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Abstract

In this paper, we study the triband Toeplitz and Hankel matrices with permuted columns. We obtain expressions for the
determinants and the inverses of the triband Toeplitz and Hankel matrices with permuted columns by the Sherman-Morrison-
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1. Introduction

In this paper, we study the determinants and inverses of triband Toeplitz matrices with permuted
columns and triband Hankel matrices with permuted columns, respectively. The matrix A = (ai,j)

n
i,j=1 is

called a triband Toeplitz matrices with permuted columns, whose entries are as follows

ai,j =



δi, 1 6 i 6 n, j = 1,
εi, 1 6 i 6 n, j = n,
−v, i = j+ 2, 2 6 j 6 n− 1,
−2v, i = j+ 1, 2 6 j 6 n− 1,
v, 2 6 i = j 6 n− 1,
0, otherwise,

where ε1, · · · εn, δ1, · · · δn and v are complex numbers with v 6= 0. More explicitly,
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A =



δ1 0 · · · · · · · · · 0 ε1

δ2 v 0
... ε2

δ3 −2v v
. . .

... ε3

δ4 −v −2v v
. . .

...
...

... 0 −v −2v
. . . 0

...
...

...
. . . . . . . . . v εn−1

δn 0 · · · 0 −v −2v εn


n×n

. (1.1)

Let În be the n× n “reverse unit matrix”, which has ones along the secondary diagonal and zeros else-
where. That is,

În =


0 · · · 0 1
... . . . . . . 0

0 . . . . . .
...

1 0 · · · 0


n×n

.

Let A be defined as in (1.1). A matrix of the form B := ÎnA is called a triband Hankel matrices with
permuted columns of Type I. A matrix of the form C := AÎn is called a triband Hankel matrices with
permuted columns of Type II. In this case, we say B and C are induced by A. That is,

B =



δn 0 · · · 0 −v −2v εn

δn−1
... . . . −v −2v v εn−1

... 0 . . . . . . . . . 0 εn−2

... −v . . . v . . .
...

...

δ3 −2v . . . 0
...

...
δ2 v 0 0 ε2
δ1 0 · · · · · · · · · 0 ε1


n×n

(1.2)

and

C =



ε1 0 · · · · · · · · · 0 δ1
ε2 0 0 v δ2

ε3 0 . . . . . . −2v δ3
...

... . . . v . . . −v
...

εn−1 0 . . . . . . . . . 0 δn−2

εn−1 v −2v −v . . .
... δn−1

εn −2v −v 0 · · · 0 δn


n×n

. (1.3)

Many special banded matrices, such as Toeplitz banded matrix, symmetric Toeplitz banded matrix,
especially tridiagonal Toeplitz matrix, can be seen in [4, 5, 8, 9, 12]. The inverse of Toeplitz banded matrix
has been studied by many scholars. For example, Roebuck and Barnett [14] made some good conclusions
about Toeplitz matrix. Yamamoto and Ikebe [16] studied the inverse matrix of general band matrix,
including the inverse matrix of special Toeplitz band matrix, while the concrete formula of the inverse
matrix of Toeplitz band matrix is deduced in [15]. Besides, Bareiss [2] proposed a recursive method for
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solving Toeplitz equations. Both [1, 11] gave a method for calculating the inverse matrix of symmetric
Toeplitz strip matrix. Especially, two special cases of two symmetric Toeplitz band matrices are studied
in [7, 13].

Now we introduce a Pell number sequence [3, 10, 17–19] that plays a very important role in our main
results. The Pell number Pn satisfies the following recurrence:

Pn = 2Pn−1 + Pn−2, where P0 = 0, P1 = 1, n > 2. (1.4)

It could be verified that

n∑
i=1

iPi =
3n− 2

2
Pn +

n− 1
2

Pn−1 +
1
2

, (1.5)

n∑
i=1

Pn+1−ia
i =

aPn + a2Pn+1 − a
n+2

1 + 2a− a2 (a 6= 1±
√

2). (1.6)

2. Determinants and inverses

In this section, we derive explicit formulas for the determinants and inverses of triband Toeplitz
matrices with permuted columns.

Theorem 2.1. Let A = (ai,j)
n
i,j=1 (n > 3) be given as in (1.1). Then

detA =

n−1∑
m=1

Pn−m(δ1v
n−2εm+1 + (−1)n+1ε1v

n−2δm+1),

where Pi (i = n−m) is the ith Pell number.

Proof. Expanding matrix A = (ai,j)
n
i,j=1 (n > 3) by the first row, we get

detA = δ1 detA1 + (−1)n+1ε1 detA2, (2.1)

where

A1 =



v 0 · · · · · · · · · ε2

−2v v
. . .

... ε3

−v −2v v
. . .

...
...

0 −v −2v
. . . 0

...
...

. . . . . . . . . v εn−1
0 · · · 0 −v −2v εn


(n−1)×(n−1)

,

and

A2 =



δ2 v 0 · · · · · · 0

δ3 −2v v
. . .

...

δ4 −v −2v v
. . .

...
... 0 −v −2v

. . . 0
...

...
. . . . . . . . . v

δn 0 · · · 0 −v −2v


(n−1)×(n−1)

.
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By performing a series of elementary transformations on A1, we obtain the matrix

B1 =



v 0 · · · · · · · · · ε2

0 v
. . .

... ε3 + 2ε2

0 0 v
. . .

... ε4 + 2ε3 + 5ε2

0 0 0
. . . 0

...
...

. . . . . . . . . v
n−2∑
m=1

Pn−mεm+1

0 · · · 0 0 0
n−1∑
m=1

Pn−mεm+1


(n−1)×(n−1)

. (2.2)

Calculating the determinant of matrix B1,

detB1 = vn−2
n−1∑
m=1

Pn−mεm+1.

Since all elementary transformation preserve the determinants, we get

detA1 = detB1 = vn−2
n−1∑
m=1

Pn−mεm+1. (2.3)

Similarly, by performing a series of elementary transformations on A2, we obtain the matrix

B2 =



δ2 v 0 · · · · · · 0

δ3 + 2δ2 0 v
. . .

...

δ4 + 2δ3 + 5δ2 0 0 v
. . . 0

... 0 0 0
. . . 0

...
...

. . . . . . . . . v
n−1∑
m=1

Pn−mδm+1 0 · · · 0 0 0


(n−1)×(n−1)

.

We also have

detA2 = detB2 = vn−2
n−1∑
m=1

Pn−mδm+1. (2.4)

Based on (2.1), (2.3), and (2.4), we get

detA =

n−1∑
m=1

Pn−m(δ1v
n−2εm+1 + (−1)n+1ε1v

n−2δm+1). (2.5)

Corollary 2.2. Let δj = δ+ (n+ 1 − j)d1 and εj = ε+ (n+ 1 − j)d2, j = 1, 2, . . . ,n in (1.1), where δ, ε, d1
and d2 are nonzero complex numbers. Then

detA =vn−2(δ+nd1)(ε
Pn−1 + Pn − 1

2
+ d2

(n− 2)Pn + (n− 1)Pn−1 + 1
2

)

+ (−1)n+1vn−2(ε+nd2)(δ
Pn−1 + Pn − 1

2
+ d1

(n− 2)Pn + (n− 1)Pn−1 + 1
2

).
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Corollary 2.3. Let δj = δq
j
1 and εj = εq

j
2, j = 1, 2, . . . ,n in (1.1), where δ, ε, q1 and q2 are nonzero complex

numbers. Then

detA = δεq1(
q2Pn + q2

2Pn+1 − q
n+2
2

1 + 2q2 − q
2
2

− Pnq2) − δεq2(
q1Pn + q2

1Pn+1 − q
n+2
1

1 + 2q1 − q
2
1

− Pnq1).

Theorem 2.4. Let A = (ai,j)
n
i,j=1(n > 3) be given as in (1.1) and assume A to be nonsingular. Then A−1 =

(ăi,j)
n
i,j=1, where

ăi,j =



n∑
m=2

Pn+1−mεm

a , i = 1, j = 1,

−

n∑
m=2

Pn+1−mδm

a , i = n, j = 1,

−

n∑
m=2

Pn+1−m(εm
i∑
h=2
Pi+1−hδh−δm

i∑
h=2
Pi+1−hεh)

va , 2 6 i 6 n− 1, j = 1,
−
Pn+1−jε1

a , i = 1, 2 6 j 6 n,
Pn+1−jδ1

a , i = n, 2 6 j 6 2,

−
Pn+1−j

i∑
h=2
Pi+1−h(εhδ1−δhε1)

va , 2 6 i 6 n− 1, 2 6 j 6 n, i < j,

aPi−j+1−Pn+1−j
i∑
h=2
Pi+1−h(εhδ1−δhε1)

va , 2 6 i 6 n− 1, 2 6 j 6 n, i > j,

(2.6)

a =

n∑
m=1

Pn+1−m(δ1εm − ε1δm)

and Pi is the ith Pell number.

Proof. We decompose A as follows

A = v∆+ LE, (2.7)

where

∆ =



1 0 · · · · · · · · · 0

−2 1
. . . 0

−1 −2 1
. . .

...

0 −1 −2 1
. . .

...
...

. . . . . . . . . . . . 0
0 · · · 0 −1 −2 1


n×n

, L =


δ1 − v ε1
δ2 + 2v ε2
δ3 + v ε3
δ4 ε4
...

...
δn−1 εn−1
δn εn − v


n×2

,

and

E =
(

1 0 · · · · · · 0 0
0 0 · · · · · · 0 1

)
2×n

.

By some computation, it is not difficult to find that the inverse of ∆ is

∆−1 =


P1 0 · · · · · · 0

P2 P1
. . .

...
...

. . . . . . . . .
...

Pn−1
. . . . . . P1 0

Pn Pn−1 · · · P2 P1


n×n

,

where Pi is the ith Pell number.
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Applying the Sherman-Morrison-Woodbury formula (see, e.g., [6, p.50]) to (2.7), we get

A−1 = (v∆+ LE)−1 =
1
v
∆−1 −

1
v2∆

−1L(I+
1
v
E∆−1L)−1E∆−1. (2.8)

Now we compute each component on the right side of (2.8). Multiplying ∆−1 by E from left, we get

E∆−1 =
(

1 0 · · · · · · 0
Pn Pn−1 · · · P2 P1

)
2×n

.

Consider multiplying E∆−1 by L from right yields, we get

E∆−1L =

(
δ1 − v ε1n∑

m=1
Pn+1−mδm

n∑
m=1

Pn+1−mεm − P1v

)
2×2

. (2.9)

Then multiplying (2.9) by 1
v from the left and further adding I, we have

I+
1
v
E∆−1L =

1
v

 δ1 ε1
n∑
m=1

Pn+1−mδm
n∑
m=1

Pn+1−mεm


2×2

. (2.10)

Computing the inverse of the matrices on both sides of (2.10), we obtain

(I+
1
v
E∆−1L)−1 =

1
vd


n∑
m=1

Pn+1−mεm −ε1

−
n∑
m=1

Pn+1−mδm δ1


2×2

,

where

d =

δ1

n∑
m=1

Pn+1−mεm − ε1

n∑
m=1

Pn+1−mδm

v2 .

Multiplying ∆−1 by L from the right, we get

∆−1L =



δ1 − v ε1
2∑

m=1
P3−mδm

2∑
m=1

P3−mεm

...
...

n−1∑
m=1

Pn−mδm
n−1∑
m=1

Pn−mεm

n∑
m=1

Pn+1−mδm
n∑
m=1

Pn+1−mεm − v


n×2

.

Multiplying (I+ 1
vE∆

−1L)−1 by ∆−1L from the left, yields

∆−1L(I+
1
v
E∆−1L)−1 =

 α1 β1
α2 β2
...

...
αn βn


n×2

,

where

αi =



v−

n∑
m=1

Pn+1−mεm

d , i = 1,

Piv+

i∑
h=2
Pi+1−h(δh

n∑
m=1

Pn+1−mεm−εh
n∑
m=1

Pn+1−mδm)

vd , 2 6 i 6 n− 1,
n∑
m=1

Pn+1−mδm

d , i = n,
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and

βi =


ε1
d , i = 1,
i∑
h=2
Pi+1−h(εhδ1−δhε1)

vd , 2 6 i 6 n− 1,
v− δ1

d , i = n.

Multiplying the previous formula
(
I + 1

vE∆
−1L

)−1 by ∆−1L from the left and by E∆−1 from the right,
respectively, yields

G = ∆−1L
(
I+

1
v
E∆−1L

)−1
E∆−1 = (gij)

n
i,j=1, (2.11)

where

gij =



v−
v2

n∑
m=2

Pn+1−mεm

a , i = 1, j = 1,

Pnv+ v
2

n∑
m=2

pn+1−mδm

a , i = n, j = 1,
v2Pn+1−jε1

a , i = 1, 2 6 j 6 n,

Piv+ v

n∑
m=2

Pn+1−m(εm
i∑
h=2
Pi+1−hδh−δm

i∑
h=2
Pi+1−hεh)

a , 2 6 i 6 n− 1, j = 1,

v
Pn+1−j

i∑
h=2
Pi+1−h(εhδ1−δhε1)

a , 2 6 i 6 n− 1, 2 6 j 6 n,
Pn+1−jv− v

2Pn+1−jδ1
a , i = n, 2 6 j 6 n,

and

a =

n∑
m=1

Pn+1−m(δ1εm − ε1δm).

From (2.8) and (2.11), we have

(ăi,j)
n
i,j=1 =

1
v
∆−1 −

1
v2 (gij)

n
i,j=1,

where

ăi,j =



n∑
m=2

Pn+1−mεm

a , i = 1, j = 1,

−

n∑
m=2

Pn+1−mδm

a , i = n, j = 1,

−

n∑
m=2

Pn+1−m(εm
i∑
h=2
Pi+1−hδh−δm

i∑
h=2
Pi+1−hεh)

va , 2 6 i 6 n− 1, j = 1,
−
Pn+1−jε1

a , i = 1, 2 6 j 6 n,
Pn+1−jδ1

a , i = n, 2 6 j 6 n,

−
Pn+1−j

i∑
h=2
Pi+1−h(εhδ1−δhε1)

va , 2 6 i 6 n− 1, 2 6 j 6 n, i < j,

aPi−j+1−Pn+1−j
i∑
h=2
Pi+1−h(εhδ1−δhε1)

va , 2 6 i 6 n− 1, 2 6 j 6 n, i > j.
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Corollary 2.5. Let δj = δ+ (n+ 1 − j)d1 and εj = ε+ (n+ 1 − j)d2, j = 1, 2, . . . ,n in (1.1), where δ, ε, d1
and d2 are nonzero complex numbers. Then A−1 = (ȧi,j)

n
i,j=1, where

ȧi,j =



Pnε+(n−2)Pnd2+Pn−1ε+(n−1)Pn−1d2+d2−ε
2c , i = 1, j = 1,

−
Pnδ+(n−2)Pnd1+Pn−1δ+(n−1)Pn−1d1+d1−δ

2c , i = n, j = 1,
(δd2−εd1)b

4vc , 2 6 i 6 n− 1, j = 1,

−
Pn+1−j(ε+nd2)

c , i = 1, 2 6 j 6 n,
Pn+1−j(δ+nd1)

c , i = n, 2 6 j 6 n,
−Pn+1−j(εd1 − δd2)

Pi+1−i−1
2vc , 2 6 i 6 n− 1, 2 6 j 6 n, i < j,

Pi−j+1
v − Pn+1−j(εd1 − δd2)

Pi+1−i−1
2vc , 2 6 i 6 n− 1, 2 6 j 6 n, i > j,

(2.12)

b =Pi−1Pn −nPi−1 − PiPn−1 − (n− 1)Pi + iPn−1 + (i− 1)Pn +n− i,

c =(δd2 − εd1)
−2Pn − Pn−1 +n+ 1

2
,

and Pi is the ith Pell number.

Proof. We can obtain this conclusion by using (1.4), (1.5), and Theorem 2.4.

Corollary 2.6. Let δj = δq
j
1 and εj = εq

j
2, j = 1, 2, . . . ,n in (1.1), where δ, ε, q1 and q2 are nonzero complex

numbers. Then A−1 = (äi,j)
n
i,j=1, where

äi,j =



(q2
2Pn−1−q

n+2
2 +Pnq

3
2)ε

d+2q2d−q
2
2d

, i = 1, j = 1,

−
(q2

1Pn−1−q
n+2
1 +Pnq

3
1)δ

d+2q1d−q
2
1d

, i = n, j = 1,
εδe

vd(1+2q1−q
2
1)(1+2q2−q2

2)
, 2 6 i 6 n− 1, j = 1,

−
Pn+1−jεq2

d , i = 1, 2 6 j 6 n,
Pn+1−jδq1

d , i = n, 2 6 j 6 n,

−Pn+1−jδε(
Pi−1+q

2
2q1+Piq

3
2q1−q

i+2
2 q1

vd+2vdq2−vdq
2
2

−

Pi−1+q
2
1q2+Piq

3
1q2−q

i+2
1 q2

vd+2vdq1−vdq
2
1

), 2 6 i 6 n− 1, 2 6 j 6 n, i < j,
Pi−j+1
d − Pn+1−jδε(

Pi−1+q
2
2q1+Piq

3
2q1−q

i+2
2 q1

vd+2vdq2−vdq
2
2

−

Pi−1+q
2
1q2+Piq

3
1q2−q

i+2
1 q2

vd+2vdq1−vdq
2
1

), 2 6 i 6 n− 1, 2 6 j 6 n, i > j,

(2.13)

d =δε(
q2q1Pn + q2

2q1Pn+1 − q1q
n+2
2

1 + 2q2 − q
2
2

−
q2q1Pn + q2

1q2Pn+1 − q2q
n+2
1

1 + 2q1 − q
2
1

),

e =Pi−1(q
2
1q
n+2
2 − q2

2q
n+2
1 ) + Pn−1(q

i+2
1 q2

2 − q
i+2
2 q2

1) + Pn(q
i+2
1 q3

2 − q
i+2
2 q3

1)

+ Pi(q
3
1q
n+2
2 − q3

2q
n+2
1 ) − (Pi−1Pn − PiPn+1)(q

2
1q

3
2 − q

2
2q

3
1) − (qi+2

1 qn+2
2 − qi+2

2 qn+2
1 ),

and Pi is the ith Pell number.

Proof. We can obtain this conclusion by using (1.5), (1.6), and Theorem 2.4.

The next four theorems are parallel results of type I matrix B and Type II matrix C.

Theorem 2.7. Let B be given as in (1.2). Then we have

detB = (−1)
n(n−1)

2

n−1∑
m=1

Pn−m(δ1v
n−2εm+1 + (−1)n+1ε1v

n−2δm+1),

where Pi is the ith Pell number.
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Proof. Since detB = det În detA, where A is a triband Toeplitz matrices with permuted columns as given
in (1.1), În is an inverse unit matrix of order n. We obtain this conclusion by using Theorem 2.1 and
det În = (−1)

n(n−1)
2 .

Corollary 2.8. Let δj = δ+ (n+ 1 − j)d1 and εj = ε+ (n+ 1 − j)d2, j = 1, 2, . . . ,n in (1.2), where δ, ε, d1
and d2 are nonzero complex numbers. Then

detB =vn−2(δ+nd1)(ε
Pn−1 + Pn − 1

2
+ d2

(n− 2)Pn + (n− 1)Pn−1 + 1
2

)

+ (−1)n+1vn−2(ε+nd2)(δ
Pn−1 + Pn − 1

2
+ d1

(n− 2)Pn + (n− 1)Pn−1 + 1
2

),

where Pi is the ith Pell number.

Corollary 2.9. Let δj = δq
j
1 and εj = εq

j
2, j = 1, 2, . . . ,n in (1.2), where δ, ε, q1 and q2 are nonzero complex

numbers. Then

detB = δεq1(
q2Pn + q2

2Pn+1 − q
n+2
2

1 + 2q2 − q
2
2

− Pnq2) − δεq2(
q1Pn + q2

1Pn+1 − q
n+2
1

1 + 2q1 − q
2
1

− Pnq1),

where Pi is the ith Pell number.

Theorem 2.10. Let B be given as in (1.2). Then we have

B−1 = (ăi,n+1−j)
n
i,j=1,

where ăi,j is the same as (2.6).

Proof. We can obtain this conclusion by using B−1 = A−1Î−1
n = A−1În and Theorem 2.4, where A is a

nonsingular form such as (1.1) given a triband Toeplitz matrices with permuted columns. În is a reverse
unit matrix of order n.

Corollary 2.11. Let δj = δ+ (n+ 1 − j)d1 and εj = ε+ (n+ 1 − j)d2, j = 1, 2, . . . ,n in (1.2), where δ, ε, d1
and d2 are nonzero complex numbers. Then we have

B−1 = (ȧi,n+1−j)
n
i,j=1,

where ȧi,j is the same as (2.12).

Corollary 2.12. Let δj = δ+ (n+ 1 − j)d1 and εj = ε+ (n+ 1 − j)d2, j = 1, 2, . . . ,n in (1.2), where δ, ε, d1
and d2 are nonzero complex numbers. Then we have

B−1 = (äi,n+1−j)
n
i,j=1,

where äi,j is the same as (2.13).

Theorem 2.13. Let C be given as in (1.3). Then we have

detC = (−1)
n(n−1)

2

n−1∑
m=1

Pn−m(δ1v
n−2εm+1 + (−1)n+1ε1v

n−2δm+1),

where Pi is the ith Pell number.

Proof. Since detC = detAdet În, where A is a triband Toeplitz matrices with permuted columns as given
in formula (1.1), În is a reverse unit matrix of order n. We obtain this conclusion by using Theorem 2.1
and det În = (−1)

n(n−1)
2 .
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Corollary 2.14. Let δj = δ+ (n+ 1 − j)d1 and εj = ε+ (n+ 1 − j)d2, j = 1, 2, . . . ,n in (1.3), where δ, ε, d1
and d2 are nonzero complex numbers. Then

detC =vn−2(δ+nd1)(ε
Pn−1 + Pn − 1

2
+ d2

(n− 2)Pn + (n− 1)Pn−1 + 1
2

)

+ (−1)n+1vn−2(ε+nd2)(δ
Pn−1 + Pn − 1

2
+ d1

(n− 2)Pn + (n− 1)Pn−1 + 1
2

),

where Pi is the ith Pell number.

Corollary 2.15. Let δj = δq
j
1 and εj = εq

j
2, j = 1, 2, . . . ,n in (1.3), where δ, ε, q1 and q2 are nonzero complex

numbers. Then

detC = δεq1(
q2Pn + q2

2Pn+1 − q
n+2
2

1 + 2q2 − q
2
2

− Pnq2) − δεq2(
q1Pn + q2

1Pn+1 − q
n+2
1

1 + 2q1 − q
2
1

− Pnq1),

where Pi is the ith Pell number.

Theorem 2.16. Let C be given as in (1.3). Then we have

C−1 = (ăn+1−i,j)
n
i,j=1,

where ăi,j is the same as (2.6).

Proof. We can obtain this conclusion by using C−1 = Î−1
n A

−1 = ÎnA
−1 and Theorem 2.4, where A is a

nonsingular form such as (1.1) given a triband Toeplitz matrices with permuted columns. În is a reverse
unit matrix of order n.

Corollary 2.17. Let δj = δ+ (n+ 1 − j)d1 and εj = ε+ (n+ 1 − j)d2, j = 1, 2, . . . ,n in (1.3), where δ, ε, d1
and d2 are nonzero complex numbers. Then we have

C−1 = (ȧn+1−i,j)
n
i,j=1,

where ȧi,j is the same as (2.12).

Corollary 2.18. Let δj = δ+ (n+ 1 − j)d1 and εj = ε+ (n+ 1 − j)d2, j = 1, 2, . . . ,n in (1.3), where δ, ε, d1
and d2 are nonzero complex numbers. Then we have

C−1 = (än+1−i,j)
n
i,j=1,

where äi,j is the same as (2.13).

3. Algorithm and numerical example

In this section, we give an algorithms for finding the determinant and inverse of triband Toeplitz
matrices with permuted columns based on Theorems 2.1 and 2.4.

Algorithm 3.1. Calculate the inverse of triband Toeplitz matrices with permuted columns in Theorem 2.4.

Step 1: Input δ1 · · · δn, v, ε1, · · · εn, order n and generate Pell numbers by (1.4).

Step 2: By the formula (2.5), and output the determinant detA.

Step 3: By the formula (2.6), compute respectively the entries ăi,j.

Step 4: Output the inverse A−1 = (ăi,j)
n
i,j=1.
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Example 3.2. Consider a 4× 4 triband Toeplitz matrices with permuted columns:

A =


1 0 0 4
2 1 0 3
3 −2 1 2
4 −1 −2 1

 .

Show the steps required to calculate the inverse of A in detail according to Algorithm 3.1.

Step 1: Input δ1 = 1, δ2 = 2, δ3 = 3, δ4 = 4,n = 4, v = 1, ε1 = 4, ε2 = 3, ε3 = 2, ε4 = 1.

Step 2: Based on the formula (2.5), and output the determinant detA = −60.

Step 3: Calculate ă1,1 = −1
3 , ă1,2 = 1

3 , ă1,3 = 2
15 , ă1,4 = 1

15 , ă2,1 = −1
3 , ă2,2 = 7

12 , ă2,3 = −1
6 , ă2,4 = − 1

12 , ă3,1 =

−1
3 , ă3,2 = 1

3 , ă3,3 = 1
3 , ă3,4 = −1

3 , ă4,1 = 1
3 , ă4,2 = − 1

12 , ă4,3 = − 1
30 , and ă4,4 = − 1

60 .

Step 4: Based on the above step, output A−1 as

A−1 =


−1

3
1
3

2
15

1
15

−1
3

7
12 −1

6 − 1
12

−1
3

1
3

1
3 −1

3
1
3 − 1

12 − 1
30 − 1

60

 .
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