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Abstract

In this paper, we introduce (1, 2)*-fuzzy soft b-open sets and (1, 2)*-fuzzy soft b-closed sets in fuzzy soft bitopological space
and exhibit the properties of (1,2)*-fuzzy soft b- open sets. Then we discuss the relation with (1,2)*-fuzzy soft regular- open,
(1,2)*-fuzzy soft pre-open, (1,2)*-fuzzy soft semi-open, (1,2)*-fuzzy soft x-open, and (1,2)*-fuzzy soft 3-open in fuzzy soft
bitopological space. Also, we introduce and investigate the concepts of (1,2)*-fuzzy soft b-interior, (1,2)*-fuzzy soft b-closure
in fuzzy soft bitopological space and analyze the relations between these concepts.
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1. Introduction

In the year 1965, Zadeh [25], introduced the concept of fuzzy set theory and its applications can be
found in many branches of mathematical and engineering sciences including management science, control
engineering, computer science, artificial intelligence (see, [5, 6]).

In the year 1999, Russian researcher Molodtsov [14], initiated the concept of soft sets as a new mathe-
matical tool to deal with uncertainties while modeling problems in engineering physics, computer science,
economics, social sciences and medical sciences (see, [16, 24]). In 2003, Maiji et al. [13], studied the theory
of soft sets initiated by Molodtsov. They defined equality of two soft sets, subset and super set of a soft
set, complement of a soft set, null soft set and absolute soft set with examples. Soft binary operations
like AND, OR and also the operations of union and intersection were also defined. In 2005, Chen [4],
presented a new definition of soft set parametrization reduction and a comparison of it with attribute
reduction in rough set theory.

In 1963, Kelly [10], first initiated the concept of bitopological spaces and other authors have contributed
to development and construction some properties of such spaces (see, [17, 18]) as a generalizations of
which are in general topology.
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In 2014, Ittanagi [7], introduced and studied the concept of soft bitopological spaces and other authors
have contributed to development and construction some properties of such spaces (see, [8, 9, 19]). The
notion of a soft bitopological space was introduced using different soft topologies on an initial universe
set. On the other hand, the mixed type of soft set theory was given using different soft topologies (see,
1, 2, 23]).

In 2015, Mukherjeel and Park [15] were first introduced the notion of fuzzy soft bitopological space
and they introduced the notions of 11 12-fuzzy soft open(closed) sets, T11,-fuzzy soft interior (resp. closure)
and studied some of their basic properties. Also, my work in ([21, 22]) was extension and continuation
of studying in this trend by characterizing a new type of fuzzy soft sets and introducing some separation
axioms in fuzzy soft bitopological spaces. In this paper, we introduce (1,2)*-fuzzy soft b-open sets and
(1,2)*-fuzzy soft b-closed sets in fuzzy soft bitopological space and exhibit the properties of (1,2)*-fuzzy
soft b- open sets. Then we discuss the relation with (1,2)*-fuzzy soft regular- open, (1,2)*-fuzzy soft
pre-open, (1,2)*-fuzzy soft semi open, (1,2)*-fuzzy soft x-open, (1,2)*-fuzzy soft 3-open in fuzzy soft
bitopological space. Also we introduced and investigated the concepts of (1,2)*-fuzzy soft b-interior,
(1,2)*-fuzzy soft b-closure in fuzzy soft bitopological space and analyze the relations between these
concepts.

2. Preliminaries

Definition 2.1 ([25]). A fuzzy set A in a non-empty set X is characterized by a membership function
ta : X = [0,1] = I whose value pa (x) represents the “degree of membership” of x in A for every x in X.
Let IX denotes the family of all fuzzy sets on X.

A member A in IX is contained in a member B of IX denoted A < B if and only if pua(x) < pg(x) for
every x € X (see [25]).
Let A, B € IX, we have the following fuzzy sets (see [25]).

(1) Equality: A = B if and only if pa (x) = pg(x) for all x € X.

(2) Intersection: C = AAB € IX by pc(x) = min{ua (x), g (x)} for all x € X.
(3) Union: D = AV B € IX by puc(x) = max{ua (x), ug (x)} for all x € X.

(4) Complement: E = A¢ € IX by pg(x) =1 —pa(x) for all x € X.

Definition 2.2 ([25]). The empty fuzzy set on X denoted by 0 is a function which maps each x € X to 0.
That is, 0(x) = 0 for all x € X. A universal fuzzy set denoted by 1 is a function which maps each x € X to
1. That is, 1(x) =1 for all x € X.

Definition 2.3 ([14]). Let A C E. A pair (F, A) is called a soft set over X if F is a mapping F : A — P(X).

Definition 2.4 ([12]). Let A C E. A pair (f,A), denoted by f, is called a fuzzy soft set over X, where f is
. . . 0 ifed A

. X _ e e _ 7 7

a mapping given by f: A — 1" defined by f (e) = HE, where HE, = { otherwise, if e € A,

—_—~—

(X, E) denotes the family of all fuzzy soft sets over (X, E).

Definition 2.5 ([13]). A fuzzy soft set Ao &(X, E) is said to be:

(a) NULL fuzzy soft set, denoted by ¢,if foralle € A, fa(e) =0;
(b) absolute fuzzy soft set, denoted by E, ifforalle € E,fa(e) = 1.

Definition 2.6 ([20]). The complement of a fuzzy soft set fo, denoted by f§ where f§ : E — X is a
mapping given by u?i\ =1- pg,, forall e € E and where I(x) =1, for all x € X. Clearly (f§)¢ = fa.

Definition 2.7 ([20]). Let fo,gs € (X, E). A is fuzzy soft subset of gg, denoted by foCgg, if A C B and
HE, < Hgg foralle € A, ie., HE L (x) < pg, (x) for all x € X and for all e € A.
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Definition 2.8 ([20]). Let fa, gg €(X, E).The union of fa and gg is also a fuzzy soft set hc, where C = AUB
and for all e € C,hc(e) = py = ug, V ug,. Here we write hc = faUgs.

/X,\/) The intersection of f5 and gg is also a fuzzy soft set dc, where
)= = uf, A\ ug,. Here we write dc = faNgs.

Definition 2.9. [20] Let fa, ggé&(
C=AnBandforallee C,dc(e

Definition 2.10 ([11]). The fuzzy soft set f Aé(Xij) is called fuzzy soft point if there exist x € Xand e € E
such that pf (x) =a(0 < x< 1) and Th (y) =0 for each y € X —{x}, and this fuzzy soft point is denoted
by x§ or fe.

Definition 2.11 ([11]). The fuzzy soft point f. is said to be belonging to the fuzzy soft set (g, A), denoted
by fe€(g, A), if for the element e € A, « < pg, (x), (0 < x < 1).

Definition 2.12 ([3]). Let fo be fuzzy soft set over X. The two fuzzy soft points f.,,fe,Efa are said to be
equal if Hee, (x) = Hr,, (x) for all x € X. Thus fe, # fe, if and only Hfe, (x) # Hf,, (x) for all x € X.

Definition 2.13 ([20]). A fuzzy soft topology T over (X, E) is a family of fuzzy soft sets over (X, E) satisfying
the following properties

(i) O, de e
(ii) if fa,gp € T, then faNgp € T;
(ifi) if fa, €7 for all « € A an index set, then (J,cAfa, € T.

Definition 2.14 ([15]). If T is a fuzzy soft topology on (X, E); the triple (X, E, ) is said to be a fuzzy soft
topological space. Also each member of T is called a fuzzy soft open set in (X, E, T).

The complement of a fuzzy soft open set is a fuzzy soft closed set.

Definition 2.15 ([15]). Let (X, E, t1) and (X, E, 12) be two different fuzzy soft topologies on (X, E). Then
(X, E,11,T2) is called a fuzzy soft bitopological space on which no separation axioms are assumed unless
explicitly stated.

The members of 7;(i = 1,2) are called (i = 1,2)-fuzzy soft open sets and the complement of T;(i =
1,2)-fuzzy soft open sets are called 7; (i = 1,2)-fuzzy soft closed sets.
Definition 2.16 ([15]). A fuzzy soft set fg (X, E) is called t;12-fuzzy soft open set if fg = gg Uhg such that
ge €1 and hgémp.

The complement of T1T2-fuzzy soft open set is called t1T2-fuzzy soft closed set.

The family of all t;1,-fuzzy soft open (closed) sets in (X, E, T1,T2) is denoted by T112FSO(X, 71, T2)€
(112FSC(X, 11, T2)€), respectively.

Remark 2.17 ([15]). Ti(i = 1,2)-fuzzy soft open is T11,-fuzzy soft open but the converse is not true.

Theorem 2.18 ([15]). If (X, E,t1,72)) is a fuzzy soft bitopological space, then T = 11N\ is a fuzzy soft topological
space over (X, E).

Remark 2.19 ([15]). If (X, E, 11, T2) is a fuzzy soft bitopological space, then T = 1101, is not a fuzzy soft
topological space over (X, E).
Definition 2.20 ([15]). Let (X, E, Ty, T2) be a fuzzy soft bitopological space and fg &(X, E). Then the 7i(i =
1,2)-fuzzy soft closure of fg, denoted by Ticl(fg), is the intersection of all Ti(i = 1,2)-fuzzy soft closed
supersets of fg.

Clearly, Ticl(fg) is the smallest 7;(i = 1, 2)- fuzzy soft closed set over (X, E) which contains f.
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Definition 2.21 ([15]). Let (X, E, t1, T2) be a fuzzy soft bitopological space and fg &(X, E). Then the T17,-
fuzzy soft closure of fg, denoted by TT2cl(fg), is the intersection of all T1Tp-fuzzy soft closed supersets
of fE.

Clearly, T1T2cl(fg) is the smallest T11,-fuzzy soft closed set over (X, E) which contains fg.

Remark 2.22 ([15]). If (X, E, 71, T2) is a fuzzy soft bitopological space and fEé&,\E/), then t1ocl(fg )Cricl(fe)
i=1,2).
Definition 2.23 ([15]). Let (X, E, Ty, T2) be a fuzzy soft bitopological space and fEé&jE/). Then the t;(1 =
1,2)-fuzzy soft interior of fg, denoted by Tiint(fg), is the union of all T;(i = 1,2) -fuzzy soft open subsets
of fE.

Clearly, Tiint(fg) is the largest ti(i = 1, 2)- fuzzy soft open set over (X, E) which contained in fg.

Definition 2.24 ([15]). Let (X, E, Ty, T2) be a fuzzy soft bitopological space and fg (X, E). Then the T17;-
fuzzy soft interior of fg, denoted by T1T2int(fg ), is the union of all 11 T2-fuzzy soft open subsets of f.
Clearly, T1Tocl(fg) is the largest 11 T2-fuzzy soft open set over (X, E) which contained in fg.

Remark 2.25 ([15]). If (X,E, 11, T2) is a fuzzy soft bitopological space and fg&(X, E), then tiint(fg)(i =
1,2)Ctymint(fg).

Definition 2.26 ([21]). Let (X, E, 11, T2) be a soft bitopological space. Then, the family of all T;1,-fuzzy soft
open sets is a supra fuzzy soft topology on (X, E). This supra fuzzy soft topology, will denoted by 712, i.e.,
T2 = T1T2FSO(X, 11, 12)e = {ge = 91,092, : gi €Ty, 1 = 1,2} and the triple (X, E, 112) is the supra fuzzy
soft topological space associated to the fuzzy soft bitopological space (X, E, t1, T2).

3. (1,2)*-fuzzy soft b-open sets

In this section we introduce (1,2)*-fuzzy soft b-open sets in fuzzy soft bitopological spaces and study
some of their properties.
We begin by the following concepts which will be used in the sequal.

Definition 3.1. A fuzzy soft set fg in a fuzzy soft bitopological space (X, E, T1,12) is called

(i) (1,2)*-fuzzy soft regular open set if fg = T1T2int (T1T2cl(fg)) and (1,2)*-fuzzy soft regular closed set
if fg = Tytocl (T Toint(fg));

(ii) (1,2)*-fuzzy soft a-open set if fg C1y1oint (T172¢l (T112int(fe))) and (1,2)*-fuzzy soft a-closed set if
T Tocl (TiT2int (TyTacl(fe))) Cfe;

(iii) (1,2)*-fuzzy soft pre open set if fgCtymint (tytacl(fe)) and (1,2)*-fuzzy soft pre closed set if
T T2cl (Tyr2int(fe)) Cf;

(iv) (1,2)*-fuzzy soft semi open set if fg CtyTocl (T1Toint(fe)) and (1,2)*-fuzzy soft semi closed set if
T1T2int (tyt2cl(fe)) Cfg;

(v) (1,2)*-fuzzy soft B-open set if fr Ctitacl (Ty12int (T172¢l(fe))) and (1,2)*-fuzzy soft B-closed set if
Tmmt (T1T2cl (T1T2int(fg))) Cfe.

The family of all (1,2)*-fuzzy soft regular open(resp. (1,2)*-fuzzy soft «-open, (1,2)*-fuzzy soft pre-
open, (1,2)*-fuzzy soft semi open, (1,2)*-fuzzy soft 3-open) sets will be denoted by (1,2)*-fsr open(resp.
(1,2)*-fsec open, (1,2)*-fsp open, (1,2)*-fss open, (1,2)*-fs 3 open) sets.

Lemma 3.2. Let (X, E, Ty, T2) be a fuzzy soft bitopological space. We have the following results.

(i) Every (1,2)*-fuzzy soft reqular open set is (1,2)*-fuzzy soft open.
(ii) Ewvery (1,2)*-fuzzy soft open set is (1,2)*-fuzzy soft x-open.
(iif) Ewvery (1,2)*-fuzzy soft «-open set is (1,2)*-fuzzy soft semi open.
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(iv) Every (1,2)*-fuzzy soft pre open set is (1,2)*-fuzzy soft 3-open.

(v) Every ( )*-fuzzy soft semi open set is (1,2)*-fuzzy soft 3-open.
(vi) Ewvery (1,2)*-fuzzy soft x-open set is (1,2)*-fuzzy soft pre open.
Proof.

(i). Let fg be a (1,2)*-fuzzy soft regular open set. Then fg = TTzint (TyT2cl(fg)), since T1T2cl(fg) is a
fuzzy soft closed set in fuzzy soft bitopological space and fuzzy soft interior of any set is fuzzy soft open.
Therefore, fg is (1,2)*-fuzzy soft open.

(ii). Let fg be a (1,2)*-fuzzy soft open set. This implies
fg = Tymint (T1Tocl (T1T0int(fg)))

since fg Ctimocl(fe) = TyTacl (Ty2int (T172¢l(f))). Thus, fg is (1,2)*-fuzzy soft a-open.
(iii). Let fg be a (1,2)*-fuzzy soft x-open set. This implies

fe C1imint (T112cl (TyToint(fe))) C1112cl (T Toint(fE ) .
Thus, fg is (1,2)*-fuzzy soft semi open.
(iv). Let fg be a (1,2)*-fuzzy soft pre-open set. This implies

feCtymint (T1T2cl(fe)) CTiTocl (TyToint (T1T2¢L(fE))) .
Thus, fg is (1,2)*-fuzzy soft 3-open.
(v). Let fg be a (1,2)*-fuzzy soft x-open set. This implies

feCtimocl (Tymint(fe)) CTiacl (T1Tocl(fe)) .

Thus, f¢ is (1,2)*-fuzzy soft 3-open.
(vi). Let fg be a (1,2)*-fuzzy soft x-open set. This implies

fe Ctymoint (T1T2cl (T1T2int(fE))) CTy10int (T1ToCl(fE)) .
Thus, fg is (1,2)*-fuzzy soft pre-open. O
Remark 3.3. The converse of the above lemma is need not be true as shown in the following examples.

Example 3.4. Let X = {x,y}, E ={ey, e} and let 11 = {O¢, 1¢, f1,, 2.}, T2 = {O€, 1€, 91, 92, 93, }, where

f1, ={f1(e1) ={x/0.0,y/0.0} =0, f1(e2) = {x/0.3,y/0.0}},
fap = {f2(e1) ={x/0.0,y/0.7}, f2(e2) = {x/0.0,y/0.6}},
1. ={g1(e1) ={x/0.5,4y/0.0}, g1(e2) = {x/0.0,y/0.0} = 0},
2¢ ={g2(e1) ={x/0.5,y/0.0}, g2(e2) = {x/0.3,y/0.0}},
3¢ ={gs(e1) ={x/0.5,y/0.7}, gs(e2) = {x/0.3,y/0.0}}.
It is clear that (X, E,T1,T2) is a fuzzy soft bitopological space. The T, To-fuzzy soft open sets are {Og, 1, f1e, T2e, 91¢,
92¢, 93¢, PE, qe}, where pe = f2.Ugy, = {p(e1) = {x/0.5,y/0.7},p(e2) = {x/0.0,y/0.6}}, qe = f2,Ugo, =
{a(e1) ={x/0.5,y/0.7}, q(e2) = {x/0.3,y/0.6}}, while f1,0g1, = f1,092, = g2, T1.0g3; = g3,. The T12-fuzzy
soft closed sets are 1g, 91E,f1E/ sz,pE, 4e}, where
f1, ={f1(e1) = {x/1.0,y/1.0} =1, f1(e2) = {x/0.7,y/1.0}},
2 = {f2e1) = {x/1.0,y/0.3}, f5(e2) = {x/1.0,y/0.4}},
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1. ={d1(e1) = {x/0.5,y/1.0}, g1(e2) = {x/1.0,y/1.0} = 1},
2¢ ={g2(e1) ={x/0.5,y/1.0}, g2(e2) = {x/0.7,y/1.0}},

g3. = {ga(e1) = {x/0.5,y/0.3}, ga(e2) = {x/0.7,y/1.0}},

pe = {p(e1) ={x/0.5,y/0.3}, p(e2) = {x/1.0,y/0.4}},

de ={q(e1) = {x/0.5,y/0.3}, 4(e2) = {x/0.7,y/0.4}}.

P

Let hlE,thé(X,NE), where hy, = {hi(e;) = {x/0.5,4/0.0}, hi(e2) = {x/0.3,y/0.0}} and hy, = {hp(e;) =
{x/0.0,y/0.0} = 0, hp(e2) = {x/0.3,y/0.6}},
(i) g2 isa (1,2)*-fuzzy soft open but not (1,2)*-fuzzy soft reqular open;
(i) hyg isa(1,2)* fuzzy soft o open but not (1,2)*-fuzzy soft open;
(iii) hp, isa (1,2)* is a (1,2)*-fuzzy soft semi open but not (1,2)*-fuzzy soft « open;
(iv) hy, isa (1,2)* fuzzy soft 3 open set but not (1,2)*-fuzzy soft preopen.

Example 3.5. Let X ={x,y},E ={ej, ex} and let 11 = {Og, 1g, fe}, ™ = {0g, 1g, gt J, where

fE - {f(el) - {X/OO/U/O7}/ f(eZ) - {X/OOIU/OO} - C)}r
ge ={g(e1) = {x/0.5,4/0.0}, g(e2) = {x/0.0,y,/0.0} = 0}.
It is clear that (X, E,T1,T2) is a fuzzy soft bitopological space. The T1T-fuzzy soft open sets are {0g, Tg, fe, gE,pE}

where pg = {p(e1) = {x/0.5,y/0.7}, p(e2) = {x/0.0,y/0.0} = 0}. The 1112 -fuzzy soft closed sets are {1, 1, fe,
§e, PE, }, where

fe = {f(e1) = {x/1.0,y/0.3}, f(e2) = {x/1.0,y/1.0} = 1},
ge = {d(e1) = {x/0.5,y/1.0}, §(e2) = {x/1.0,y/1.0} = T},
pe = {p(e1) = {x/0.5,y/0.3}, p(e2) = {x/1.0,y/1.0} = 1}.

Let hgé&,\E/), where hg = {h(e1) = {x/0.4,y/0.3}, h(ez) = {x/0.6,y/0.3}}.
(v) he isa (1,2)*-fuzzy soft 3-open set but not (1,2)*-fuzzy soft semi open.

Example 3.6. Let X = {X,y,Z,W},E = {61,62, 63} and let T = {()E,i]:_,flE,sz,f3E,f4E,f5E,f6E,f7E,f8E,f9E,
f1oe, f11e, f12e, f13e, T1ae, f15: ), T2 = {0, 1e}, where

f1. ={f1(e1) ={x/2.0,y/0.0,2/0.1,w/0.0}, f1(ez) ={x/0.2,y/0.1,2/0.0,w/0.0},
f1(e3) ={x/0.2,y/0.0,z/0.0,w/0.5}},

fo. ={f2(e1) ={x/0.0,y/0.0,2/0.4,w/0.5}, f2(e2) = {x/0.2,4/0.0,2/0.4,w/0.5},
fa(es) ={x/0.2,y/0.1,z/0.0,w/0.5}},

f3. ={f3(e1) ={x/0.0,y/0.0,2/0.0,w/0.0} = 0}, f3(e2) = {x/0.0,y/0.0,z/0.4,w/0.0},
f3(e3) ={x/0.2,y/0.0,z/0.0,w/0.0}},

fy, ={fs(e1) ={x/0.2,y/0.1,2/0.0,w/0.5}, f4(e2) ={x/0.2,y/0.1,2/0.4,w/0.5},
fq(es) ={x/0.2,y/0.1,2/0.4,w/0.5}},

5. = {f5(e1) ={x/0.2,y4/0.0,2/0.4,w/0.0}, f5(ep) ={x/0.0,y/0.1,2/0.4,w/0.0},
fs(es3) ={x/0.2,y/0.1,z/0.4,w/0.5}},

foe ={fe(e1) ={x/0.2,y/0.0,2/0.0,w/0.0}, f¢(e2) = {x/0.0,y/0.1,2/0.0,w/0.0},
fe(e3) = {x/0.0,4/0.0,z/0.0,w/0.0} = 0},

f7. ={f7(e1) ={x/0.2,y/0.0,2/0.4,w/0.0}, f7(e2) = {x/0.0,y/0.1,2/0.4,w/0.5},
f7(e3) ={x/0.2,y/0.1,z/0.0,w/0.5}},
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fs. = {fs(e1) = {x/0.0,y/0.0,2/0.0,w/0.0} = 0}, f3(e2) = {x/0.0,y/0.0,z/0.0,w/0.5},
fs(es) ={x/0.0,y/0.1,z/0.0,w/0.0}},

fo. ={f9(e1) ={x/0.2,y/0.1,2/0.4,w/0.5}, f9(e2) = {x/0.0,4/0.0,2/0.0,w/0.5},
fo(es) ={x/0.2,y/0.1,z/0.4,w/0.0}},

f10, =1{f10(e1) ={x/0.2,y/0.0,z/0.4,w/0.0}, f1p(e2) = {x/0.0,y/0.1,2/0.4,w/0.5},
fio(es) ={x/0.2,y/0.1,z/0.0,w/0.0}},

f11, ={f11(e1) ={x/0.0,y/0.1,2/0.4,w/0.5}, f11(e2) =1{x/0.2,y/0.1,2/0.4,w/0.5},
f11(e3) ={x/0.2,y/0.1,2/0.4,w/0.0}},

f12p ={f12(e1) ={x/0.2,y/0.0,2/0.0,w/0.0}, f12(e2) ={x/0.0,y/0.1,2/0.4,w/0.5},
f12(e3) ={x/0.2,y/0.1,2/0.0,w/0.5}},

fi3, ={f13(e1) ={x/0.2,y/0.0,2/0.0,w/0.0}, f13(e2) ={x/0.0,y/0.1,2/0.0,w/0.5},
f13(e3) ={x/0.0,y/0.1,z/0.0,w/0.0}},

14, = {f14(e1) ={x/0.0,y/0.0,2/0.4,w/0.5}, f14(e2) ={x/0.2,y/0.1,2/0.0,w/0.0},
f1a(e3) = {x/0.0,4/0.0,2/0.0,w/0.0} = 0},

fi15. =1{f15(e1) ={x/0.2,y/0.0,2/0.0,w/0.0}, f15(e2) = {x/0.0,y/0.1,2/0.4,w/0.0},
f15(e3) ={x/0.2,y/0.0,2/0.0,w/0.0}}.

It is clear that (X, E, 11, 72) is a fuzzy soft bitopological space.

(vi) Consider feE(X, ), where fx = {f(e1) = {x/0.0,y/0.,2z/0.0,w/0.7}, f(e2) = {x/0.0,y/0.2,2/0.5,w/0.0},
f(e3) = {x/0.3,4/0.0,2/0.0,w/0.0}}, TyT2int (t172cl(fg)) = 1 and fe C1g. But

Ty Trint (T3 Tcl (T T2int (fg))) = Og.

Hence, fg is (1,2)*-fuzzy soft pre open set but not (1,2)*-fuzzy soft x-open.

Definition 3.7. Let (X, E, 11, T2) be a fuzzy soft bitopological space and fg &(X, E). Then f¢ is called (1,2)*-
fuzzy soft b-open set (briefly, (1,2)*-fsb-open) if fg Ctyint (T T2cl(fe)) Uty tocl (T T2int(fe)).

Example 3.8. The fuzzy soft sets O, 1€, 91¢, 92¢, 93¢, 94r 956, 961, 976, 98, 9or & (X, E) in Example 3.4, where

1. ={g1(e1) = {x/0.2,y/0.0}, g1 (e2) = {x/0.0,y/0.0} = 0},

(e1)

92; = {g2(e1) = {x/0.0,y/0.0} = 0, g2(e2) = {x/0.5,y,/0.0}},
3 ={g3(e1) ={x/0.0,y/0.0} =0, g3(e2) = {x/0.5,y/0.7}},
4 = {ga(e1) ={x/0.2,4/0.0}, g4(e2) = {x/0.5,y/0.0}},

g5, = {gs(e1) ={x/0.2,y/0.0}, ge(e2) = {x/0.0,y/0.7}},

e = {gs(e1) ={x/0.2,y/0.0}, gs(e2) = {x/0.5,y/0.7}},
7e = {g7(e1) ={x/0.0,y/0.6}, g7(e2) = {x/0.5,y/0.0}},
s = 19s(e1) ={x/0.0,y/0.6}, gs(e2) = {x/0.0,y/0.7}},
9 ={gole1) ={x/0.2,y/0.6}, go(e2) = {x/0.5,y/0.0}},

are (1,2)*-fuzzy soft b-open sets.
Theorem 3.9. Let (X, E, 11, T2) be a fuzzy soft bitopological space. Then

(i) every (1,2)*-fuzzy soft pre-open set is (1,2)*-fuzzy soft b-open set;
(ii) every (1,2)*-fuzzy soft b-open set is (1,2)*-fuzzy soft 3-open set;
(iif) every (1,2)*-fuzzy soft semi open set is (1,2)*-fuzzy soft b-open set.



A. F. Sayed, J. Math. Computer Sci., 21 (2020), 3144 38

Proof.
(i). Let fg be a (1,2)*-fuzzy soft pre-open set. Then

fe Ctymoint (T ocl(f)) CTyoint (T112cl(fE)) Ut Toint (fg ) E110int (112l (fE)) Ut Tocl (T1T0int (),

which implies to f is (1,2)*-fuzzy soft b-open set.
(ii). Let fg be a (1,2)*-fuzzy soft b-open set. Then

feCtyocl(fe) Ut moint (t112cl(fE)) C1iTocl (T1T0int (T112¢l(fE))) U (T1T0int (T1T20L(fE)))
Thus fg is (1,2)*-fuzzy soft 3-open set.
(iii). Let fg be a (1,2)*-fuzzy soft semi open set. This implies
feCtiocl (Tyint(fe)) C1yTocl (T oint(fe ) Utitacl(fE ) C1i1acl (T 10int(fE ) Uty T0int (T1T2CL(fE))
Thus fg is (1,2)*-fuzzy soft b-open set. O
Remark 3.10. The converse of the above theorem is need not be true as shown in the following example.

Example 3.11. Let (X, E, 11, 7T2) be a fuzzy soft bitopological space, where X, E, 11, T2 are given as in Example 3.5.

(i) The fuzzy soft set fg = {f(e1) ={x/0.5,y/0.0}, f(e2) = {x/0.3,y/0. 0}}€(X,E) is (1,2)*-fuzzy soft b-open set
but not (1,2)*-fuzzy soft pre-open set.

(ii) The fuzzy soft set gg = {g(e1) = {x/0.0,y/0.0} = 0, g(e2) = {x/0.0,y/0. 6}}€(X,E) is (1,2)*-fuzzy soft
(3-open set but not (1,2)*-fuzzy soft b-open set.

(iii) The fuzzy soft set hg = {h(e1) = {x/0.0,y/0.0} = 0,h(ez) = {x/0.3,y/0. 0}}€(X,E) is (1,2)*-fuzzy soft
b-open set but not (1,2)*-fuzzy soft semi open set.

Remark 3.12. The above discussions are summarized in the following diagram:

1.2) -fuzzy soft regular
)y 3 g

(1.2)"-fuzzy soft open

Y

(1.2) -fuzzy soft a -open

/\

(1.2) -fuzzy soft semi open (1.2)"-fuzzy soft pre open

V

1,2)"-fuzzy soft b-open
) y P

v

(1.2) -fuzzy soft B-soft

Theorem 3.13. An arbitrary union of (1,2)*-fuzzy soft b-open sets are (1,2)*-fuzzy soft b-open set.
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Proof. Let {(fg)i} be a collection of (1,2)*-fuzzy softb-open sets. Then for each 1,

(fe)iCTimeint (112l ((fe)i)) Omiacl (Trm2int((fe)i)) Ui ((fe i)
€ Ui {tymzint (Ty2el((fe)1)) Otyacl((fe)i)}
ClUi{mmint (T3 2¢l((fe)1) ) NOUJi{Ti20l (T1T2i0t((fE 1))}
Clryrint{U; (tyT2cl((fe) 1) O[T T2e YU (T1 T2int ((fg ) 1))
&

[t1t2int{(t1T2c Ui ((fe ) 1) Ot toc i (T1 T2int{Us ((fe ) 1)}
Hence the theorem is proved. O

Remark 3.14. The intersection of two (1,2)*-fuzzy soft b-open sets need not be (1,2)*-fuzzy soft b-open

set. In example 3.8, f3.Nfs. = hg = {he(e1) = {x/0.0,y/0.0} = 0, he(e2) = {x/0.0,y/0.7}}, which is not
(1,2)*-fuzzy soft b-open set.

Theorem 3.15. Let (X, E, 11, 7T2) be a fuzzy soft bitopological space. Then

(i) the intersection of (1,2)*-fuzzy soft open set and (1,2)*-fsb-open set is (1,2)*-fsb-open set;
(ii) the intersection of (1,2)*-fsx-open set and (1,2)*-fsb-open set is (1,2)*-fsb-open set.

Proof.
(i). Let fg be a (1,2)*-fuzzy soft open set and gg be a (1,2)*-fsb-open set, then

feNge CfeN[titacl (tyrint(ge ) Uty toint (t112cl(ge )]
= feNlttacl (Tymint(ge ) )JOfe N[ty T2int (T1T20L(gE) )]

Cltimocl (tymint(fe)) NTyTocl (T T2int(ge )]0ty T2int (T1T2cL(fE)) N1 T2int (T1T20L(gE))]

Cltyacl (Tyr2int(feAge )]0t T2int (TyT2cU(fENGE) )]

M 1N

Thus feNge is (1,2)*-fsb-open set.
(ii). Let fg be a (1,2)*-fuzzy soft x-open set and gg be a (1,2)*-fsb-open set, then

feNge CltToint (T1acl (T302int (e ) )IN[TiT2el (11200t (g ) ) Ot T2int (T312¢L(gE )]
= [tmint (T1T2cl (T102int (e ))) NT1T20l (T1T2i0t(gE ) 10T T210t (T1T2CL(fE)) NT1T2iNt (T1T2CL(gE )]
Clmmcl (tymint(feNge )]0t Toint (T1T2cl(feNge ) )].

Thus feNge is (1,2)*-fsb-open set. O

Theorem 3.16. Any (1,2)*-fsb-open set fg in fuzzy soft bitopological space (X, E, 1, T2), TiT2cl(fe) isa (1,2)*-
fsr-closed set.

Proof. Let fg be a (1,2)*-fsb-open set, this implies fg Ct1tocl (T172int(fe)) Uty toint (T T2cl(fe)). Also
T1Tocl (fg) C1imacl (T1macl (Tmint(fe))) Utitacl (Tymint (T1Tocl(fe))) C1itacl (Tymint (T1Tocl(fe)))

and T1Tocl (TyToint (TyTocl(fE))) CtyTocl (fg). Therefore TyTocl (fg) = TyTocl (TyToint (TyTocl(fE))). So
T1T2cl (fg) is a (1,2)*-fsr-closed set. O

Theorem 3.17. Let fg be a (1,2)*-fsb-open set in fuzzy soft bitopological space (X, E,T1, T2).

(i) If tytacl(fe) = O, then fg isa (1,2)*-fss-open set.
(ii) If tytpint(fg) = O, then fg is a (1,2)*-fsp-open set.
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Proof.

(i). Let fg be a fg (1,2)*-fsb-open set, this implies fg CtyTocl (T1T2int(fe)) Uty toint (TyT2cl(fe)). Since
TTacl(fe) = Og, fe Ctitocl (TyToint(fe)). Thus fg is a (1,2)*-fss-open set.

(ii). Since Tymint(fg) = O, fg CT1moint (T1T2cl(fe)). Thus fE is a (1,2)*-fsp-open set. O

Theorem 3.18. Let fg be a (1,2)*-fsb-open set in fuzzy soft bitopological space (X, E, 11, T2).
(i) If fe is (1,2)*-fsr-closed set, then f is a (1,2)*-fsp-open set.
(i) If fe is fe (1,2)*-fsp-open set, then fg is (1,2)*-fss-open set.

Proof.

(i). Since fg be a (1,2)*-fsb-open set, fg CtiTocl (T1Tint(fg)) Utytoint (TyT2cl(fe)). Let fg be a (1,2)*-
fsr-closed set, fr = T3Tacl (T12int(fe)). Then fg CfeUtaint (TT2cl(fe)). Thus fe is a (1,2)*-fsp-open
set.

(ii). Let fg be a (1,2)*-fsr-open set, fg = TyToint (T12¢l(fe)). fe CfeUtiT2cl (T1T2int(fe)) which implies,
feCTTocl (TyToint(fe)). Thus fe is a (1,2)*-fss-open set. O

Theorem 3.19. Let fg be a (1,2)*-fsb-open set in fuzzy soft bitopological space (X, E,t1,T2) if and only if fg is
the union of (1,2)*-fss-open set and (1,2)*-fsp-open set.

Proof. Follows from the definition of (1,2)*-fsb-open set in fuzzy soft bitopological space (X, E, 11, 12). O

4. (1,2)*-Fuzzy Soft b-closed sets

In this section we introduce (1,2)*-fuzzy soft b-closed sets in fuzzy soft bitopological spaces and study
some of their properties.

Definition 4.1. Let (X,E, 11, 72) be a fuzzy soft bitopological space and fg&(X,E). Then fg is called
(1,2)*-fuzzy soft b-closed set (briefly, (1,2)*-fsb-closed) if T112int (t1T2cl(fe)) U1 T2cl (T1 200t (fE)) CHE.
The complement of (1,2)*-fuzzy soft b-closed set is (1,2)*-fuzzy soft b-open set.

Example 4.2. In Example 3.4, the (1,2)*-fuzzy soft b-closed sets are {OE,].E,glE,ng,g3E,g4E,95E,96E,97E,98E, 9o ),
where

g1, = {g1(e1) = {x/0.8,y/1.0}, g1(e2) = {x/1.0,y/1.0} = 1},
g2, ={Ga(e1) ={x/1.0,y/1.0} =1, ga(e2) = {x/0.5,y/1.0}},
g3 ={gs(e1) = {x/1.0,y/1.0} =1, gs(e2) = {x/0.5,y/0.3},
d4r = {guler) = {x/0.8,y/1.0}, ga(e2) = {x/0.5,y/1.0}},
gs. = {gs(e1) = {x/0.8,y/1.0}, ge(e2) = {x/1.0,y/0.3}},
dor = {ge(e1) = {x/0.8,y/1.0}, ga(e2) = {x/0.5,y/0.3}},
g7: ={gr(e1) ={x/1.0,y/0.4}, g7(ez) = {x/0.5,y/1.0}},
gse = {gs(e1) = {x/1.0,y/0.4}, gs(ez) = {x/1.0,y/0.3}},
dor ={go(e1) = {x/0.8,y/0.4}, go(e2) = {x/0.5,y/1.0}}.

Theorem 4.3. An arbitrary intersection of (1,2)*-fuzzy soft b-closed sets is a (1,2)*-fuzzy soft b-closed set.
Proof. Let {(fg)i} be a collection of (1,2)*-fuzzy softb-closed sets in (X, E, 1, T2). Then for each i,
T nint (T12el((fe)i)) Otitacl (Tim2int((fe)i)) S(fe ;.

Since {(fg)$} is an arbitrary family of (1,2)*-open sets in (X, E, 11, T2), hence, by Theorem 3.13, U(fg ){ is
(1,2)*-fuzzy softb-open set. But U(fg){ = [Ni(fe)i]. Therefore Ni(fg); is a (1,2)*-fuzzy soft b-closed
set. O
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Remark 4.4. The union of two (1,2)*-fuzzy soft b-closed sets need not be (1,2)*-fuzzy soft b-closed set.
In Example 3.11, fg = {f(e;) = {x/0.5,y/1.0},f(e2) = {x/0.7,y/0.1}} and he = {h(e;) = {x/1.0,y/1.0} =
1,1(er) = {x/0.7,y/0.1}} are (1,2)*-fuzzy softb-closed sets. But the union is not (1,2)*-fuzzy soft b-open
set. feUh(er) = ke = {k(e1) = {x/0.5,4/1.0}, k(e2) = {x/0.7,y/0.1}}, which is not (1,2)*-fuzzy soft b-closed
set.

Theorem 4.5. Let fg be a (1,2)*-fsb-closed set in fuzzy soft bitopological space (X, E, 1, T2).

() If fe is (1,2)*-fsr-closed set, then fe is a (1,2)*-fss-closed set.
(ii) If fe is fe (1,2)*-fsp-open set, then fg is (1,2)*-fsp-closed set.

Proof.

(i). Since fg be a (1,2)*-fsb-closed set, T1Tocl (T1Toint(fg )) N1y T2int (T3T2cl(fe)) CfE. Since fg be a (1,2)*-
fsr-closed set, fg = T1Tocl (T1T2int(fg)). Therefore fgNtiToint (T1Tocl(fe)) Cfe. Thus,

T Toint (TyT2cl(fe)) Cfg,

and so fg is a (1,2)*-fsp-closed set.

(ii). Since fg is a (1,2)*-fsr-open set, fr = TyTint (TyT2cl(fg)). Therefore, feMtiTocl (TyTint(fe)) Cfe.
This implies, T112¢cl (T T2int(fg)) Cfe, and so f is a (1,2)*-fsp-closed set. O

Theorem 4.6. Any (1,2)*-fsb-closed set in fuzzy soft f¢ bitopological space (X, E, T1,T2), TiT2int(fg) isa (1,2)*-
fsr-open set.

Proof. Let fg be a (1,2)*-fsb-closed set, this implies T1T2cl (T302int(fg)) Nty T2int (T1T2cl(fe)) Cfe. Also,
T1int (fg ) CT1m0int (T112cl (T1T2int(fE))) AT T2int (T112int (T1T2cl(fE))) CT110int (fE).

Also, T1Tint(fg ) C1yToint (T1T2cl (T1T2int(fE))). Therefore, T1Toint (fg) = T1T2int (T3¢l (T T2int(fE))).
So, Tympint (fg) is a (1,2)*-fsr-open set. O

Theorem 4.7. Let fg be a (1,2)*-fsb-closed set in fuzzy soft bitopological space (X, E,t1,T2) if and only if fg is
the intersection of (1,2)*-fss-closed set and (1,2)*-fsp-closed set.

Proof. Follows from the Definition 4.1. O

5. (1,2)*-fuzzy soft b-interior and (1,2)*-fuzzy soft b-closure
Definition 5.1. Let (X, E, t1, T2) be a fuzzy soft bitopological space and fgé&j_E/).
(i) (1,2)*-fuzzy soft b-closure (briefly (1,2)*-fsbcl(fg)) of a set fg in (X, E, 11, 72) defined by (1,2)*-
fsbel(fe) = M{ge2fe : ge is a (1,2)*-fuzzy soft b-closed set in (X, E, 11, T2)}.
(ii) (1,2)*-fuzzy soft b-interior (briefly (1,2)*-fsbint(fg)) of a set fg in (X, E, 11, T2) defined by (1,2)*-
fsbint(fg) = O{ge Cfe : ge is a (1,2)*-fuzzy soft b-open set in (X, E, 1, T2)}.
(iii) (1,2)*-fsbcl(fg) is the smallest (1,2)*-fuzzy soft b-closed set in (X, E, 11, T2) which contains fg and
(1,2)*-fsbcl(fg) is the largest (1,2)*-fuzzy soft b-closed set in (X, E, T1, T2) which is contained in fg.

The following lemma is used in the sequal.

—_——

Lemma 5.2. Let (X, E, Ty, T2) be a fuzzy soft bitopological space and fe E(X, E). Then

(i) (1,2)*-fsscl(fg) = feUtimoint (T112cl(fE));
(i) (1,2)*-fssint(fg) = feNTyTCl (T1T2iNt(fE));
(iii) (1,2)*-fscl(fg) = feUtiTocl (T1T0int(fE));
(iV) (1, 2)*—fspil’1t(fg) = fEﬁTszint (Tszcl(fE)).
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—_~—

Theorem 5.3. Let (X, E, 11, T2) be a fuzzy soft bitopological space and f¢ E(X, E). Then
(i) (1,2)*-fsbcl(fe) = feUltyT2int (T172cl(fE)) NT1T2Cl (T T2iNt(fE))];
(i) (1,2)*-fsbint(fg) = feN[Tyint (T1T2cl(fe)) UtiTocl (T1T0int(fE))].

Proof. 1t is obvious. O

—_—~—

Theorem 5.4. Let (X, E, 11, T2) be a fuzzy soft bitopological space and fg, ge E(X, E). Then
(1) (1,2)*-fsbel(feUge)2(1,2)*-fsbel(fe)J(1,2)*-fsbel(ge);

(i) (1,2)*-fsbel(feUge)C(1,2)*-fsbel(fe)A(1,2)*-fsbel(ge);

(iii) (1,2)*-fsbint(fgUge)2(1,2)*-fsbint(fg)U(1,2)*-fsbint(ge);

(iv) (1,2)*-fsbint(fgUgg)C(1,2)*-fsbint(fg)N(1,2)*-fsbint(gg).

Proof.

(i). Since feCfeUge or ge CfeUge. This implies, (1,2)*-fsbel(fg)C(1,2)*-fsbel(feUge) or (1,2)*-fsbel(ge)
C(1,2)*-fsbel(fg Ugg). Thus, (1,2)*-fsbc1(fEOgE)§( 2)*-fsbel(fg)U(1,2)*-fsbel(gg).

(ii). Similar to that of (i).

(iii). Since feCfeUge or ggCfeUge. This implies, (1,2)*-fsbint(fg)C(1,2)*-fsbint(fgUgeg) or
(1,2)*-fsbint(gg )C(1,2)*-fsbint(fg Ugg ). Thus, (1,2)*-fsbint(fgUge )2(1,2)*-fsbint(fg)J(1,2)*-fsbint(gg ).

(iv). Similar to that of (iii). O

7

D)
C

—_— —

4

—_—~—

Theorem 5.5. Let (X, E, 11, 7T2) be a fuzzy soft bitopological space and fg E(X, E). Then
() [(1,2)*-fsbel(fg)l€ = 1g \ (1,2)*-fsbint(fg);
(ii) [(1,2)*-fsbint(fg)]® = T \ (1,2)*-fsbcl(fg).

Proof.
(i). Let fEé(/)aE/). (1,2)*-fsbel(fe) = Mge2fe : ge is a (1,2)*-fuzzy soft b-closed set in (X, E, 1, T2)}. This
implies
[(1,2)* — fsbel(fe)]€ = [M{ge Ofk : ge is a (1,2)* -fuzzy soft b-closed set in (X, E, 11, T2)}I°
= [O{gE 2ft : gE is a (1,2)* -fuzzy soft b-open set in (X, E, 1, T2)}€
=[(1,2)* — fsbcl(fg)]¢ =1 \ (1,2)* — fsbint(fg).

(ii). We get the result by applying fuzzy soft interior in (i). O

—~—

Theorem 5.6. Let (X, E, 11, T2) be a fuzzy soft bitopological space and fg &(X, E). Then

(i) (1,2)*fsbcl(fg)C (1 2)*-fsscl(fg)N(1,2)*-fspcl(fg);
(ii) (1,2)*-fsbint(fg)D(1,2)*-fssint(fg)0(1,2)*-fspint(fg).

Proof.
().
(1,2)* — fsscl(fg)N(1,2)* — fspel(fe ) D[(fe Uty oint (T1T2cl(fe))) N (feUtocl (T T2int(fE)))]
= fe Uty mint (T112cl(fg)) N2l (T1T2int ()] = (1,2)* — fsbel(fg).
(id).
(1,2)* — fssint(fg)U(1,2)* — fspint(fg ) C[(feNT1T2Cl (T1T2int (fE))) U (feNTyT2int (T1T2L(fE)))]
= feN[T1T2cl (T112int(fg)) Uty Toint (T1T2cl(fE))] = (1,2)" — fsbint(fg).



A. F. Sayed, J. Math. Computer Sci., 21 (2020), 3144 43

—_~—

Theorem 5.7. Let (X, E, 11, T2) be a fuzzy soft bitopological space and f¢ E(X, E). Then

(i) fe is (1,2)*-fsb-closed if and only if fg = (1,2)*-fsbcl(fe);
(if) fe is (1,2)*-fsb-open if and only if fg = (1,2)*-fsbint(fg).

Proof. Suppose fe = (1,2)*-fsbel(fe) = M{ge 2fk : g is a (1,2)*-fsb-closed set in (X, E, 71, T2)}. Therefore,
fe is (1,2)*-fsb-closed. Conversely, suppose fg is (1,2)*-fsb-closed in (X, E, 11, T2). If we take fg Cfg and
fg is (1,2)*-fsb-closed. Therefore, fgEM{ge Ofe : gg is a (1,2)*-fsb-closed set in (X, E,t1,72)}. feCge
implies, fg = M{ge 2f¢ : ge is a (1,2)*-fsb-closed set in (X, E, 11, T2)} = (1,2)*-fsbel(fg). O

6. Conclusion

In this paper, fuzzy soft b-open sets in fuzzy soft bitopological space are defined and developed. We
then presented their properties and compared their relations with some other types of fuzzy soft sets. In
future, using these sets; various classes of mappings on fuzzy soft bitopological space can be studied.

We hope that this paper is just a beginning of a new structure and there are scopes for a researcher in
this field.
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