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Abstract

In this paper, we study the triband Toeplitz and Hankel matrices with permuted columns. We obtain expressions for the
determinants and the inverses of the triband Toeplitz and Hankel matrices with permuted columns by the Sherman-Morrison-
Woodbury formula, where the Pell numbers play an essential role.
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1. Introduction

In this paper, we study the determinants and inverses of triband Toeplitz matrices with permuted
columns and triband Hankel matrices with permuted columns, respectively. The matrix A = (a;; ){szl is
called a triband Toeplitz matrices with permuted columns, whose entries are as follows

54, 1<ig<n,j=1,
€i, 1<i<nj=n,
v, i=+22<j<n—1,
= —2v, i=j+1,2<j<n—1,
v, 2<i=j<n—-1,
0, otherwise,

where €1, €n, 81, - dn and v are complex numbers with v # 0. More explicitly,
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& 0 - e o0 €
& v 0 D e
5 —2v v : €3
A=16 —v —2v v . : : (1.1)
0 —v —2v . 0
; ; . g .V €n1
on O e 0 —v —2v en

nxn

Let 1,, be the n x n “reverse unit matrix”, which has ones along the secondary diagonal and zeros else-
where. That is,

0 0 1
= 0
0o . o

nxn

Let A be defined as in (1.1). A matrix of the form B := I,A is called a triband Hankel matrices with
permuted columns of Type I. A matrix of the form C := Al,, is called a triband Hankel matrices with
permuted columns of Type II. In this case, we say B and C are induced by A. That is,

on o - 0 —v —-2v €
o1 1 =V =2v v €pa
: 0 - . 0 en-o2
S 1.2
03 —2v . 0
I \Y 0 0 €2
01 o .- 0 €1 en
and
€1 0 ‘e 0 01
€2 0 0 A% 52
€3 0 ' —2v 53
C= : : B —y : . (1.3)
€n—1 0 0 6an
€n1 V. —2v —v .1 8a,
€n —2v. —v 0 --. 0 on nxn

Many special banded matrices, such as Toeplitz banded matrix, symmetric Toeplitz banded matrix,
especially tridiagonal Toeplitz matrix, can be seen in [4, 5, 8, 9, 12]. The inverse of Toeplitz banded matrix
has been studied by many scholars. For example, Roebuck and Barnett [14] made some good conclusions
about Toeplitz matrix. Yamamoto and Ikebe [16] studied the inverse matrix of general band matrix,
including the inverse matrix of special Toeplitz band matrix, while the concrete formula of the inverse
matrix of Toeplitz band matrix is deduced in [15]. Besides, Bareiss [2] proposed a recursive method for
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solving Toeplitz equations. Both [1, 11] gave a method for calculating the inverse matrix of symmetric
Toeplitz strip matrix. Especially, two special cases of two symmetric Toeplitz band matrices are studied
in [7, 13].

Now we introduce a Pell number sequence [3, 10, 17-19] that plays a very important role in our main
results. The Pell number P,, satisfies the following recurrence:

Phn=2P,_1+Pn_2, where Pg=0, P1=1, n>2. (1.4)
It could be verified that
mn
. 3In—2 n—1 1
;wi == Pnt—Pnaty, (1.5)

n-+

z(a;«éliﬁ). (1.6)

ip ol aPn +a?Ppi1—a
— nes 1+2a—a?

2. Determinants and inverses

In this section, we derive explicit formulas for the determinants and inverses of triband Toeplitz
matrices with permuted columns.

Theorem 2.1. Let A = (ai,j){szl (n > 3) be given as in (1.1). Then

n—1
detA = Z Pnfm(élvn_zem—l—l =+ (71)n+1€1vn—26m+1)/

m=1
where Py (i =n —m) is the i Pell number.

Proof. Expanding matrix A = (ai;){}_; (n = 3) by the first row, we get

detA = 5y det A+ (—1)"le; det A, (2.1)
where
Vv 0 N . e €7
—2v v €3
Aj = —v =2v v . : ,
0o —v —2v - 0 :
v €n—1
0 0 —v —2v e (n—1)x (n—1)
and
& v 0 R 0
03 —2v v :
Ay = 04 —Vv —2v v
0 —v  —2v 0
. . . . . v
on O e 0O v —2v

(n—1)x(n—1)
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By performing a series of elementary transformations on Aj, we obtain the matrix

B4

v
0
0
0

0
v
0 v
0 0

Calculating the determinant of matrix By,

Since all elementary transformation preserve the determinants, we get

Similarly, by performing a series of elementary transformations on A, we obtain the matrix

By =

We also have

detB; = v 2 Z Pr m€mai-

€2
€3+ 2er
€4+ 2€3+5¢p

n—2

Prnmeém+1

M

1
1

Prnmé€m+1
1

3
|

3
[

n—1

m=1

n—1

(n—1)x(n—1)

detA; =detB; =v* 2 Z Ph mE€ma1-

&
03 + 287
O4 + 203+ 50,

n—1

m=1

o o o <

Z Pn—m5m+1 0

m=1

0 ... ... 0
v
0o v .0
0 0 0
v
0 0 O
n—1

(n—1)x(n—1)

detA, = detB, = v 2 Z Paom®mi1.-

Based on (2.1), (2.3), and (2.4), we get

n—1

m=1

detA = Z Prom (81v™ Zempt + (1) ev™ 281 41).

m=1

(2.2)

(2.3)

(2.4)

Corollary 2.2. Let & = 0+ (n+1—j)diand ¢ = e+ (n+1—j)dy, j =1,2,...,nin (1.1), where 5, €, d;
and dj are nonzero complex numbers. Then

detA =™ 2(6 +ndy)(e

+ (=1)"" W2 (e +ndy) (5

Pn—l + Pn

1
+ dp

M—=2)Ph+(n—1)P1+1

)

2

Ph1+Pn—1

M—=2Ph+n—1)Pr1+1

5 +d;

2
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Corollary 2.3. Let 65 = éq% and €5 = eq;, i=12,...,nin (1.1), where 5, €, q1 and qo are nonzero complex
numbers. Then

q2Pn + q3Pn i1 — qo 2

14292 —q3

qlpn + q%Pn+1 - q111+2

14+2q1—q3

detA = deqq( —Pnq2) — deqn( —Pnq1).
Theorem 2.4. Let A = (ai,j){szl(n > 3) be given as in (1.1) and assume A to be nonsingular. Then A~! =

(di,j)i-q, where

i Prnii—mé€m
mzzf, 1= 1,] = 1,
iz Pn+17m.6m . .
_%/ . . 1= n,J = 1’
2 Poniimlem 2 Piy1-n®n—0m X Pij1 nhen)
—m= T b2 , 2<i<n—1,j=1,
di,j =494 Pniija i=12<j<n (2.6)
a 7 7 ~ ~ 7
M, i=n,2<j<2
a .
Priioj > Pirin(endi—dner)
_ = , 2<i<n—-1,2<j<n,i<]j,
aPij11—Pni1j i Pit1-h(end1—dner)
g , 2<isn-1L2<j<nizj,
n
a= Z Pn+17m(61€m - €15m)
m=1
and Py is the i Pell number.
Proof. We decompose A as follows
A =vA+LE, (2.7)
where
1 0
X 51 —V €1
-2 1 . 0 Sy +2v €
. . 03+ v €3
A= -1 -2 1 ’ L= 4 €4 4
0 -1 —2 1 : :
' 0 dn1  €n-1
0 0 -1 —2 1 dn  €n—V nx2
nxn
and
E— ( 10 --- -« 00 )
00 --- --- 0 1 Ixm

By some computation, it is not difficult to find that the inverse of A is

P, 0 - -+ 0
P> P :
A= : ,
Pn_1 T . Pq 0
Pn Pn—l e PZ Pl nxn

where P; is the i Pell number.
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Applying the Sherman-Morrison-Woodbury formula (see, e.g., [6, p.50]) to (2.7), we get

1 1 1
ATl =WA+LE) ' =-ATT - SATI(I4+ —EATTD) TTEATL (2.8)
v v v
Now we compute each component on the right side of (2.8). Multiplying A~! by E from left, we get
EA_l _ 1 0 e e 0 )
< Phn Ph1 -+ P2 Py >2><n
Consider multiplying EA~! by L from right yields, we get
= o u o (29)
B Z Pn+1fm5m Z Pri1-meém —P1v ) ’

Then multiplying (2.9) by < from the left and further adding I, we have

1 1 1 61 €1
I+-EA ' L=- = = . 2.10
v A% Z Pni1-mdm Z Prnil-mém ( )
Computing the inverse of the matrices on both sides of (2.10), we obtain
n
1 1 Z Pn+1fm€m —€1
(I+-EA7)t = - m=1 )
v v - Z Pn+1fm6m 61
m=1 2x2
where
n n
81 ) Pnii-mé€m —€1 )2 Pryi-mdm
d= m=1 m=1
= =
Multiplying A~! by L from the right, we get
51 —v €1
2 2
2 P3imbdm > Pimem
m=1 m=1
—1 _
ATL= n—1 n—1
Z Prn—mdm Z Phn—mem
m=1 m=1
n n
2 Pnii-mdm 2 Pnyi-mem—v
m=1 m=1 nx2
Multiplying (I+1EA™IL)~! by A7!L from the left, yields
. 1 P
AL+ iEa) 1o [ 2 P2 )
v
Xn Bn nx2
where
il Phil-meém
Vv — %, 1= ].,
o = 2 Pivin(dn X Pnii-mem—€n X Pnii-mdm)
t Pl\) + h=2 m—1 vd m=1 7 2 g i g n— 1/
i Pn+17m5m
e i=n,
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and
%’ i’ - 1/
Bi = hizzpi+l—h(€h61_5h€1) )
od , <ig<n—-1,
v— %1, i=n.

Multiplying the previous formula (I+ 1EA~IL) ' by A~L from the left and by EA~! from the right,
respectively, yields

_ 1 i\ —1g .o
G=ATL(I+-EAT'L) EA! = (gi)T_1, (2.11)
v ,
where
% i Pnii-mém
V- i=1,j=1,
Z Prsl-—mOm
an+v2m:2 < , ‘L:n/):l,
2P . .
v%‘]_lel, 1= 1,2 g ] < n,
gij = n i i
2 Ponrim(em 2 Piy1-nOn—0m X Pif1 nhen)
Piv +vo=t = h2 , 2<i<n—-1,j=1,
Puiioj 2 Pisi-n(€endi—dner)
v =2 , 2<ig<n—1,2<j<n,
Pn+17jv _VZ Pn+217j61/ i - nlz < J x 'Yy
and
n
a= Z Pn+1fm(61€m - €16111)~

m=1

From (2.8) and (2.11), we have

1, _ 1
(di)i5=1 = ;A T \j(gij)&':l,

where
n
Z Phii-meém
=2 .
" i=1,j=1,
mn
ZZ Pn+17m6m
e i=nj=1,
n i i
Zz Pruii-m(em Zz Pit1 ndh—0m Zz Pit1-hen)
= h= he . )
5 —m va , 2<is<n—1,j=1,
Ay = Prii—j€1 . .

v _%/ 1:112<]<n1
Pt ;61 ) .
==, i=n2<j<n,

i
Pni1-j 2 Pit1-h(end1—0ner)
— T , 2<i<n—-1,2<j<ni<j,
i
aPij11—Pni1j X Piti-n(endi—dner)
e , 2<isn—-L2<j<ni>j
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Corollary 2.5. Let &; = 0+ (n+1—j)dyand ¢ = e+ (n+1—j)dy, j = 1,2,...,nin (1.1), where §, €, d;
and dp are nonzero complex numbers. Then Al = (ai; )‘f’j:l, where

Pne+(n—2)Pnd2+Pn,%Ce+(n—1)Pn,1d2+d2—e/ i=1j=1,
_ Pnd+(n—2)Pndi+Pn 18+(M—1)Py 1di+d;—8 =1
(6dy—edy)b 2 ’ ; <T-L,] ' s
1, <i<n—-1,j=1,
ayj = —tnealeind) i=1,2<j<n, (2.12)
M, i=n2<j<n,
—Pri1—j(eds —8dy) Pl =L 2<i<n—1,2<j<ni<j,
D P (edy — 8dp) P, 2<i<n-12<j<nizj,

b :Pi—lpn — TIPi_l — Pipn—l — (Tl — 1)P1 + iPn—l + (1— 1)Pn +n— i,
2P —Pni+n+1

Cc :(5d2 — edl) 5 ,
and Py is the i Pell number.
Proof. We can obtain this conclusion by using (1.4), (1.5), and Theorem 2.4. O

Corollary 2.6. Let 65 = éq]i and €5 = eq;, i=12,...,nin (1.1), where 5, €, q1 and qo are nonzero complex
numbers. Then A~1 = (éii,j){szl, where

(a3Pn1— 97 +Pnqd)e

dt2qud—q2d ' i=1j=1,
_ (q%Pnfl_q?Jrz"‘an%)é . n .
d+2q15d7q%d ’ =n,) =1
€0e . . .
V{1124, q7) (11247 a3)’ 2sisn-lj=1,
P —5€Qq2 . .
_n+1d)q, i=1,2<j<n,
Pn+17'5q1 s .
aij = R ' i=n2<j<n, (2.13)
_P _5€(Pi—1+q§q1+Piq§q1—QE+2q1 .
n+1-j vd+2vdq,—vdq3
Pi1+9792+Piqiq2—qiq2 . . C
v¢il+2vd(;11vdq%1 ), A 2<isn—1L2<j<n i<,
Piji _p . ge(PritdaitPiadai—g; e
d n+l-j . vd+2vdqo—vdq3
Pi_1+did2+Pigid2—q;1%q2 - - LS
T Vdi2vdgvdql ) 2sisn-l2zsisniz)

4291Pn + 45q1Pni1 — 4145 % 42q1Pn + q7qaPny — qzq{‘”)
14242 —q3 142q1—q} !
e =P;_1(q7a3 " — 43q] ) + Pro1(ai" a5 — 45 72q7) + Pnlai a3 — a5 %a3)
+Pi(a3q " — q3q7 ) — (Pi_1Pn — PiPni1)(aiad — q3q?) — (i 2qp 2 — g 2q] ™),

and Py is the i Pell number.

d =b¢(

Proof. We can obtain this conclusion by using (1.5), (1.6), and Theorem 2.4. O

The next four theorems are parallel results of type I matrix B and Type II matrix C.

Theorem 2.7. Let B be given as in (1.2). Then we have
(n1) n—1
detB=(—1)" 7 Y Pn m(81v" Zemyr+ (—1)" ey 28m11),
m=1

where Py is the it Pell number.
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Proof. Since detB = det 1,, det A, where A is a triband Toeplitz matrices with permuted columns as given

in (1.1), I, is an inverse unit matrix of order n. We obtain this conclusion by using Theorem 2.1 and
(n—1)

detl, = (-1)" 7 . O

Corollary 2.8. Let & = 0+ (n+1—j)diand ¢ = e+ (n+1—j)dy, j =1,2,...,nin (1.2), where 5, €, d;
and dj are nonzero complex numbers. Then

Pho1+Pn—1 —2)P — 1P +1

detB = 2(5 4 nay)(e 21 EPn Ly g, (N AP E M P 4,

Ph1+Pn—1 —2)P —1)Pp_q+1
+(71)n+1vn—2(€+nd2)(6 n 1+2 n +d1(n ) TL"‘(TZL ) n—1+

),

where Py is the i™ Pell number.

Corollary 2.9. Let 6; = éqi and €5 = eq;, i=12,...,nin (1.2), where b, €, q1 and q are nonzero complex
numbers. Then

q1Pn + q3Pni1 — q)-2

14+2q1—q3

q2Pn + q%Pn—l—l — q?“

14242 — 45

det B = deq;( —Pnq2) — deqa( —Pnai),

where Py is the i Pell number.
Theorem 2.10. Let B be given as in (1.2). Then we have

B! = (dins1-)7-1/
where Q5 is the same as (2.6).

Proof. We can obtain this conclusion by using B~! = A~!I;;1 = A~!1,, and Theorem 2.4, where A is a
nonsingular form such as (1.1) given a triband Toeplitz matrices with permuted columns. I, is a reverse
unit matrix of order n. O

Corollary 2.11. Let 65 =0+ (n+1—j)diand e = e+ (n+1—j)dz, j =1,2,...,nin (1.2), where §, €, d;
and dj are nonzero complex numbers. Then we have

B '= (Qin+1-j)Tj=1/
where & ; is the same as (2.12).

Corollary 2.12. Let 8 =0+ (n+1—j)diand ¢ = e+ (n+1—j)dy, j =1,2,...,nin (1.2), where d, €, d;
and dy are nonzero complex numbers. Then we have

B~ = (dint1-5) =1
where @y ; is the same as (2.13).

Theorem 2.13. Let C be given as in (1.3). Then we have
n(n—1) n—l
detC = (—1)"5 Y P8V Zemyr + (1) ey 250014),
m=1

where Py is the it Pell number.

Proof. Since det C = det A det 1., where A is a triband Toeplitz matrices with permuted columns as given

in formula (1.1), I, is a reverse unit matrix of order n. We obtain this conclusion by using Theorem 2.1
(n—1)

and detl, = (-1)" 7 . O
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Corollary 2.14. Let 8 =0+ (n+1—j)diand ¢ = e+ (n+1—j)dy, j =1,2,...,nin (1.3), where 5, €, d;
and dj are nonzero complex numbers. Then

Po1+Pn—1 —2)Py 4 (n—1)Ppy_y +1
det C =v"2(5 +ndy) (e 1+2 n—l, ;=2 n+(T2t Proi+1)

Pp1+Pn—1 —2)P —1)Py_ 1 +1
+(—l)“+1v“_2(€+nd2)(6 n 1+2 n _|_d1(n ) n"‘(; ) n—1+

),

where Py is the i Pell number.

Corollary 2.15. Let &5 = 6q]i and €5 = eq%, j=1,2,...,nin (1.3), where 5, €, q1 and qo are nonzero complex
numbers. Then

qlpn + q%Pn—b—l - q.1n+2

142q1—q3

q2Pn + q3Pni1 — qi 2

detC =5
e €qs( 15200 —

- anl)/

- anZ) - 6€C|2(

where Py is the i™ Pell number.
Theorem 2.16. Let C be given as in (1.3). Then we have

C! = (dns1-1) -1/
where Q5 is the same as (2.6).

Proof. We can obtain this conclusion by using C~! = I;'A~! = I,A~! and Theorem 2.4, where A is a
nonsingular form such as (1.1) given a triband Toeplitz matrices with permuted columns. I,, is a reverse
unit matrix of order n. O

Corollary 2.17. Let 8 =0+ (n+1—j)diand ¢ = e+ (n+1—j)dy, j =1,2,...,nin (1.3), where 5, €, d;
and d; are nonzero complex numbers. Then we have

Cl= (Ant1-15)i5-1,
where & ; is the same as (2.12).

Corollary 2.18. Let 6; =0+ (n+1—j)diand e = e+ (n+1—j)dz, j =1,2,...,nin (1.3), where §, €, d;
and dy are nonzero complex numbers. Then we have
C' = (dns1-1j)Tj=1/

where G5 is the same as (2.13).

3. Algorithm and numerical example

In this section, we give an algorithms for finding the determinant and inverse of triband Toeplitz
matrices with permuted columns based on Theorems 2.1 and 2.4.
Algorithm 3.1. Calculate the inverse of triband Toeplitz matrices with permuted columns in Theorem 2.4.
Step 1: Input 81 ---0n,V, €1, - - €n, order n and generate Pell numbers by (1.4).
Step 2: By the formula (2.5), and output the determinant det A.
Step 3: By the formula (2.6), compute respectively the entries d; ;.

Step 4: Output the inverse A~! = (di; )51
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Example 3.2. Consider a 4 x 4 triband Toeplitz matrices with permuted columns:

1 0 0 4
2 1 0 3
A=l3 2 1 2
4 -1 -2 1

Show the steps required to calculate the inverse of A in detail according to Algorithm 3.1.
Step1: Input o1 =1,00=2,03 =3,04 =4n=4v=1€e1=4e=3,e3=2,e4=1.

Step 2: Based on the formula (2.5), and output the determinant det A = —60.

. - _ 1 « _ 1 = 2 0« 1 « _ 1 « _ 7 x _ 1 « _ 1 _
Step 3: Calculate dy; = —3,d12 = 3,013 = 75,014 = 75, 02,1 = —3, 822 = 15,023 = —¢, 024 = — 75,031 =

1 = 1 % 1 5 1 % 1 1 1 < 1
—3,432 = 3,433 = 3,434 = —3,041 = 3,442 = —15,Ud43 = —3p, and dgq = ~80"
Step 4: Based on the above step, output A~! as

11 21

3 3 15 15

: I A B |
—1 _ 3 12 6 12
A= 1 1T 1 _f
3 3 3 3

IR W TR |

3 12 30 60
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