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Abstract
In this paper, we define the p-adic q-integral on Zp with weight which is a generalization of Kim’s definition in [T.

Kim, Russ. J. Math. Phys., 9 (2002), 288–299], and derive some new and interesting identities related to degenerate q-Euler
polynomials with weight and some special functions.
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1. Introduction

For a long time, special functions have been considered the particular province of pure and applied
mathematics, and many special functions have been appeared as solutions of differential equations or
integrals of elementary functions (see [2]). In number theory, various special functions have been studied,
such as Dirichlet series, Bernoulli polynomials, Euler polynomials, Genocchi polynomials, Bell polyno-
mials, the Stirling numbers of the first and second kinds and harmonic numbers, Daehee polynomials
and Chaghee polynomials. These results shows how to apply special functions and polynomials to the
mathematics and mathematical physics (see [1–4, 6–10, 12–29]). In particular, Cesarano presented some
techniques regarding the generating functions used in [7], and Marin showed these identities can be
applicable to the theory of porous materials (see [24]).

From now on, we introduce some definitions and notations which are useful tools in this paper.
For a given odd prime number p, Zp, Qp, and Cp denote the ring of p-adic integers, the field of

p-adic rational numbers, and the completions of algebraic closure of Qp, respectively. The p-adic norm is
normalized as |p|p = 1

p .

Let q ∈ Cp be an indeterminate with |q− 1|p < p
− 1
p−1 . Then the q-analogue of number x is defined as

[x]q = 1−qx
1−q . Note that lim

q→1
[x]q = x for each x ∈ Zp.
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Let C(Zp) be the set of all continuous function on Zp. The fermionic p-adic q-integral of f ∈ C(Zp) is
defined by Kim as

I−q(f) =

∫
Zp

f(x)dµ−q(x) = lim
N→∞ 1

[pN]−q

pN−1∑
x=0

f(x)(−q)x

= lim
N→∞

[2]q
2

pN−1∑
x=0

f(x)(−q)x, (see [11, 12]).

As is well-known that the nth Euler polynomials En(x) is defined by the Appell sequence with g(x) =
1
2

(
et + 1

)
, giving the generating function

∞∑
n=0

En(x)
tn

n!
=

2
et + 1

ext, (see [6, 10]).

By using the fermionic p-adic q-integral, the q-Euler polynomials are defined by the generating function
to be ∞∑

n=0

En,q(x)
tn

n!
=

∫
Zp

e(x+y)tdµ−q(y) =
[2]q

qet + 1
ext, (see [15−17, 26−28]), (1.1)

and, by the Maclaurin expansion of e(x+y)t, we can obtain the nth q-Euler polynomial En,q(x) as

En,q(x) =

∫
Zp

(x+ y)ndµ−q(y), (n > 0) (see [4, 5, 16, 17, 28, 29]). (1.2)

In [6], Carlitz introduced the degenerate polynomials and numbers which are related to q-Euler polyno-
mials as follows ∞∑

n=0

En(x|λ)
tn

n!
=

(
2

(1 + λt)
1
λ + 1

)r
(1 + λt)

x
λ , (1.3)

where λ ∈ R. Note that, by (1.3), we know that

lim
λ→0

∞∑
n=0

En(x|λ)
tn

n!
= lim
λ→0

(
2

(1 + λt)
1
λ + 1

)r
(1 + λt)

x
λ =

(
2

et + 1

)r
ext =

∞∑
n=0

En(x)
tn

n!
,

and so
lim
λ→0

En(x|λ) = En(x).

The Stirling numbers of the first kind are defined by

(x)n = x(x− 1) · · · (x−n+ 1) =
n∑
l=0

S1(n, l)xl, (n > 0), (1.4)

and the Stirling numbers of the second kind are given by

xn =

n∑
l=0

S2(n, l)(x)l, (1.5)

where (x)0 = 1 (see [6, 8, 14]). From (1.4) and (1.5), we can derive the following equations

(et − 1)n = n!
∞∑
l=n

S2(l,n)
tl

l!
, (1.6)
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and

(log(x+ 1))n = n!
∞∑
l=n

S1(l,n)
xl

l!
, (n > 0) (see [6, 8, 14]).

By (1.1) and (1.4), we get

En,λ,q(x) = λ
n
n∑
l=0

S1(n, l)
∫

Zp

(
[x+ y]q
λ

)l
dµ−q(y) =

n∑
l=0

λn−lS1(n, l)El,q(x), (see [3, 9, 21, 22]).

In [12], Kim defined the q-Volkenborn integration, and found properties of some special polynomials,
especially Euler, q-analogue of Bernoulli, Genocchi, Changhee, Daehee, and Changhee-Genocchi polyno-
mials and numbers have been investigated by many researchers by using p-adic q-integral on Zp (see
[3, 5, 8, 9, 16, 17, 20–23, 26, 29]).

In this paper, we defined the p-adic q-integral on Zp with weight which is a generalization of Kim’s
p-adic q-integral on Zp, and derived some new and interesting identities related to degenerate q-Euler
polynomials with weight, q-Euler polynomials, Stirling numbers.

2. Degenerate q-Euler polynomials with weight

In this section, we assume that q ∈ Cp with |q|p < p
− 1

1−p .
We will generalize the definition of Kim’s fermionic p-adic q-integral on Zp as follows.

Definition 2.1. For each parameters α and β,

Iqα,β(f) =

∫
Zp

qβxf(x)dµ−qα(x) = lim
N→∞ 1

[pN]−qα

pN−1∑
x=0

f(x)(−1)xq(α+β)x.

Remark 2.2. As the special case of the Definition 2.1, if we put α = 1 and β = 0, then Iq1,0 = I−q is Kim’s
definition (see [12]).

From now on, by the Definition 2.1, we will assume that α is a positive integer and β is a nonnegative
integer.

By the definition of Iqα,β(f), if we put fn(x) = f(x+ n) for each positive integer n, we can derive the
following equations:

−qα+βIqα,β(f1) = lim
N→∞ 1

[pN]−qα

pN−1∑
x=0

f(x+ 1)(−1)x+1q(α+β)(x+1)

= lim
N→∞ 1

[pN]−qα

pN−1∑
x=0

f(x)(−1)xq(α+β)x

+ lim
N→∞ 1

[pN]−qα

(
f
(
pN
)
(−1)p

N

q(α+β)p
N

− f(0)(−1)0
)

=Iqα,β(f) − [2]qαf(0),

q2(α+β)Iqα,β(f2) = lim
N→∞ 1

[pN]−qα

pN−1∑
x=0

f(x+ 2)(−1)x+2q(α+β)(x+2)

= lim
N→∞ 1

[pN]−qα

pN−1∑
x=0

f(x)(−1)xq(α+β)x
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+ lim
N→∞ 1

[pN]−qα

(
f
(
pN
)
(−1)p

N

q(α+β)p
N

+ f
(
pN + 1

)
(−1)p

N+1q(α+β)(p
N+1) − f(0) + f(1)qα+β

)

=Iqα,β(f) + [2]qα
1∑
l=0

(−1)l+1f(l)q(α+β)l,

and

−q3(α+β)Iqα,β(f3) = lim
N→∞ 1

[pN]−qα

pN−1∑
x=0

f(x+ 3)(−1)x+3q(α+β)(x+3)

= lim
N→∞ 1

[pN]−qα

pN−1∑
x=0

f(x)(−1)xq(α+β)x

+ lim
N→∞ 1

[pN]−qα

(
f
(
pN
)
(−1)p

N

q(α+β)p
N

+ f
(
pN + 1

)
(−1)p

N+1q(α+β)(p
N+1)

+ f
(
pN + 2

)
(−1)p

N+2q(α+β)(p
N+2) −f(0) + f(1)qα+β + f(2)q2(α+β)

)
=Iqα,β(f) − [2]qα

2∑
x=0

(−1)x+1f(x)q(α+β)x.

Continuing this process, we obtain the following theorem.

Theorem 2.3. For each positive integer n, if we put f(x+n) = fn, then

qn(α+β)Iqα,β(fn) + (−1)n−1Iqα,β(f) = [2]qα
n−1∑
x=0

f(x)(−1)n−1−xq(α+β)x.

In view point of (1.1) and (1.2), we note that

∞∑
n=0

∫
Zp

qβy(x+ y)n,λdµ−qα(y)
tn

n!
=

∫
Zp

qβy(1 + λt)
x+y
λ dµ−qα(y),

where (x)n,a = x(x− a)(x− 2a) · · · (x− a(n− 1)), λ, t ∈ Cp with |λt|p < p
− 1

1−p . By the Theorem 2.3, we
have ∫

Zp

qβy(1 + λt)
x+y
λ dµ−qα(y) =

[2]qα

qα+2β(1 + λt)
1
λ + 1

(1 + λt)
x
λ . (2.1)

By (2.1), we can define the degenerate q-Euler polynomials with weight α as follows.

Definition 2.4. For each positive integer n, the degenerate q-Euler polynomials with weight α are defined by
the generating function to be

∞∑
n=0

Eqα,n(x|β)
tn

n!
=

[2]qα

qα+2β(1 + λt)
1
λ + 1

(1 + λt)
x
λ . (2.2)

In the special case x = 0, Eqα,n(0|β) := Eqα,n(β) are called the degenerate q-Euler numbers with weight α.
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By (2.1), we get ∫
Zp

qβy(1 + λt)
x+y
λ dµ−qα(y) =

∫
Zp

qβy
∞∑
n=0

(x+y
λ

n

)
(λt)ndµ−qα(y)

=

∞∑
n=0

∫
Zp

qβy(x+ y)n,λdµ−qα(y)
tn

n!
,

(2.3)

and thus by the Definition 2.4 and (2.3), we get the Witt’s formula for degenerate q-Euler polynomials
with weight α.

Corollary 2.5. For each nonnegative integer n,

Eqα,n(x|β) =

∫
Zp

qβy(x+ y)n,λdµ−qα(y).

Note that by (1.4) and the Corollary 2.5, we get

Eqα,n(x|β) =

∫
Zp

qβy(x+ y)n,λdµ−qα(y)

=
λn

n!

∫
Zp

qβy
(
x+ y

λ

)
n

dµ−qα(y) =

n∑
l=0

S1(n, l)
λn−l

n!

∫
Zp

qβy(x+ y)ldµ−qα(y).

If α = 1 and β = 0, then
∫

Zp
qβy(x+ y)ldµ−qα(y) is the q-Euler polynomial, and thus

Eqα,n(x|β) =

∫
Zp

qβy(x+ y)ndµ−qα(y) (2.4)

are called the q-Euler polynomials with weight α. Hence we obtain the relationship among Eqα,n(x|β),
Eqα,n(x|β), and S1(n, l) as follow.

Corollary 2.6. For each n ∈N∪ {0},

Eqα,n(x|β) =

n∑
l=0

S1(n, l)
n!

λn−lEqα,l(x|β).

From Definition 2.4, we can derive the following equations:

∞∑
n=0

Eqα,n(x|β)
tn

n!
=

[2]qα

qα+2β(1 + λt)
1
λ + 1

(1 + λt)
x
λ

=

( ∞∑
n=0

Eqα,n(β)
tn

n!

)( ∞∑
n=0

(x
λ

n

)
(λt)n

)

=

∞∑
n=0

(
n∑
m=0

(
n

m

)
Eqα,m(β)(x)n−m,λ

)
tn

n!
.

Hence, we obtain the following corollary.

Corollary 2.7. For each nonnegative integer n,

Eqα,n(x|β) =

n∑
m=0

(
n

m

)
Eqα,m(β)(x)n−m,λ.
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By replacing t by 1
λ(e

t − 1) in (2.2), we get

[2]qα

qα+2βe
t
λ + 1

e
xt
λ =

∞∑
n=0

Eqα,n(x|β)
1
n!

(
1
λ
(et − 1)

)n
=

∞∑
n=0

Eqα,n(x|β)
1
n!
λ−nn!

∞∑
l=n

S2(l,n)
tl

l!

=

∞∑
n=0

(
n∑
m=0

Eqα,m(x|β)λ−mS2(m,n)

)
tn

n!
.

(2.5)

Note that by the Theorem 2.3 and (2.4),

∞∑
n=0

Eqα,n(x|β)
tn

n!
=

∫
Zp

qβye(x+y)tdµ−qα(y) =
[2]qα

qα+2βet + 1
ext. (2.6)

From (2.5) and (2.6), we obtain the following theorem.

Theorem 2.8. For each nonnegative integer n,

Eqα,n (x|β) =

n∑
m=0

Eqα,m(x|β)λn−mS2(m,n).

From now on, we consider another degenerate q-Euler polynomials with weight α. In viewpoint of
the Definition 2.1 and the Corollary 2.5, we define those polynomials as follows.

Definition 2.9. For each nonnegative integer n,

Êqα,n(x|β) =

∫
Zp

qβy(x− y)n,λdµ−qα(y)

are called the degenerate q-Euler polynomials of the second kind with weight α.

By the Definition 2.9, the generating function of the degenerate q-Euler polynomials of the second
kind with weight α is as following:

∞∑
n=0

Êqα,n(x|β)
tn

n!
=

∞∑
n=0

∫
Zp

qβy(x− y)n,λdµ−qα(y)
tn

n!

=

∫
Zp

qβy

( ∞∑
n=0

(x−y
λ

n

)
(λt)n

n!

)
dµ−qα(y)

=

∫
Zp

qβy(1 + λt)
x−y
λ dµ−qα(y)

=
[2]qα

qα+2β + (1 + λt)
1
λ

(1 + λt)
x+1
λ ,

(2.7)

and by (1.4) and Theorem 2.8, we have

Êqα,n(x|β) =

∫
Zp

qβy(x− y)n,λdµ−qα(y)

=

∫
Zp

qβyλn
(
x− y

λ

)
n

dµ−qα(y)
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=

∫
Zp

qβy
n∑
l=0

λn−lS1(n, l)(x− y)ldµ−qα(y) (2.8)

=

n∑
l=0

λn−lS1(n, l)(−1)l
∫

Zp

qβy(−x+ y)ldµ−qα(y)

=

n∑
l=0

S1(n, l)(−1)lλn−lEqα,l(−x)

=

n∑
l=0

l∑
m=0

(−1)lλn−lS1(n, l)S2(m, l)Eqα,m(−x|β)

for each nonnegative integer n.
By (2.7) and (2.8), we obtain the following theorem.

Theorem 2.10. For each nonnegative integer n,

Êqα,n(x|β) =

n∑
l=0

S1(n, l)(−1)lλn−lEqα,l(−x),

Êqα,n(x|β) =

n∑
l=0

l∑
m=0

(−1)lλn−lS1(n, l)S2(m, l)Eqα,m(−x|β),

and the generating function of the q-Changhee polynomials of the second kind with weight α is

∞∑
n=0

Êqα,n(x|β)
tn

n!
=

∫
Zp

qβy(1 + λt)
x−y
λ dµ−qα(y) =

[2]qα

qα+2β + (1 + λt)
1
λ

(1 + λt)
x+1
λ . (2.9)

By replacing t by 1
λ(e

t − 1) in (2.9), we have

[2]qα

qα+2β + e
t
λ

e
x+1
λ t =

∞∑
n=0

Êqα,n(x|β)

( 1
λ(e

t − 1)
)n

n!

=

∞∑
n=0

Êqα,n(x|β)λ
−n 1
n!
n!

∞∑
l=n

S2(l,n)
tl

l!

=

∞∑
n=0

(
n∑
m=0

Êqα,m(x|β)λ−mS2(n,m)

)
tn

n!
,

(2.10)

and

[2]qα

qα+2β + e
t
λ

e
x+1
λ t =

[2]qα

qα+2βe−
t
λ + 1

e(−x)(−
t
λ)

=

∞∑
n=0

Eqα,n(−x|β)

(
− tλ
)n

n!
=

∞∑
n=0

Eqα,n(−x|β)(−λ)
−n t

n

n!
.

(2.11)

By (2.10) and (2.11), we obtain the following theorem.

Theorem 2.11. For each nonnegative integer n, we have

Eqα,n(−x|β) = (−λ)n
n∑
m=0

Êqα,m(x|β)λ−mS2(n,m).
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By the Definition 2.4 and the Theorem 2.10, we note that

∞∑
n=0

Êqα,n(xβ)
tn

n!
=

[2]qα

qα+2β + (1 + λt)
1
λ

(1 + λt)
x+1
λ

=q−α−2β [2]qα

q−α−2β(1 + λt)
1
λ + 1

(1 + λt)
x+1
λ

=q−2β [2]q−α

q−α−2β(1 + λt)
1
λ + 1

(1 + λt)
x+1
λ

=

∞∑
n=0

q−2βEq−α,n(x+ 1|−β)
tn

n!
.

(2.12)

In addition, by the Corollary 2.5 and the Definition 2.9,

(−1)nEqα,n(x|β)

n!
=
(−1)n

n!

∫
Zp

qβy(x+ y)n,λdµ−qα(y)

=λn
∫

Zp

qβ
(
n− 1 − x+y

λ

n

)
dµ−qα(y)

=λn
n−1∑
k=0

(
n− 1
n− k

)∫
Zp

qβy
(−x−y

λ

k

)
dµ−qα(y)

=

n−1∑
k=0

λn−k
(
n− 1
n− k

)∫
Zp

qβy
(−x− y)n,k

k!
dµ−qα(y)

=

n−1∑
k=1

λn−k
(
n− 1
k− 1

)
Êqα,k(−x|β)

k!
,

(2.13)

and

(−1)nÊqα,n(x|β)

n!
=
(−1)n

n!

∫
Zp

qβy(x− y)n,λdµ−qα(y)

=λn
∫

Zp

qβ
(
n− 1 − x−y

λ

n

)
dµ−qα(y)

=λn
n−1∑
k=0

(
n− 1
n− k

)∫
Zp

qβy
(−x+y

λ

k

)
dµ−qα(y)

=

n−1∑
k=0

λn−k
(
n− 1
n− k

)∫
Zp

qβy
(−x+ y)k,λ

k!
dµ−qα(y)

=

n−1∑
k=1

λn−k
(
n− 1
k− 1

)
Eqα,k(−x|β)

k!
.

(2.14)

Thus, by (2.12), (2.13), and (2.14), we obtain the following theorem.

Theorem 2.12. For each nonnegative integer n, we have

Êqα,n(xβ) = q
−2βEq−α,n(x+ 1|−β),

Eqα,n(x|β) = (−1)n
n−1∑
k=1

λn−k
(
n− 1
k− 1

)
Êqα,k(−x|β)

k!
,
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and

Êqα,n(x|β) = (−1)n
n−1∑
k=1

λn−k
(
n− 1
k− 1

)
Eqα,k(−x|β)

k!
.
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