 − x3)e1 − x3e2, ˙̃b3 = −z3e3, ˙̃c3 = (x3 + y3)e2,

(4.6)

where â1, b̂1, ĉ1, â2, b̂2, ĉ2, d̂2, â3, b̂3, ĉ3 are estimates of a1,b1, c1,a2,b2, c2,d2,a3,b3, c3, respectively.

Proof. By applying the modify adaptive controller (4.5) to (4.4), the following new is error systems ob-
tained:

Ds1
t e1(t) = D

s1−1
t

[
− ã3(y3 − x3) + ã2(y2 − x2) + ã1(y1 − x1) − (Ds1−1

t e1(t))
(t)−(s1−1)−1

Γ(−(s1 − 1))
− e1

]
,

Ds2
t e2(t) = D

s2−1
t

[
− (c̃3 − ã3)x3 − c̃3y3 + b̃2x2 + c̃1y1 − (Ds2−1

t e2(t))
(t)−(s2−1)−1

Γ(−(s2 − 1))
− e2

]
,

Ds3
t e3(t) = D

s3−1
t

[
b̃3z3 − c̃2z2 + d̃2x

2
2 − b1z1 − (Ds3−1

t e3(t))
(t)−(s3−1)−1

Γ(−(s3 − 1))
− e3

]
,

where ã1 = â1 − a1, b̃1 = b̂1 − b1, c̃1 = ĉ1 − c1, ã2 = â2 − a2, b̃2 = b̂2 − b2, c̃2 = ĉ2 − c2, d̃2 = d̂2 − d2, ã3 =
â3 − a3, b̃3 = b̂3 − b3, c̃3 = ĉ3 − c3. Construct a Lyapunov function candidate as

V =
1
2
(
eTe+ ã2

1 + b̃
2
1 + c̃

2
1 + ã

2
2 + b̃

2
2 + c̃

2
2 + d̃

2
2 + ã

2
3 + b̃

2
3 + c̃

2
3
)

. (4.7)

Differentiate V with respect to time the following is obtained:

V̇ = (eT ė+ ã1 ˙̃a1 + b̃1
˙̃b1 + c̃1 ˙̃c1 + ã2 ˙̃a2 + b̃2

˙̃b2 + c̃2 ˙̃c2 + d̃2
˙̃d2 + ã3 ˙̃a3 + b̃3

˙̃b3 + c̃3 ˙̃c3),

using (2.1) in (4.7) yields the following
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V̇ =

(
e1

[
D1−s1

t (Ds1
t e1(t)) + (Ds1

t e1(t))
(t)−(s1−1)−1

Γ(−(s1 − 1))

]
+ e2

[
D1−s2

t (Ds2
t e2(t))

+ (Ds2
t e2(t))

(t)−(s2−1)−1

Γ(−(s2 − 1))

]
+ e3

[
D1−s3

t (Ds3
t e3(t)) + (Ds3

t e3(t))
(t)−(s3−1)−1

Γ(−(s3 − 1))

]

+ ã1 ˙̃a1 + b̃1
˙̃b1 + c̃1 ˙̃c1 + ã2 ˙̃a2 + b̃2

˙̃b2 + c̃2 ˙̃c2 + d̃2
˙̃d2 + ã3 ˙̃a3 + b̃3

˙̃b3 + c̃3 ˙̃c3

)

=

(
e1

[
D1−s1

t (Ds1−1
t

[
− ã3(y3 − x3) + ã2(y2 − x2) + ã1(y1 − x1)

− (Ds1−1
t e1(t))

(t)−(s1−1)−1

Γ(−(s1 − 1))
− e1

]
+ (Ds1

t e1(t))
(t)−(s1−1)−1

Γ(−(s1 − 1))

]

+ e2

[
D1−s2

t (Ds2−1
t

[
− (c̃3 − ã3)x3 − c̃3y3 + b̃2x2 + c̃1y1

− (Ds2−1
t e2(t))

(t)−(s2−1)−1

Γ(−(s2 − 1))
− e2

]
+ (Ds2

t e2(t))
(t)−(s2−1)−1

Γ(−(s2 − 1))

]

+ e3

[
D1−s3

t (Ds3−1
t

[
b̃3z3 − c̃2z2 + d̃2x

2
2 − b1z1 − (Ds3−1

t e3(t))
(t)−(s3−1)−1

Γ(−(s3 − 1))
− e3

]
+ (Ds3

t e3(t))

× (t)−(s3−1)−1

Γ(−(s3 − 1))

]
+ ã1 ˙̃a1 + b̃1

˙̃b1 + c̃1 ˙̃c1 + ã2 ˙̃a2 + b̃2
˙̃b2 + c̃2 ˙̃c2 + d̃2

˙̃d2 + ã3 ˙̃a3 + b̃3
˙̃b3 + c̃3 ˙̃c3

)
,

(4.8)

where s ∈ [0, 1], (1 − s) > 0 and (s− 1) < 0. Now using (2.2) then (4.8) becomes

V̇ = e1

[
− ã3(y3 − x3) + ã2(y2 − x2) + ã1(y1 − x1) − e1

]
+ e2

[
− (c̃3 − ã3)x3 − c̃3y3

+ b̃2x2 + c̃1y1 − e2

]
+ e3

[
b̃3z3 − c̃2z2 + d̃2x

2
2 − b1z1 − e3

]
+ ã1

(
− (y1 − x1)e1

)
+ b̃1

(
z1e3

)
+ c̃1

(
− y1e2

)
+ ã2

(
− (y1 − x1)e1

)
+ b̃2

(
− x1e2

)
+ c̃2

(
z2e3

)
+ d̃2

(
− x2

2e3

)
+ ã3

(
(y3 − x3)e1 − x3e2

)
+ b̃3

(
− z3e3

)
+ c̃3

(
(x3 + y3)e2

)
= −eTe 6 0.

In light of the Lyapunov stability theory [20], the error dynamical system can converge to the origin
asymptotically, which implies that the adaptive combined synchronization of fractional order chaotic
systems with fully unknown parameters is achieved.

4.1. Numerical simulations
In the numerical results of the proposed modify adaptive combined synchronization, we use Adams-

Bashforth-Moulton method to solve the systems for the fractional order si = 0.95, i = 1, 2, 3, and the
unknown parameters are chosen as a1 = 35,b1 = 3, c1 = 28 and a2 = 102,b2 = 40, c2 = 2.5,d2 = 4
and a3 = 35,b3 = 3, c3 = 27. The initial values of the fractional-order drive systems (4.1)-(4.2), the
fractional-order response system (4.3) and the estimated parameters are arbitrarily chosen in simulations
as (x1(0) = 0.2,y1(0) = 0.6, z1(0) = 1), (x2(0) = 7,y2(0) = 11, z2(0) = 15), (x3(0) = 0.2,y3(0) = 0, z3(0) =
0.5), and â1(0) = 2.0, b̂1(0) = 2.0, ĉ1(0) = 2.0, â2(0) = 2.0, b̂2(0) = 2.0, ĉ2(0) = 2.0, d̂2(0) = 2.0 and
â3(0) = 2.0, b̂3(0) = 2.0, ĉ3(0) = 2.0, respectively. Combined synchronization of the systems (4.1)-(4.2) and
(4.3) via adaptive control law (4.5) and (4.6) are shown in Figs. 1-2. Fig. 1 (a)-(c) displays the combined
synchronization among three fractional order chaotic (4.1)-(4.2) and (4.3). Fig. 2 (a) display the combined
synchronization errors, e1, e2, e3 with time t. Fig. 2 (b)-(d) displays the time response of estimated values
of parameters â1, b̂1, ĉ1, â2, b̂2, ĉ2, d̂2 of drive systems (4.1) and (4.2) and â3, b̂3, ĉ3 of response system (4.3).
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Figure 1: Combined synchronization among three fractional order chaotic (4.1)-(4.2) and (4.3): (a): Signals x2 + x1 and x3; (b):
signals y2 + y1 and y3; (c): signals z2 + z1 and z3.
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Figure 2: (a): Combined synchronization errors, e1, e2, e3 with time t; (b)-(d): Time response of estimated values of parameters
â1, b̂1, ĉ1, â2, b̂2, ĉ2, d̂2 of drive systems (4.1) and (4.2) and â3, b̂3, ĉ3 of response system (4.3).

5. Adaptive combined synchronization of Lü, Liu, Genesio-Tesi and Chen systems

This section presents the the combined synchronization of Lü, Liu, Genesio-Tesi and Chen systems
with unknown parameters, the Lü, Liu system, Genesio-Tesi [13, 36] are considers as the drive systems I,
II,III respectively.

Ds1
t x1 = a1(y1 − x1), Ds2

t y1 = −x1z1 + c1y1, Ds3
t z1 = x1y1 − b1z1, (5.1)

Ds1
t x2 = a2(y2 − x2), Ds2

t y2 = b2x2 − x2z2, Ds3
t z2 = −c2z2 + d2x

2
2, (5.2)

Ds1
t x3 = y3, Ds2

t y3 = z3, Ds3
t z3 = −a3x3 − b3y3 − c3z3 +m3x

2
3. (5.3)
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The Chen system (4.3) is taken as response system with control inputs u1,u2,u3 as

Ds1
t x4 = a4(y4 − x4) + u1, Ds1

t y4 = (c4 − a4)x4 − x4z+ c4y4 + u2, Ds1
t z4 = x4y4 − b4z4 + u3. (5.4)

where U = (u1,u2,u3)
T denote to the controller function. In the following, an effective adaptive controller

function is constructed to achieve the combined synchronization between Lü, Liu, Gensio systems and
Chen system with fully unknown parameters. By subtracting (5.1)-(5.3) from (5.4) the following error
system is obtained:

Ds1
t e1(t) = a4(y4 − x4) − y3 − a2(y2 − x2) − a1(y1 − x1) + u1,

Ds2
t e2(t) = (c4 − a4)x4 − x4z+ c4y4 − z3 − b2x2 + x2z2 + x1z1 − c1y1 + u2,

Ds3
t e3(t) = x4y4 − b4z4 + a3x3 + b3y3 + c3z3 −m3x

2
3 + c2z2 − d2x

2
2 − x1y1 + b1z1 + u3,

(5.5)

where e1 = x3 − x2 − x1, e2 = y3 − y2 − y1 and e3 = z3 − z2 − z1. Our objective is to design the controller
U with a parameter update law in order to achieve the globally and asymptotically combined synchro-
nization between (5.1)-(5.3) and (5.4). In order to show that systems (5.1)-(5.3) and (5.4) are combined
synchronized, the following Theorem is construct.

Theorem 5.1. The asymptotically combined synchronization of the systems (5.1)-(5.3) and the system (5.4) will
achieve for any distinct initial condition with following modify adaptive controller

u1 = −a4(y4 − x4) + a2(y2 − x2) + a1(y1 − x1) + y3 +D
s1−1
t

[
− â4(y4 − x4)

+ â2(y2 − x2) + â1(y1 − x1) − (Ds1−1
t e1(t))

(t)−(s1−1)−1

Γ(−(s1 − 1))
− e1

]
,

u2 = −(c4 − a4)x4 + x4z4 − c4y4 + z3 − x2z2 + b2x2 + c1y1 − x1z1

+Ds2−1
t

[
− (ĉ4 − â4)x4 − ĉ4y4 + b̂2x2 + ĉ1y1 − (Ds2−1

t e2(t))
(t)−(s2−1)−1

Γ(−(s2 − 1))
− e2

]
,

u3 = −x4y4 + b4z4 − a3x3 − b3y3 − c3z3 +m3x
2
3 − c2z2 + d2x

2
2 − b1z1 + x1y1

+Ds3−1
t

[
b̂4z4 − â3x3 − b̂3y3 − ĉ3z3 + m̂3x

2
3 − ĉ2z2 + d̂2x

2
2 − b̂1z1

− (Ds3−1
t e3(t))

(t)−(s3−1)−1

Γ(−(s3 − 1))
− e3

]
,

(5.6)

and the update rule of the unknown parameters are taken as

˙̃a1 = −(y1 − x1)e1, ˙̃b1 = z1e3, ˙̃c1 = −y1e2, ˙̃a2 = −(y2 − x2)e1, ˙̃b2 = −x2e2,

˙̃c2 = z2e3, ˙̃d2 = −x2
2e3, ˙̃a3 = x3e3, ˙̃b3 = y3e3, ˙̃c3 = z3e3,

˙̃m3 = −x2
2e3, ˙̃a4 = (y4 − x4)e1 − x4e2, ˙̃b4 = −z4e3, ˙̃c4 = (x4 + y4)e2,

(5.7)

where â1, b̂1, ĉ1, â2, b̂2, ĉ2, d̂2, â3, b̂3, ĉ3, m̂3, â4, b̂4, ĉ4 are estimates of a1,b1, c1,a2,b2, c2,d2,a3,b3, c3,m3, a4,b4,
c4, respectively.

Proof. By applying the modify adaptive controller (5.6) to (5.5), the following new error systems is ob-
tained:

Ds1
t e1(t) = D

s1−1
t

[
− ã4(y4 − x4) + ã2(y2 − x2) + ã1(y1 − x1) − (Ds1−1

t e1(t))
(t)−(s1−1)−1

Γ(−(s1 − 1))
− e1

]
,

Ds2
t e2(t) = D

s2−1
t

[
− (c̃4 − ã4)x4 − c̃4y4 + b̃2x2 + c̃1y1 − (Ds2−1

t e2(t))
(t)−(s2−1)−1

Γ(−(s2 − 1))
− e2

]
,
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Ds3
t e3(t) = D

s3−1
t

[
b̃4z4 − ã3x3 − b̃3y3 − c̃3z3 + m̃3x

2
3 − c̃2z2 + d̃2x

2
2 − b̃1z1

− (Ds3−1
t e3(t))

(t)−(s3−1)−1

Γ(−(s3 − 1))
− e3

]
,

where ã1 = â1 − a1, b̃1 = b̂1 − b1, c̃1 = ĉ1 − c1, ã2 = â2 − a2, b̃2 = b̂2 − b2, c̃2 = ĉ2 − c2, d̃2 = d̂2 − d2, ã3 =
â3 − a3, b̃3 = b̂3 − b3, c̃3 = ĉ3 − c3, m̃3 = m̂3 −m3, ã4 = â4 − a4, b̃4 = b̂4 − b4, c̃4 = ĉ4 − c4. Construct a
Lyapunov function candidate as

V =
1
2
(eTe+ ã2

1 + b̃
2
1 + c̃

2
1 + ã

2
2 + b̃

2
2 + c̃

2
2 + d̃

2
2 + ã

2
3 + b̃

2
3 + c̃

2
3 + m̃

2
3 + ã

2
4 + b̃

2
4 + c̃

2
4). (5.8)

Differentiate V with respect to time the following is obtained:

V̇ =

(
eT ė+ ã1 ˙̃a1 + b̃1

˙̃b1 + c̃1 ˙̃c1 + ã2 ˙̃a2 + b̃2
˙̃b2 + c̃2 ˙̃c2 + d̃2

˙̃d2 + ã3 ˙̃a3

+ b̃3
˙̃b3 + c̃3 ˙̃c3 + m̃3 ˙̃m3 + ã4 ˙̃a4 + b̃4

˙̃b4 + c̃4 ˙̃c4

)
.

Using (2.1) in (5.8) we get

V̇ =

(
e1

[
D1−s1

t (Ds1
t e1(t)) + (Ds1

t e1(t))
(t)−(s1−1)−1

Γ(−(s1 − 1))

]
+ e2

[
D1−s2

t (Ds2
t e2(t))

+ (Ds2
t e2(t))

(t)−(s2−1)−1

Γ(−(s2 − 1))

]
+ e3

[
D1−s3

t (Ds3
t e3(t)) + (Ds3

t e3(t))
(t)−(s3−1)−1

Γ(−(s3 − 1))

]
+ ã1 ˙̃a1 + b̃1

˙̃b1 + c̃1 ˙̃c1 + ã2 ˙̃a2 + b̃2
˙̃b2 + c̃2 ˙̃c2 + d̃2

˙̃d2 + ã3 ˙̃a3 + b̃3
˙̃b3 + c̃3 ˙̃c3 + m̃3 ˙̃m3

+ ã4 ˙̃a4 + b̃4
˙̃b4 + c̃4 ˙̃c4

)

=

(
e1

[
D

1−q1
t (Dq1−1

t

[
− ã4(y4 − x4) + ã2(y2 − x2) + ã1(y1 − x1)

− (Dq1−1
t e1(t))

(t)−(s1−1)−1

Γ(−(s1 − 1))
− e1

]
+ (Ds1

t e1(t))
(t)−(s1−1)−1

Γ(−(s1 − 1))

]
(5.9)

+ e2

[
D1−s2

t (Ds2−1
t

[
− (c̃4 − ã4)x4 − c̃4y4 + b̃2x2 + c̃1y1

− (Ds2−1
t e2(t))

(t)−(s2−1)−1

Γ(−(s2 − 1))
− e2

]
+ (Ds2

t e2(t))
(t)−(s2−1)−1

Γ(−(s2 − 1))

]

+ e3

[
D1−s3

t (Ds3−1
t

[
b̃4z4 − ã3x3 − b̃3y3 − c̃3z3 + m̃3x

2
3 − c̃2z2 + d̃2x

2
2 − b̃1z1

− (Ds3−1
t e3(t))

(t)−(s3−1)−1

Γ(−(s3 − 1))
− e3

]
+ (Ds3

t e3(t))
(t)−(s3−1)−1

Γ(−(s3 − 1))

]
+ ã1 ˙̃a1 + b̃1

˙̃b1

+ c̃1 ˙̃c1 + ã2 ˙̃a2 + b̃2
˙̃b2 + c̃2 ˙̃c2 + d̃2

˙̃d2 + ã3 ˙̃a3 + b̃3
˙̃b3 + c̃3 ˙̃c3 + m̃3 ˙̃m3 + ã4 ˙̃a4 + b̃4

˙̃b4 + c̃4 ˙̃c4

)
.

Now using (2.2), (5.9) reduces to

V̇ = e1

[
− ã4(y4 − x4) + ã2(y2 − x2) + ã1(y1 − x1) − e1

]
+ e2

[
− (c̃4 − ã4)x4



A. O. Almatroud, O. Ababneh, M. M. Al-sawalha, J. Math. Computer Sci., 21 (2020), 99–112 109

− c̃4y4 + b̃2x2 + c̃1y1 − e2

]
+ e3

[
b̃4z4 − ã3x3 − b̃3y3 − c̃3z3 + m̃3x

2
3 − c̃2z2

+ d̃2x
2
2 − b̃1z1 − e3

]
+ ã1

(
− (y1 − x1)e1

)
+ b̃1

(
z1e3

)
+ c̃1

(
− y1e2

)
+ ã2

(
− (y2 − x2)e1

)
+ b̃2

(
− x2e2

)
+ c̃2

(
z2e3

)
+ d̃2

(
− x2

2e3

)
+ ã3

(
x3e3

)
+ b̃3

(
y3e3

)
+ c̃3

(
z3e3

)
+ m̃3

(
− x2

2e3

)
+ ã4

(
(y4 − x4)e1 − x4e2

)
+ b̃4

(
− z4e3

)
+ c̃4

(
(x4 + y4)e2

)
= −eTe 6 0.

In light of the Lyapunov stability theory [20], the error dynamical system can converge to the origin
asymptotically, which implies that the adaptive combined synchronization of fractional order chaotic
systems with fully unknown parameters is achieved.

5.1. Numerical simulations

In the numerical results of the proposed modify adaptive combined synchronization, we use Adams-
Bashforth-Moulton method to solve the systems for the fractional order si = 0.95, i = 1, 2, 3, and the
unknown parameters are chosen as a1 = 35,b1 = 3, c1 = 28 and a2 = 35,b2 = 3, c2 = 28,a2 =
102,b2 = 40, c2 = 2.5,d2 = 4,a3 = 6,b3 = 2.92, c3 = 1.2,m3 = 1 and a4 = 35,b4 = 3, c4 = 27. The
initial values of the fractional-order drive systems (5.1)-(5.3), the fractional-order response system (4.3)
and the estimated parameters are arbitrarily chosen in simulations as (x1(0) = 0.2,y1(0) = 0.6, z1(0) =
1), (x2(0) = 7,y2(0) = 11, z2(0) = 15), (x3(0) = −3,y3(0) = 3, z3(0) = 5), (x4(0) = 0.2,y4(0) = 0, z4(0) = 0.5),
and â1(0) = 2.0, b̂1(0) = 2.0, ĉ1(0) = 2.0, â2(0) = 2.0, b̂2(0) = 2.0, ĉ2(0) = 2.0, d̂2(0) = 2.0, â3(0) =
2.0, b̂3(0) = 2.0, ĉ3(0) = 2.0, m̂3(0) = 2.0 and â4(0) = 2.0, b̂4(0) = 2.0, ĉ4(0) = 2.0, respectively. Com-
bined synchronization among four fractional order chaotic (5.1)-(5.3) and (5.4) via adaptive control law
(5.6) and (5.7) are shown in Figs. 3-4. Fig. 3 (a)-(c) displays the combined synchronization among
three fractional order chaotic (5.1)-(5.3) and (5.4). Fig. 3 (d) displays the combined synchronization er-
rors, e1, e2, e3 with time t. Fig. 4 (a)-(d) displays the time response of estimated values of parameters
â1, b̂1, ĉ1, â2, b̂2, ĉ2, d̂2, â3, b̂3, ĉ3, m̂3 of drive systems (5.1)-(5.3) and â4, b̂4, ĉ4 of response system (5.4).
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Figure 3: Combined synchronization among four fractional order chaotic (5.1)-(5.3) and (5.4): (a): signals x3 + x2 + x1 and x4;
(b): signals y3 + y2 + y1 and y4; (c): signals z3 + z2 + z1 and z4; (d): combined synchronization errors, e1, e2, e3 with time t.
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Figure 4: (a)-(d): Time response of estimated values of parameters â1, b̂1, ĉ1, â2, b̂2, ĉ2, d̂2, â3, b̂3, ĉ3, m̂3 of drive systems (5.1),
(5.2) and (5.3) â4, b̂4, ĉ4 of response system (5.4).

6. Conclusion

This article presents a generalized synchronization scheme to study the adaptive combined synchro-
nization of different fractional order chaotic systems with unknown parameters. The Lyapunov stability
theory and the design of a nonlinear controller establish the asymptotic stability of the synchronization
errors at the origin. Accordingly, suitable parameters updated laws estimate the true value of unknown
parameters. Two numerical examples are illustrated and computer based simulation results are provided
to verify the effectiveness of the proposed adaptive combined synchronization control approach. The pro-
posed adaptive combination synchronization strategy is simple and generalized. The proposed adaptive
combined synchronization strategy can be useful in secure communication systems.
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