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Abstract

This article aims to present a new family of extended Hermite-Bernoulli polynomials by making use of the Mittag-Leffler
function. We also derive some analytical properties of our proposed extended Hermite-Bernoulli polynomials systematically.
Furthermore, some concluding remarks of our present investigation are also pointed out in the last section.
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1. Introduction
The two variable Kampé de Fériet generalization of the Hermite polynomials is defined by (see [15])

[%] T, Nn—2r
vu

H =n! _
n(wv) nrzor!(n—Zr)!'

where the polynomials H;, (u, v) have the following generating function:
ut+vt? . t
e = Z H—In(u,v)m.
n=0

If we set v = —1 and replace u by 2u then the polynomials Hy (u,v) reduce to the ordinary Hermite
polynomials H, (u) (see [15]).
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The Bernoulli numbers B;,, Bernoulli polynomials By, (x), and their generalization IB%(X) (x) of order «
(real or complex) are defined, respectively, by means of the following generating functions (see [1-3, 15—
17]):

t oy B, L 2
et—l_Z nop (It <2m),
n=0
t w e tn
1) = ZOBn(u)n!, (It| < 27m), (1.1)
n—
and
t * ut - (o) tn [od
) ¢ :ZOIBn (W, (it <2m 1%:=1). (1.2)

Moreover, Natalini and Bernardini [10] and Kurt [9] considered two new generalizations of the Bernoulli
polynomials, which are given, respectively, by the following generating functions:

tP ut . p-1, "
el R > B (W, (t<2m1eN), (1.3)
et — Z % n=0
1=0
and
X
tP — IRTHN
et =Y B w o, (tl<2m 1%:=1, Le N). (1.4)
p—1 n!
et — tt n=0
U
1=0
Clearly, for p = 1, equations (1.3) and (1.4) reduce to (1.1) and (1.2), respectively.
More recently, Ghayasuddin et al. [5] introduced a new family of Bernoulli polynomials IBLo;\p—ll (u)
by means of the following generating function:
X
tP t - la,p—1] "
| T LB W (1.5)
Ex(t)— Y 1 n=0
1=0
where Ej (t) is the well known Mittag-Leffler function given by (see [11])
EA(t) = — t € C and %R(A) > 0). 1.6
0= g (teCamd R >0 (16)

On setting A = 1 in (1.5) and by using the fact E;(t) = e', we easily get the generalized Bernoulli
polynomials given in (1.4).
In 1999, Dattoli et al. [4] defined the Hermite-Bernoulli polynomials By (u,v) by the under men-

tioned generating function:
t ut+vt? _ . B t"
et 1 € —T;H n(ufv)m-

Afterwards, Pathan [12] proposed a new family of Hermite-Bernoulli polynomials as follows:

tP th

- (1.7)

o0
2 -1
ettt = Z H]B1["Lp 1(LL,V)

t P! th =0
et— 2> "=
1=0
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Pathan and Khan [14] defined a further generalization of (1.7) by means of the following generating

function:
o

tP t"
- ut—!—vt2 Z By [x,p— 1 (w,v)—. (1.8)
- lZO %

n!
On taking o = 1, (1.8) easily reduces to (1.7). For more details about the Bernoulli numbers, Bernoulli
polynomials and Hermite-Bernoulli polynomials, we refer to see, for example, [6-8] and the references
cited therein.

The aim of this article is to propose a new family of Hermite-Bernoulli polynomials in a unified and
generalized form, which is given in the next section. We develop various fundamental properties and
establish the implicit summation formulae, symmetry identities and bilateral series expansion for the
newly introduced Hermite-Bernoulli polynomials by using different analysis on the generating function.

2. A new family of Hermite-Bernoulli polynomials

In this section, we propose a new extension of Hermite-Bernoulli polynomials HBIP Yy, v) defined
by Pathan and Khan [14] by making use of the definition of extended Bernoulli polynomials given in (1.5).

Definition 2.1. For real and complex parameter « and 93(A) > 0, the extended Hermite-Bernoulli polyno-

oc'p 1}(

mials HIB u,v) are defined by

n

tP t+vt? t
- eut+v Z ]B )n! , (2.1)
§

z—“d-
—

where E, (t) is the well known Mittag-Leffler function given in (1.6).

It is noticed that the case A = 1 in (2.1), gives the known generalization of Hermite-Bernoulli polyno-
mials given by (1.8), i.e.,

p—1 p—1
HBeP  (w,v) = B, v).
Also, for u =v = 0in (2.1), we get certain new generalized Hermite-Bernoulli numbers B, e A Uie,

[, p—1] (o, p—1]
Hano,c}\p (0/ O) = HIBnof)\p .

Theorem 2.2. The following summation formula for extended Hermite-Bernoulli polynomials HIBELOf;\p*”(u,v)
holds true:
—1 = n [, p—1]
WBy ) = 3 ( m > B (W= w) Hi (w,v). 2.2)
m=0
Proof. Taking
x o
tr eut+Vt2 — L e(u*W)t ewt+vt2
p—1 p—1
EAlt)— Y 4 EAlt)— > &
1=0 1=0
o0 [e¢]
p—1 th tm
- Z ]BELO,(AP }(u_w)j Z Hm(W/V)ﬁ, (2.3)
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o o n
[o,p—1] t . [oe,p—1] tn

Z HIBn,)\ (u,\’)a = Z Z Bn,m)\ (u—W)Hm(W,V)m-

n=0 n=0m=0
On comparing the coefficients of % on both sides of (2.3), we arrive at our claimed result (2.2). O]
Corollary 2.3. On putting w = w in (2.2), we have

1 = n 1
HBI v = Y < o )]BL“'E;{ Hom (w, ). (2.4)
m=0

Remark 2.4. For A =1, equation (2.2) and (2.4) are easily reduces to the known results of Pathan and Khan
[14, Eq.(2.16) and Eq.(2.18)].

[, p—1]

Theorem 2.5. The following summation formula for extended Hermite-Bernoulli polynomials wB 5"~ (u,v)
holds true: N
- n _
HB? e+ wv) = Y- < o )meIBEL“_’me;] (1, ). 2.5)
m=0

Proof. Taking

= plap-1] "o L lap—1] tm
D HBo Tt w v) = = 3 uBI T ()
n=0 n=0
[0 8
— tP (ewt 1) eut—!—vt2
p—1
NOEDIE
1=0
o0 o0
_ tn wt)™
= Z HIBLO‘}\p Yiu,v)— ( (wt) —1)
! m!
n=0 m=0
o m n 00 n
_ [o,p—1] t [o,p—1] t
- Z Z WmHIBn m,A (u,\)) m| (n_m)l - Z HIB‘n-?\ (u,v)il
n=0m=0 n=0

Finally, by comparing the likes powers of t, we attain our required result (2.5).

Corollary 2.6. On setting w =1 in (2.5), we have

mn
loe,p—1] _ n [oe,p—1]
B (u+1,v) = ZO< ) Bl V)
m=

3. Implicit summation formulae involving extended Hermite-Bernoulli polynomials

This section deals with some implicit summation formulae for our newly introduced polynomials in
the following theorems.

Theorem 3.1. The following implicit summation formula for the extended Hermite-Bernoulli polynomials

HIBLO;\I’*” (u,v) holds true:

j .
_ k T P
WBP V) = 3 ( j ) < ‘ ) y—w BT ), (3.1)
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Proof. On replacing t by t +x in (2.1), we find

X
(t+x)P U (tHx) v (t+x)?2 Z HIB V) (t+x)" (3.2)
P! x)U n! )
Ea(t+x)— IZO (i)
Now by applying the result (see [17, p.52(2)])
SRR A "q
y f(R)% - f(r—l—s)%j—' (3.3)
R=0 ) T,5=0 T
in (3.2), we get
X
(t+x)P : > b1 v xk
- \ ev(tJrX) —e w(t+x) Z H]B)[(_"(_E,A }(u/v)JTF (34)
Ea(t4x)— 3 (X0 k=0
1=0

Since the left-hand side of (3.4) is independent of u so we can replace u by y, to get

x
t+x)P v xk
Ll | et vt 3 B b @9
Ealt+x) — ¥ 4 =0
1=0
On equating the right-hand sides of (3.4) and (3.5), we have
1 tx P 1 tx
Z HIB]igA )), = (U (tx) Z Bﬁm )]; =% (3.6)
j, k=0 j, k=0
Further, using the result given in (3.3) on the right-hand side of (3.6), we get
ik 0 j vk
[o,p 1 P x N + [x,p 1 t) x
Z HIBJJrk)\ u, )]'F - Z (U T ST| s! Z HIB]+k7\ u, )J'F (37)

j, k=0 o r,s=0 j, k=0

Finally, replacing j by j —r and k by k —s on the right-hand side of (3.7), and after equating the likes

powers of t and x, we easily attain our claimed result (3.1). O
Theorem 3.2. The following summation formula for the extended Hermite-Bernoulli polynomials 1B, o - Y, v)
holds true:
n
_ n
HIBLO;\I’ Yutxv+y) = Z < K > H]Bno‘ﬁ’d\1 (w,v) Hi(x,y). (3.8)

k=0
Proof. Replacing u — u+x and v — v +y in (2.1), we get

X x

e (utx)t+(vy)t? _ tP ut+vt? xt+yt?
- ’
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i Bi® e+ x, v+ )i—i B (u v)ﬂiJH oy (3.9)
H A ’ y n — H A 7 ! kXY k! 7 .
n=0 n=0 k=0
> [, p—1] m — « [oe,p—1] t
Z nBy (utxv —i—y)E = Z Z B, o (wv)Hi(x, y) A
n=0 n=0%k=0
On comparing the coefficients of % on both sides of (3.9), we get our claimed result (3.8). O

Corollary 3.3. On putting x = wand y = v in (3.8), we have

n
1] n 1]
HB, b1 0y, 2v) = > ( y > HIBn"‘ﬁ’M (w,v) Hy (w,v).

k=0
Theorem 3.4. The following summation formula for the extended Hermite-Bernoulli polynomials H]BELOf}\pfu (u,v)
holds true:
e, < u™ (o p—1]
p—
HB Y Z, =z —————B. % ). (3.10)
Proof. Replacing u — v and v — uin (2.1), we find
X
tP vt+ut2 tr
=l Z IB Wi n!’
Ex(t) — 120 T (3.11)
*© 2m n
[e,p— u™t ocp 1 t
Z ]B“')‘ n' m! Z nBy, )n!'

n=0

On applying Lemma 11 of [17, p.57(7)] in (3.11) and then by comparing the likes powers of t, we obtain
our needed result (3.10). O

“lp 1] (

4. Symmetry Identities of 4B, u,v)

In this section, we derive the following symmetry identities for the extended Hermite-Bernoulli poly-

(xp 1](

nomials B, u,v).

Theorem 4.1. The following symmetry identity for extended Hermite-Bernoulli polynomials HIBES;\T’_H (u,v) holds
true:

(4.1)

mn
3 (e el o pmiy
T /n
Z < >b“ Mam™ ]B }(au azv)]BEg’;_l].
0

Proof. Let us consider

f(t) _ eclle,t—O—(lzbz\»'t2
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(04 04

(at)p ebuat+b2v(at)2 (bt P
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>§

H
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o
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3
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>3
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fou

=
3

Since f(t) is symmetric in a and b, therefore above expression can also be expressed as
0 n
o,p—1] 2 o, p—1] t
Z ( >bn Mag™ IBn m)\(au,av)]BmA o
n=0m=0 ’

By comparing the like powers of t on the right-hand side of the last two equations, we get our needed
result (4.1). O

Theorem 4.2. The general symmetry identity for extended Hermite-Bernoulli polynomials H]B][lof}\p_u(u,v) holds
true:

1b-1
i B a“_mbmaZZ L BleP—l bu+9r+s b?v)B p71}(ax)
m n m?\ m,A

m=0 =0 s=0

n n b—1a—1 a (4'2)
— Z < >b“ m mZ Z HIBn“pm; (au+ ET+S’ azv)IBE11 Ubx).
m=0 =0 s=0
Proof. Let us consider
r x
ht) (at)P (bt)P (eabt _ 1)2eab(u+x)t+a2b2vt2
- p—1 p—1 eat —1)(ebt—1 ’
Ex(at) — (alt.)l Ea(bt)— y (B4 ( ! )
L =0 1=0
@ x
_ (at)p abut+a?b?vt? (eabt — 1) (bt)p abxt (eabt 1)
h(t) = e 5 e
[ (at)t (ePt—1) p_l (bt)l (eat —1)
Ex(at) — ) (bt) T
1=0 1=0
X o4
-1 —
o (at)p eabut+a2b2vt2 aZ ebtr (bt)p eabxt Z elts
N P! (at)t P! (o)
Ea(at) — Z T r=0 Ex(bt) — T
1=0 1=0
x (0.4
—1b—1
_ aZ Z (at)p e(bu—l—%r—l—s)at—!—bzv(at)z (bt P eaxbt
—0 s—0 P! (ann Pl (boy
r=0s=0 | Exlat) - 3} -7 Ea(bt) — T
=0 1=0
a—1b—1 o 00
_ [o,p b 2 (at)™ [&,p—1] (bt)™
_ZZZ B, (bu+ar+s b*v) — Z]an;? (ax)—
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[e'e) n a—1b—1 b (o 1 n
_ n—mipm 2 pP— v
= E E < > b E E IB bu—|— r—l—s b-v )le,)\ (ax)n!.
n=0m=0 =0 s=0

Since h(t) is symmetric in a and b, therefore above expression can also be expressed as

00 n n b—1a—1 1 a o 1 g
— [x,p— 2 P—
= E E ( >b“ Mag™m E g B A au+gr+s,a V)]BmA (bx)a.

n=0m=0 r=0 s=0

By comparing the coefficients of £; on the right-hand side of the last two equations, we arrive at our
claimed result (4.2). O

5. Bilateral expansion

In this section, we derive the following bilateral series expression for our extended Hermite-Bernoulli

ocp 1}(

polynomials HB, u,v).

Theorem 5.1. The following expansion holds true:

—1]
HIB KA (u,v)
mgn o 1
Z Z*S Z Klm_|_]( m—K)! ’ (5-1)
m=—00 N=m
X
where G = % eST N UtV and m* = max[0, —m) (meZ:={0,+1,£2,...}).

1
-y &
1=0

Proof. On applying the definition of extended Hermite-Bernoulli polynomials and expanding the expo-
nential function, we get

S

tN

—wt > ocpl
() DI

(—w)X B~ 1(U.,v)s’\/l*Kt]\“rK
M!N!K! .

||
I\/]g

~
cH3

Me EMe
MERES
E

<
I
z
IL

K

0

On setting N + K = n and M — K = m, and after rearrangement justified by the absolute convergence of
the above series, we easily arrive at our claimed result (5.1). O

Corollary 5.2. On setting v =0 in (5.1), we have

X

tP t [OCPK—)}}(LL)
s—wf+ut myen
_— t .
= Zf Z*S ZK'm+l< (n—K)!
BT 4 m==coni=m,
1=0

Corollary 5.3. If we assign s =t =%, o« =0, and u=1in (5.1), then we have

w
2

w)K yBOP-U(q 3

Fo Y 3 (D)L Wi w
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6. Concluding remarks

In this article, we have presented a new class of Hermite-Bernoulli polynomials B, “’p 1 (u,v). More-
over, we have developed various fundamental and useful properties of our newly mtroduced polynomials.
In this section, we briefly discuss about the new extension of Hermite-Euler polynomials given by Pathan
and Khan [13].

In [5], authors have also introduced a further extension of Euler polynomials by means of the following
generating function:

P °° n
2 eut = Y LYt (6.1)

where ]E ’p 1 ( ) denotes the extended Euler polynomials.
For ?\ = 1 these extended Euler polynomials are easily reduces to the generalized Euler polynomials

EixP () given in [7]. From (6.1), we conclude that the Hermite-Euler polynomials HERP Ty )
defined by Pathan and Khan [13] can be generalized as follows:
X
2p t+vt? ,P 1 t
— o euttv Z IE uv) (6.2)
Ex()+ X 1
1=0

Here IE ’p 1 (u v) denotes our new extended Hermite-Euler polynomials.
On settmg A =11n (6.2), we have

HE P M, v) = wERP Y (w,v),

Ex

where 1 u,v) are the Hermite-Euler polynomials given in [13].

Also, it is possible to define the extended Hermite-Euler numbers H]EL“}\pfl] by considering that

[ p—1] (o p—1]
HE Y 7(0,0) = nE Y.

Furthermore, we can derive some interesting properties for our newly proposed Hermite-Euler poly-
nomials in a same manner given in Sections 2, 3, 4, 5. Derivations of such properties are still an open
problem for further research.
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