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Abstract

In this paper, we construct delayed HIV dynamics models with impairment of B-cell functions. Two forms of the incidence
rate have been considered, bilinear and general. Three types of infected cells and five-time delays have been incorporated into
the models. The well-posedness of the models is justified. The models admit two equilibria, which are determined by the basic
reproduction number Ry. The global stability of each equilibrium is proven by utilizing the Lyapunov function and LaSalle’s
invariance principle. Numerical simulations illustrate the theoretical results.
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1. Introduction

Modeling the HIV dynamics has received considerable attention from mathematicians during the
recent decades. A vast of mathematical models focused on exploring the relation between three main
compartments, uninfected CD4" T cells (U), infected cells producing viruses (I), and HIV particles (P).
The first HIV dynamics model was proposed by Nowak and Bangham [45] as:

U(t) = p —yU(t) — wU(t)P(1), (1.1)
I(t) = wU(t)P(t) — BI(t), (1.2)
P(t) = BMI(t) — EP(t) (1.3)

The production and death rate constants of compartments (U, I, P) are give by (p, w, ) and (y, 3, &),
respectively. The term wU(t)P(t) represents the incidence rate of infection, where w is a positive con-
stant. During the recent decades, much more modifications on the basic HIV dynamics model have
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been introduced (see e.g. [2-6, 8-30, 46, 47, 52, 54]). Time delay between the initial virus contacts
an uninfected cell and the production of new active viruses plays an important role in virus dynam-
ics modeling. Time delay has been incorporated into the virus dynamics models in several works (see e.g.
[6, 13, 14, 32, 35, 36, 38, 39, 44, 48]). Mathematical models which include time delays are more accurate
representations of biology when compared to the models without considering time delays.

One of the most important extensions to model (1.1)-(1.3) is to incorporate the population of the B
cells. The function of B cells is to produce antibodies which bind to virus particles and mark it as a
foreign structure for elimination by other cells of the immune system [46]. The antibodies can neutralize
viruses and protect the body from infection [40]. The basic virus dynamics model with B cell immune
response has been presented by Murase et al. [43]. Wang and Zou [53] have proposed the following
model which takes under consideration the time lag between the virus contacts an uninfected cell and the
production of new mature viruses.

U(t) = p —yU(t) — wlU(t)P(t),

I(t) =w (t )Pt —11) — BI(t),
P(t) = »I(t —12) — EP(t) — pP(t)C(t),
C(t) = eP(t)C(t) — pC(t),

where C(t) is the concentration of B cells. The term pP(t)C(t) represents the neutralization rate of HIV
particles. Parameters ¢ and p are the proliferation and natural death rate constants of B cells, respectively.
Parameter T; represents the time between an HIV contacts an uninfected CD4™ T cell and the cell becomes
infected. The immature virus needs time T, to be mature. Many delayed viral infection models are
developed with B cell immune response (see e.g. [19, 37, 42, 50, 51]). Nowak and May [46] have assumed
a linear term for immune stimulation: B cell abundance increases in response to free HIV particles at rate
eP(t) and this leads to C(t) = eP(t) — uC(t).

On the other hand, there are some factors affect the B-cell function and cause the impairment of the B
cells [1, 4, 7]. These factors include malnutrition, tumors, cytotoxic drugs, irradiation, aging, trauma, some
diseases, e.g. diabetes, and immunosuppression by microbes, e.g., malaria, measles virus but especially
HIV [40]. However, all previous delayed HIV models that constructed with B cell immune response
ignoring the B-cell impairment. Miao et al. [41] have proposed a virus dynamics model with humoral
impairment, but they did not studied the global stability analysis of the model.

The objective of the present paper is to propose and analyze two delayed HIV dynamics models
taking into account the impairment of B cell functions. The infected cells are supposed to divided into
three classes, latently infected, short lived productively infected, and long lived productively infected.
The linear immune response is considered. In the second model, the incidence rate is given by a general
nonlinear function. The nonnegativity and boundedness of the solutions are proven. The global stability
of all equilibria of the models are established by constructing Lyapunov functions.

2. Delayed HIV infection model with B-cell impairment

The first suggested delayed HIV infection model with B-cell impairment is given by:

U(t) = p—yU(t) — (w1 + wa + w3)U(t)P(t), (2.1)
L(t)=e O TwU(t—1)P(t—11) — (C+v)L(1), (2.2)
i(t) = e WUt — )Pt — o) + VL(t) — BI(t), (2.3)
Ot) = e OB wsU(t —3)P(t — 13) — AO(t), (2.4)
P(t) = e M HBM I(t —14) + e B BAML0(t —15) — EP(t) — pP(1)C(t), (2.5)
C(t) = eP(t) — uC(t) —dP(1)C(t), (2.6)
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where L(t), I(t), and O(t) represent, respectively, the concentration of the latently infected cells, short
lived productively infected cells, and long lived productively infected cells at time t. The term (w; +
wy + w3)U(t)P(t), represents the incidence rate. Latently infected cells die with rate CL(t) and they are
transmitted to short lived productively infected cells with rate vL(t). Parameters M; and M, are the
average number of HIV particles generated in the lifetime of the short lived productively infected cells
and long lived productively infected cells, respectively. Parameter A is the natural death rate constant of
the long lived productively infected cells. The B cell impairment rate is given by 9P(t)C(t). All previous
described parameters are positive constants. Parameters T1, T, and T3 represent the times between HIV
contacts an uninfected CD4™ T cell and the cell becomes latently infected, short lived productively infected
and long lived productively infected, respectively. The factor e ®<Tx, k = 1,2,3 represents the damage
of CD4" T cells during the interval [t — Ty, t]. The parameters t4 and 75 represent the time necessary
for producing new mature HIV particles from the short lived productively infected cells and long lived
productively infected cells, respectively. The factors e %™ and e~ 9 represent the loss of short lived
productively infected cells and long lived productively infected cells during the intervals [t —T4,t] and
[t — 15, t], respectively. Here, 11, T2, T3, T4, and 75 are positive constants.
The initial conditions of model (2.1)-(2.6) are

)
= @3(s), Ofs) = @u(s),
), Cls) = @s(s),
>0,sec[-T,0, i=1,2,...,6,

2.7)

where T = max{ty, T2, T3, T4, T5} and (@1, @2, ..., 9e) € C([-T, O],]R;O), where C is the Banach space of con-
tinuous function mapping the interval [—7, 0] into 1R6>0. By the standard theory of functional differential
equations [31, 34], we know that the system has a unique solution satisfying the initial conditions (2.7).

Proposition 2.1. Let K(t, @) be the solution of the model (2.1)-(2.6) with the initial conditions (2.7), then U(t),
L(t), I(t), O(t), P(t), and C(t) are all non-negative and ultimately bounded for all t > 0.

Proof. Assume that U(t) losses its positivity on some local existence interval [0, j] for some constant j and
let j* € [0,j] be such that U(j*) = 0. By Eq. (2.1), we have U(j*) = p > 0. Hence U(t) > 0 for some
t € (§%,* + ), where k > 0 is sufficiently small. This leads to contradiction and thus U(t) > 0, for all
t > 0. Furthermore, for all t € [0, T] we have

t

L(t) = @a(0)e~ (¢TIt 4 eemwlj e~ (EPVI=X (x — 17)P(x — 1y )dx > 0,
0

t
I(t) = @3(0)e P* +J e P (e7 %22y U(x — 1) P(x — T2) + VL(x)) dx > 0,
0

t
O(t) = ps(0)e M + eemwaj e MU (x — 13)P(E —13)dx = 0,
0

t
P(t) = ps(0)e loErpciuial +J e M EFPCIAL (e-0Tig M T(x — 1) + e OTBAM,O(x — T5)) dx > 0,
0

t
C(t) = @g(0)e JolmroP(LIaL EJ e [\ (HHOPdlp )4y > 0.
0
Thus, by a recursive argument, we get L(t), I(t), O(t), P(t), C(t) > 0 for all t > 0. Hence, ]R6>0 is positively
invariant for model (2.1)-(2.6). Next, from Eq. (2.1) we obtain U(t) < p —+yU(t). This implies that
limy 00 sup U(t) < % Let

—0111 —01 —0373
wie woe wi3e
Fi(t) = — 2 Ut—1y) + —2 U(t—1p) + ——

= _ ————U(t—m73) + L(t) + I(t) + O(t).
w1+ wo + ws w1+ w2 + w3 w1+ w2+ ws
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Then
. wlefel'rl
Ft) = —————[p—yU(t—711) — (w1 + w2 + w3)U(t — T1)P(t —71)]
w1 + W2 + w3
wze_eﬂz
——————— [p—yU(t —T2) — (w1 + w2 + w3)U(t — T2)P(t — T2)]
w1 + W + w3
wsze 9T

——————— [p—yU(t —13) — (w1 + w2 + w3)U(t —T3)P(t —
w1+w2+w3[p YU(t —13) — (w1 + w2 + w3)U(t — 13)P(t —13)]

+e N U(t— )Pt — 1) — (C+V)L(t) + e 922wl (t — 1) P(t —T2) + VL(t) — BI(t)
+e 9B U (t —13)P(t —13) — AO(t)

—04T —017T —0,T —0)T
wie 1t wie 1t wne 212 wne 212
=1 Yo Ult—1) + —= - Ut — o)
w1 + W2 + w3 w1+ w2 + w3 w1 + W2 + w3 w1 + W2 + w3
—0373 —0373
ws3ze Ywse
— U(t —73) — CL(t) — BI(t) — AO(t)
w1 + W2 + w3 w1 + W2 + w3
—01711 —0212
wqe woe
<p—op | ——Ut—1) + —————U(t— 1))
w1+ wa + w3 w1+ W + w3
wsze 9373

D1ty T s ) AL+ I +O(1)

=p—o1Fi(t),

where o7 = min{y, ¢, 3, A}. Hence, lim_,o, sup Fy(t) < s;, where s; = Uﬂ. Since U(t),L(t), I(t) and O(t)
1
are all non-negative, then lim; ., sup L(t) < sy, limsup, , I(t) < s; and limsup, ,  O(t) < s for all

t > 0. Moreover, let Fo(t) = P(t) + z—iC(t). Then

g tan &9

Fo(t) = e O HBMyI(t — 1q) + e B TSAM,O(t —15) — EP(t) — pP(1)C(t) + EP(t) — ZC(t) — ZP(t)C(t)
= e UM I(t—1y) + e BTBAMLO(t —T5) — éP(t) — Qcm — <p + &9> P(t)C(t)
2 2¢ 2¢
< BMyI(t—14) + AMLO(t —T5) — %P(t) — %C(t)
< BMast + AMys; — SP(t) — SEC(t)
£

< BMist + AMasy — 02Fa(t),

BMisy + AMjysq
02

where 0, = min{i, p}. Hence, lim_,, sup F2(t) < s, where s, = . The non-negativity

of P(t) and C(t) implies lim¢_,o sup P(t) < sz and lim¢_,o sup C(t) < s3, where s3 = 26(:2 O

The basic reproduction number for model (2.1)-(2.6) is defined as

p [wlleefelTlfe4T4 + (C + '\/) (w2M16762T2794T4 + w3M26793T3765T5):|
Ey(C+v)

Rp =

Lemma 2.2. Consider model (2.1)-(2.6), then

(i) if Ro < 1, then the model has only one equilibrium point EPy;
(ii) if Ro > 1, then the model has two equilibria EPy and EP;.
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Proof. At any equilibrium EP(U, L, I, O, P, C) we have

p—yU— (w1 +ws+ws)UP =0, (2.8)

e 91T W UP — (C+ V)L =0, (2.9)

e 2w, UP 4+ vL— BRI =0, (2.10)

e 9T wUP — A0 =0, (2.11)

e O UBM I+ e B TBAML0 — EP — pPC =0, (2.12)

eP—uC—9PC =0. (2.13)

From equations (2.8)-(2.13) we get an infection-free equilibrium EPy = (Uy,0,0,0,0,0), where Uy = % and

a unique endemic equilibrium EP; = (Uy, Ly, 11, Oy, Py, C1), where

U = p L= e “Mpwi Py
Y+ (w1 + wa + w3) Py’ (C+v) (v + (w1 + w2 + w3)Py)’
P (e792m2wy (L + V) + e %1T1vawq) Py 0, e 9Tpw,Py
BC+V)(y + (w1 + w2 + w3)Py) Aly + (w1 + w2 + ws3)Py)’
po_ —b+vb2—4ac Py
= 2a ’ LT+

where

1
a= ) [e 11— 04Tiy 01 2My w3 + 2e 1T ATy p P My g wpwa e 91T 4Ty p P My g (w4 w3)

+ 26_61T1_94T4vpu21\/l1w%(w2 +w3)+ (C+v) (e_e3T3_9515pu2M2w§ + 27920 04Tu 5 2V wq w

4+ 2e 03T3—057s pu2M2w1w§ + 6792T2794T4pu2M1 wzwg + 26793T3795T5pp,2M2w2w%
+e 0T My wiws + e BTSSP My wiws + 26 2™ Mo My wjws
+ e~ 90T 0 2M wlws + 26072 04T o UMy o wows + 2e BT 01 My wg o ws
+6792Tz*94T4pu2M1w% + {)gpyg’)} ,
1

_ 2

+ wapuMaoe BTT5 (4 v) (w1 + w3) + wawzpp(C +v) (e 9220 TIM e BT 05T ,)
+ wrppMye %220 (T4 v) (W + wa) + wippvMie O 0T (W + Wy + ws)],
c=¢&(1—Ro).

Therefore, if Ryp > 1, then ¢ < 0 and P; > 0. Then the equilibrium EP; exists when Ry > 1.

2.1. Global stability of equilibria
Define the function G(u) =u—1—Inu. Clearly, G(u) > 0, for u > 0 and G(1) = 0.

Theorem 2.3. Let Ry < 1, then EPgy of model (2.1)-(2.6) is globally asymptotically stable (G.A.S).
Proof. Construct a Lyapunov function Wy(U(t), L(t),I(t), O(t), P(t), C(t)) as:

Ut Mie %™
Wozhqu< ()>+V 1€

Uy C+v
vMwqe 91T 04
C+v

Jt U(s)P(s)ds + Mjwpe 927204 Jt U(s)P(s)ds

t—T t—1

L(t) + Mie 9 ™I(t) + Mae T 0(t) + P(t) + % (1—Rp) C(t)
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t t t

I(s)ds + /\M2695T5J O(s)ds,

t—15

+ M2w3693T395T5J

t—13

U(s)P(s)ds + BM1694T4J

t—1y
where

h:
w1 + W + w3

1 <VM1w1eelT194T4

T + leze—92T2—94T4 + Mzwge—es’fs—es’fs) .

dW
Calculating d—to, we get

= (1= ) (0 YU — w1+ wa + walU(OP(E)

vM e 944

e

+Mye %™ (e 922w, U(t — 1)P(t — T2) + VL(t) — BI(t))
+Moe ™ (e BB wsal(t —13)P(t — T3) — AO(t))

+ BMe %™ I(t — 1) + AMpe 950t —15) — EP(t) — pP(1)C(t)

(e %™ W U(t—1y)P(t—11) — (C+ V)L(1))

+ % (1—Ro) (eP(t) — pC(t) —IP(t)C(t))

vMwqe 9171044
C+v
+ M1(U2€762T2764T4 (U(t)P(t) — U(t — Tz)P(t — Tz))

+ Mpwse 93T =95Ts (L (1)P(t) — U(t — 3)P(t — 13))
+ BMie 9T (I(t) — I(t —14)) + AMoe %™ (0O(t) — O(t — T5))

(U(L)P(t) —U(t —T1)P(t — 1))

_n <1 _ J&) (0 —YU®)) +hws + ws + ws) UgP() — EP() — pP()C(E) + £(1 — Ro)P(H)

3
~ - Ryt - L -RPEC(H).
We have &Ry = hlllg(w1 + wy + w3), then
h(wq + wy + w3)UgP(t) — EP(t) + (1 — Rp)P(t) = 0.

Then
dwo  —hy(U(t) —Up)?  &p

&9
dt ut) _T(l—Ro)C(t)— <P+€(1—Ro)> P(t)C(t).

dW, dW,
Since Ry < 1, then for all U(t), P(t), C(t) > 0 we have dtO < 0. Moreover, d—to =0 when U(t) = Uy and

C(t) =0. Let Dy = {(U(t),l_(t), I(t), O(t),P(t), C(t)): Wo = 0} and Ny be the largest invariant subset

dt
of Dyg. The trajectory of model (2.1)-(2.6) tend to Ny [31]. All the elements of Ny satisfy U(t) = Uy and
C(t) = 0. Then Eq. (2.6) yields

C(t) =0 =eP(t) = P(t) =0, forallt.
Also from Eq. (2.5) we get
0="P(t) = e " ™BMI(t—14) + e BTBAM,O(t — T5).

The nonnegativity of I and O implies that I(t) = O(t) = 0 for all t. Then from Eq. (2.3), we have
0 = I(t) = vL(t). It follows that, L(t) = O for all t. Hence, Ng = {EP;}. From LaSalle’s invariance principle
(L.I.P), we derive that if Ry < 1, then EPj is G.A.S. O
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Theorem 2.4. Let Ry > 1, then EP; of model (2.1)-(2.6) is G.A.S.
Proof. Define Wy (U(t),L(t),I(t), O(t), P(t), C(t)) as:

B u(t) vM e 04T L(t) o4t I(t) ot O(t)
Wi = hU4 G < U > + v L[,G (Ll) + Mje LG <11 > + Mpe %5041 G 701
P(t) P 2
1 PG ( o > + e (C0 -,

Note that from the equilibrium condition (2.13) that

e—9C; = HTCl > 0.
1

aw,

dt
aw. u

dt“ =h <1 — u(i)) (p—YU(t) — (w1 + wy + wz)U(t)P(t))

—94"(4
VMcl-ew ( - Lﬁ)) (e @M wiU(t—m)P(t—m) — (¢ + VIL(Y)

+ Mye 94T <1 - I(t)> (e 92w U(t — T2)P(t — T2) + VL(t) — BI(1))

(?(;) (e %M wsl(t —13)P(t —T3) — AO(t))

Calculating !

, we obtain

+ Mpe 9575 <1 —

" (1 N PT%) (e % ™BMyI(t—14) + e FSAMRO(t —15) — EP(t) — pP(t)C(t))

+ P (C(t)—Cy) (eP(t) — uC(t) — OP(H)C(L)).
s—ﬁCl

Define Wy, (U(t), L(t), I(t), O(t), P(t), C(t)) as:

YMywye”m O * (U(S)p(S))
Wi = U, P G|————)ads
2 C+v i t—m U Py
rt u
+ leze*%”*e”‘*uml G <(s)p(s)> ds
t—1 U1P1
rt
+ M2w3€793T3795T5U1P1 G (U(S)p(S)> ds.
Ji—, U Py
dw-
Calculating =12 e get
dt
dWip _ vMywie O, o TUP(E) Ut —m)P(t—m) g (Y= TIPE =T ]
dt C+v e Uy Py U(t)P(t) ]
I [U(t)P(t) U(t—T)P(t—T2) Ut —m)P(t—12) ]
021204741, P _ 1
Mz Y wpy Uy Py n U(t)P(t) |
037 [U(t)P(t)  U(t—T3)P(t—T3) Ut —13)P(t—13) ]
M 0370575, P 1 :
- Viawse Y wpy U Py o U(t)P(t) |

Define Wq3(U(t), L(t), I(t), P(t), P(t), C(t)) as:

t I t
W13 = BM1€94T411J G (gs)) ds+/\MzeS5T501J G <O(S)> ds.
T4 s

t— 1 t
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Wi3

Calculating d as:

dWiy3
dt

= BMje 9T [I(t) _ M +1In (I(tl(_t)u)>]

i I
+ AMye %150, [ch:) — O(to_l Ts) +1In <O%(_UT5))] .

Construct a Lyapunov function Wy (U(t), L(t), I(t), O(t), P(t), C(t)) as

Wi = Wip + Wiy + Wis.

Then
dWw;  dWy n dWqs N dWi3

dt dt dt dt -

Now we have

dTV\t/l =h (1 o Lﬁlt)) (p —’YU.(t)) +h(w1 + wy + CU3)U1P(t)

M —01T1—04714 L
_ YMadne U(t—11)P(t— 1) —~ + vMye %™,

C+v L(t)
— leze—92T2—94T4u(t —)P(t— TZ)IE) _ VM16—94T4L( )Iil) 4 BMye” 94T411
_ M2w3e*837379515u(t — T3)P(t _ 13) O‘i}() + AM26—64T4 O1
—BMye I(t T4)P(t) AMoe 90t — TS)P(t) E(P(t) —Pq)
—p(P(t)—Py)C(t) + : —%Q (C(t) — Cq) (eP(t) — uC(t) —dP()C(t))
vMjw e im0 (t—1)P(t—T1)
v ()
i ()
(t—13)P(
JP(

t—
+ M2w36763T3795TSU1P1 In < 0 T3)>

) + AMye 950, In (

u()p
I(t—74)
I(t)

From the equilibrium conditions, we have:

+BMie %™ In < Olt~5) T5)>

O(t)

p=vUp + (w1 + wz + w3)Uy Py,
vMjwie 91110414
C+v
BMie % ™I = Mywe™ 2™ % T U Py + vMe %L,
Mywse™ B39 Py = AMpe %50;,
EP1+pP1Cr = e M UBM Ty + e~ P AM, 0,
eP1 = uCqy +9P1C1.

Ui Py = vMje 94T,

Utilizing the equilibrium conditions for EP;, we get

dW- u
ditl =h (1 - u(}[)) (YUq + (w1 + w2 + w3)Us Py —yU(t)) + h(wg + wy + w3)Uq P(t)
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L1U(t — Tl)P(t — Tl)
L(t)UyPq

Iﬂl(t—’[‘z)P(t—Tz)
[(t)U Py

IlL( ) —07T2—0471y —0471y —05T Olu(t_T3)P(t_T3)
~_AM 5750
0L +Mjwse U Py +vMye L —AMge 1 O(t)U; P

P1I(t—T4) —0st5 4 P10(t —75)
pion, M PO 0,

—§&(P(t) = P1) —p(P(t) = P1)C(t) + p(P(t) — P1)Cy — p(P(t) — P1)Cq

+ . _%Cl (C(t) — Cq) (eP(t) — uC(t) = 9P(t)C(t) — €P; + uCq +9P1Cq —9P(1)Cq +9P(1)Cy)
U(t—1)P(t— 1)
U(t)P(t) >

O(t—rm5)
o)

—vM, e %4 | N +vMy e %4 L —My w26792T2764T4 u;Pq

— vMye 04T,

+ /\M26_95T5O1 — (M1w26_92T2_94T4U1P1 +VM1€_64T4L1)

Ut —t)P(t—
U(t)P(t

(
Qe U(t—13)P(t —13)
93’[3 65T5u P 1 3
+ Mowse 1P1 n( UOP()

+vMye %L In ( ] Tl)) + Mjwye 920204y, Py In (

) + AM,e~ 95750, In (

I(t—m1y)
I(t) ) '

+ (leze_esz_e4T4U1P1 + VM16_94T4L1) In (

Simplifying the result, we obtain

dWl _ (u(t)iuljz —94T4 . u1 —92’[2—94"{4 _ ul
Tl 71/1’1711(’[) +vMe L (1 o +Mjwze WPy (1 e
—057T Uy —047 —0,Ty— 04T —057T P(t)
+ AMae %570y (1— o ) 4 (YMie T + Mywae™ 20T Py 4 AMe %50, ) T2
u(t) Py
_ LU(t—m)P(t—m) _ 0yt LUt — )Pt — 1)
_ 0474 1 1 04747 . _ 0212— 04714
vMqe L L(t)ulPl +vMje L —Mjwsye U, P I(t)u1P1
_ LL(t) P _ . O U(t —t3)P(t —3)
_ 0414y -1 02720474 0447 0575
vMje Ly 0L + Miwse UPy +vMye L1 — AMye (0]} O(OU;P;
_ _ _ _ PiI(t—14) _ P10(t—T5)
05T _ 0,T,— 04T 04T 1 4/ 05T 1
£ AMye 95750, (M1wze 2T2=0uTa Py yM e % 4L1) pon, ~WMae SO
—9C
~ (€4 pCO)PL) — 1) —plP() ~ PL(C(D) — €1)+ 2= TR (1) - ) (Prv) - Py)
~ p(p+9P(H) PN 04 U(t—1)P(t— 1)
7&—8(:1 (C(t) C1)"+vMye L1In UOP[)
_ _ U( P U.(th3)P(th3)
0,T7—0471y 0313—057T5
+ Miwse U;P11In ( (1) > +Mowsze U;P11In ( WP >
I(t—74) — O(t —s5)
0212047y 0474 0575 )
(M1w2€ WPy +vMie™ L )1 ( It > + AMye O1In ( o) > .
We have
1
—(&+pC1)(P(t) = P1) = —o- (BM1e™ ™1 + AMae™ %0y ) (P(t) — Py)
1
—0T—04T —047T —05T P(t)
= (M1w2€ 2027 P+ vM e Pf ML + AMe™ 0 501) 1—P7 .
1
Then % will be
dt
dw, (U(t) = Uy)*  p(i+9P(t)) 2
—— =—vh — C(t)—C
a YU c—og, (cW-C
_ U Liuit—m)Plt—m) GLLE) Pt —14)
Mye %4TL, [4— —
vivhe T { uf) LU Py 0L PG

+ Mywpe— 02— 0uTs | Py [3_ U; LUt —T)P(t—1) Pll(t—’&;)}

ut) I(t)Us Py PO
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+ AMye %70, [3_ U OU(t—m3)P(t—13) P1O(t— Ts)}

u) O(t)UsPy

P(t)
o () o (155

o (B )

0575 Ut — T3 P t— T3)
AMae Odm< Uor >+m( o) ﬂ

Note that
U(t—Tl)P(t—Tl) L1U(t—T1)P(t—T1) IlL(t) I(t)Pl U1
1“( P ):m( LU Py )+m<mnﬂ+m(mm0+m<wu)
In <U(t—T2)P(t—T2)> I <11U(t—T2)P(t Tz)) 41 <I(t)P1> +in <111>
U(t)P(t) B I(t)U; Py I,P(t) U(t)
In <u(t—13)P(t—13)> I <01U(t—T3)P(t T3) 1 (O(t)P1> i n <L11>
U(t)P(t) B O(t)U; Py O1P(t) U(t)
In <I(t—’1’4)> In <P11(t—’1’4)> In <P(t)11>
I /) P(t)L PI(t) )’
ln<o(t_T5)> In <P10(t—T5)> In (P(t)01>
o) ) P(t)O4 PO(t) /)"
Then will be
dws  (Ut)—W)*  p(p+9P(t) 2
F__Yh U Rr—Te (C(t) —C1)

—04T4 Uy Liu(t—1)P(t—1) LL(t) P1I(t —T4)
—Mae L46<wﬂ>+6< LOP, )+G<Hﬂh>+6< P{UT, H

—Mywge™ 20 %my, py [G (ul)> +G <Ilu(t_mp(t_m) +G <Pll(t_T4)>]

U(‘t I(t)u1P1 P(t)Il
sts Up O1U(t — 13)P(t —T3) P1O(t —15)
~AMae 04G<ww)+G< O[O P; )+G< P00, )}

Then for all U(t),L(t),I(t),O(t), P(t), C(t) > 0 we have d(\;}c/ < 0. In addition, d(\i/l/ =0 when U(t) = Uy,
L(t) = Ll/ I(t) = Il/ O(t) = Ol/ P(t) = Pl/ and C( ) = Cl' Let Dl - { / (t),I(t),O(t),P(t),C(t)) :
% = 0} and Ny be the largest invariance subset of D;. Clearly Ny = {EPl}. Applying L.LP we obtain

that if Ry > 1, then EP; is G.A.S. O

3. Model with general infection rate

We generalize the model presented in the previous section by considering a more general incidence
rate function ©(U(t), P(t)) as:

U(t) = p—yU(t) — (w1 + w2 + w3)O(U(t), (1)), (3.1)
L(t) = e "M wiO(U(t—m), Pt — 1)) — (C+ V)L(t), (3.2)
I(t) = e W@ (U(t — 1), P(t —T2)) + VL(t) — BI(t), (3.3)
O(t) = e %™ w30(U(t — 13), P(t — 13)) — AO(t), (3.4)
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P(t) = e TBM;I(t — 14) + e B BSAMLO(t — 15) — EP(t) — pP(1)C(t), (3.5)
C(t) = eP(t) — uC(t) — 9P(t)C(t). (3.6)

We need the following assumptions on the function ©(U, P) [18, 33, 49].

(Al) ©(U,P) is continuously differentiable, ®(U,P) > 0, and ©(0,P) = ©(U,0) = 0 for all U > 0 and
P > 0.
00(U,P) 00(U,P)
ou (> 0’) op
d [/00(4,0

(U, P)

(A2) >0, and >0forallU>0and P > 0.

00(U,0)
0

(A4) is decreasing with respect to P for all P > 0.

This form of the incident rate ©(U, P) with the above-mentioned Assumptions generalizes many popu-
lar forms like: bilinear incidence UP, saturated incidence UP/(1 4 «;P), Beddington-DeAngelis incidence
UP/(1+ o1P + xoU), and Crowley-Martin incidence UP/((1+ o1 P)(1 + x2U)), where, o; and «, are non-
negative constants.

One can show that U(t), L(t), I(t), O(t), P(t) and C(t) are all nonnegative and ultimately bounded
under initial conditions (2.7).

Lemma 3.1. Assume that Assumptions (A1)-(A4) are satisfied, then there exists a threshold parameter ROG >0
such that:

(i) if RS < 1, then the model has only one equilibrium point EPS; and
(i) if R§ > 1, then the model has two equilibria EP§ and EPS.

Proof. At any equilibrium EPS(U,L,1,0,P,C) we have

e 1MW O, P)— ((+V)L =0, (3:8)
e 92", 0(U,P)+vL—BI =0, (3.9)
e 9T w30(U,P)— A0 =0, (3.10)
e UTBM I+ e B TSAM,0 — EP — pPC =0, (3.11)
eP—puC —9PC =0. (3.12)
From Eq. (3.12), we have
eP
C=—"—"_, 3.13
wu+9oP ( )

and from Egs. (3.8) and (3.10), we obtain

6791T1+93T3/\w1

b= w3 (C+v) G19
Now, from Egs. (3.9)-(3.10) and (3.14), we get
[ e 02+ A (0, ({4 v) + e O H0 T AWy o, (3.15)
Bws(C+V)
and from Egs. (3.11), (3.13), and (3.15), we have
o wa(/id—: v) <E,P+ upi;)) , (3.16)

where ¢ = (e 92200 04Ta gy, My + e OB wzMy) (¢ + V) + e N1 F0:T=04Ta y My v. By substitution into
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Egs. (3.14)-(3.15), we obtain

6791T1+63T3w1 pEPZ
=% T W(sp ) 3.17
¢ <£ " u+8P> G179
—0,T+037T3 —01T1+037T3 2
e w2(C+v)+e w1V eP
[ = 2 Bd)> ! (ap+ uer 8P> . (3.18)

Then, from Egs. (3.7), (3.10), and (3.16), we get

0373 2
p e%B(w +wy+ w3)((+V) < peP >
u=--— P+ . 3.19
Y Y & w-+ 9P (3-19)
ket 0 (C+v) 2
P e (wy+wr+ws)(C+v < peP )
yp)="2— P .

Therefore, we can write U as U = ¥(P). Note that ¥(0) = % From Egs. (3.10) and (3.16), we have

2
e B BO(Y(P),P) — C;V <£P+ peP > =0. (3.20)

-+ 9P

Observe that, P = 0 is a solution of Eq. (3.20). Then from Egs. (3.13), (3.16)-(3.19) we have U = Uy = 5,
L=0,1=0,0=0,and C =0. Then we get an infection-free equilibrium EPS = (Uyp,0,0,0,0,0). Let

oy B C+v psP2
HiP) e omeru(p),p) - 1Y (ep s LY,

then H(0) = 0. Let P be such that ¥(P) =0, i.e.,

Uy —

4

€% (w1 + wa + w3)(C+V) <EP—|— psP2>
Yd 1w+ 9P

which gives
%3 (pe 4+ ED) (L4 v) (w + wo + ws)P™ + (€% ER(C+ V) (w1 + wy + w3) —ydUgd] P —yulod = 0. (3.21)
Thus, the positive solution of Eq. (3.21) is given by

- |
_ —b+\b —dac
P ‘

2a !

where,

a =e%T(pe + &) (L + V) (w1 + wa + ws),
b= e TBEU(C+ V) (Wi + wa + ws) —ydUpd,
¢ =—yulod.

We can see from Assumption (A1) that

) =2
H(P) = e %mo(0,P) - © 1Y <£P+ peP ) -ty <£P+ peP > <0
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Moreover,
oy 03ty oy 0O (U, P) _0,5, 09U P)  C+v pe(2uP +9P?)
HIP) = e PWIP) —5— +e oP o \&T T (urore
Assumption (A1) implies that a@(aULf,O) =0, then
0,5, 00(Up,0)  E(C+V)  E(C+v) (e T 00(Uy,0) )
/ — 93’(.'3 _ — _
) =e op b b <a(c+v) o> )

e %™ ¢ 90(Uy, 0)

§Civ)  op > 1, then H’(0) > 0 and 3P; € (0,P) such that H(P;) = 0. Let us define

Therefore, if

(wrMje 92T2704Ts 4 (h3Mye 93T 05T5) (¢ 4 v) + v Mje 91717947 3@ (U, 0)

G __
Ry = §C+) P

which represents the basic infection reproduction number. Now, let P = Py in Eq. (3.7) and define
g(U) = p—vyU— (w1 +wz+ w1)O(U,P;) = 0. Then from Assumption (Al) we have g(0) = p > 0 and
g(Up) = — (w1 + wz + w3)O(Up, P1) < 0. Assumption (A2) implies that g(U) is strictly decreasing function
of U, and then there exists a unique U; € (0, Up) such that g(U;) = 0. Moreover, from Eqgs. (3.13) and
(3.16)-(3.18), we have

—01T1+037T3 P2
e €
L1:w1<£P1+ ! ) >0,

(b H+19P1
I = e 02 H03Ts ), ({4 v) 4 e 01 T1H0Ta gy v (ip N peP? ) 0,
B w+ 9P
w3(C+v) peP?

0= ———- (&P + >0,

! A (‘i RRTRNEE N

. €P1 >
e n+ 9Py )
Therefore, the endemic equilibrium EPS = (Uy,L4, 11, 04, P, Cq) exists if ROG > 1. O

3.1. Global stability of equilibria

The global stability analysis of the two equilibria of model (3.1)-(3.6) will be investigated in this sub-
section.

Theorem 3.2. Let RS < 1, then the infection-free equilibrium EPS of model (3.1)-(3.6) is G.A.S.

Proof. Construct a Lyapunov function Zo(U(t), L(t), I(t), O(t), P(t), C(t)) as

L(t) + Mye 94™1(t)

u(t) —0474
ZO:h<um_UO_J i @(umd> vMye %

u, P—o0+r On,P) C+v
M —91T1—94T4 t
- Mae %S0(0) 4 P(0) + = (1-RS) (1) + Y J U(s)P(s)ds
€ C+V t—7

t t

U(s)P(s)ds—l—Mzwge_93T3_95T5J U(s)P(s)ds

t—13

+ M, wze—92T2—94T4 J
t—1o

t t

I(s)ds—k/\MzeeSTSJ O(s)ds.

t—15

+BMe %™ J

t—1y
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Calculating dd—zto as:

dZy _ . O(Uy,P)
= (1 i S ) (0= YU — -+ wn + @)@, PLE))
vMye 04T

T (e wO(U(t—1), P(t—m1)) — (¢4 V)L(t))

+ Mye %™ (7922w, 0(U(t —12), P(t — T2) + VL(t) — BI(t))
+ Mye 9575 (79T w,0(U(t —13), P(t—13)) — AO(t))
+ BMie It — 1) + AMpe 95T 0(t — 15) — EP(t) — pP(t)C(t)

% (1—R§) (eP(t) — uC(t) — HP(1)C(t))

vMwie 91110474
C+v
+ M1w26_9212_64T4 (U(t)P(t) — U.(t — Tz)P(t — Tz))

+ M2w3€763T3765T5 (U(t)P(t) — U(t —Tg)P(t — 13))
+ BMye %™ (I(t) — I(t —4)) + AMpe %™ (O(t) — O(t — T5)) .

+

(U)P(t) —U(t —T)P(t — 1))

Using L'Hospital’s Rule and simplifying the result, we get

dzy h( 90(Uo, 0)/0P

90(Uy,0)/dP
dt ~ 20(U,0)/0P

) (p = yU(1) + lws + wa + ws)OU(L), P(1) 5570

R

£
- uft) 20(Uy, 0)/0P £
=Mt (1 B ) <1 ~ %0(U,0)/ap ) B (p g

_ <p ? (1_R0G)> P(t)C(t) — ERSP(t) (1—Ro) C(t)
Up

£RG (P O(U(), P(1)) 20(Us, 0)/0P
TR (aROG P(t)  0©(U,0)/0P

(1—ROG)) P(t)C(t)

— 1) P(t) — % (1-R§) C(t),

where,

h=h(wi + wy + w3).

From the Assumption (A4), we have

for all U(t) > 0. Then
h O(U,P)dO(Uy,0)/dP - h 00(Up,0)

< =1.
ER§ P 0O(U,0)/0P " ER§ 0P

It implies that

dt U 00(U,0)/0P

From (A2) we have

u 90(Uy,0) /0P
(“w) (1_ a@(u,O)/aP> <0

dZy

4% < hylg (1 um) <1a@(uo,0)/ap> — (p+ ? (1ROG)) P(t)C(t) — % (1—R§) C(t).

Therefore, if ROG < 1, then T < 0 for all U(t), P(t),C(t) > 0. Similar to the proof of Theorem 2.3, one

can show that EP§ is G.AS.

O
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Theorem 3.3. Let RS > 1, then the endemic equilibrium EPE of model (3.1)-(3.6) is G.A.S.

Proof. Define Z17(U(t), L(t),I(t), O(t), P(t), C(t)) as

Ut ey, py) vM e 04T L(t) I(t)
Zii=h|Ut)—U —J L dn |+ LG( >+Me—9mle<>
11 ( (®) ! u, ©Mm,P1) 1l C+v ! Ly ! ! I

795T5 % P(t) p _ 2
+ Mye 041G ( 0 ) +P1G ( P, > + 2(e—9Cy) (C(t)—Cq)".

z
Calculating d dtn as:

dZy O(Uy, P1)
o _y, ( _ W) (p—YU(1) — (w1 + wy + w3)O(U(L), P(t)))
—0471y
i VMcl-ew <1 N Lﬁ)) (wie” " MO(U(t—m), P(t—m1)) = ((+V)L(L)
4+ Mye %™ <1 — Iﬁ)) (wre 2 ™2O(U(t — o), P(t — T2)) + VL(t) — BI(t))
oo(i)> (wse” B BO(U(t —13), P(t —T13)) — AO(t))

<1_1’]th> (BMie %™I(t —14) + AMpe %50 (t — 15) — EP(t) — pP(t)C(t))

+ Mpe 9575 <1 -

+ 2 (C(t) — C1) (eP(1) — uC(t) —OP(1)C(1)).

£ —‘8C1
Define Z1o(U(t), L(t),I(t),O(t), P(t), C(t)) as:
vMiwie O1T1—0sm t (@(U(S)/P(S))>
Z) = o(Uu,,P G| ————"L—")ds
12 C+v (th 1).1’&7’(1 O(Uy, Pq)
* ©(U(s), P(s))
+ Mjwye 922 —0smg(uy, P G <> ds
12 ( ! 1)ut—T2 ®(u1/P1)
* ©(U(s), P(s))
+ Mowse 93T 95T5Q(U,, P G <> ds.
2053 ( ! l)at7T3 @(U1,P1)
We calculate @
dt
dZip _ vMywie 9171 9414 O(Uy, P;) o(u _O(U(t—m),P(t—m))
at C+v 1 P1) (u1 Pl ©(Uy, Py)

1 (@(Ut T1),P t T1 }

I

02T1—0474 (u ~OU(t— 1), P(t— 1))
FMizes Olth,P1) [ (Ul P1 ©(Uy, P1)
+In (@(U(t ), P(t— 1) >:|

O(U(t), P(t))
4 Mzwgefes”rsfes’rs@(ul’ Pl) I:G)g'tgi/ El(;)) . G(u(té(ﬁz/ El(;_TB))

i (O Pl
oum, Pty /I
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Define Z13(U(t), L(t),I(t), O(t), P(t), C(t)) as

t t
Liz = BM1€_94T411J G <Iis)> dS+/\M2€_e5T501J G (O(S)) ds.

t—1y 1 t—15 Ol

dZy3
dt

Calculating as:

dZ; B 0,1, @ B I(t—14) I(t—14)
F = BMle 0 Il |: 11 Il +11’1< I(t) >:|

— 0515 O(t) O(t—1s) Oft—1s)
+ AMje 01 [ 0 0, +ln< 0 >:| .

Construct a Lyapunov function Z; (U(t), L(t), I(t), O(t),P(t), C(t)) as
Ly =272y +Zp+ Lys.
It follows that

dz, - dZy1 dZiyp dZys
dt dt+dt+dt'

Now we have

O(u(t), P(t))

4, < _ m> (p = YU(t)) + hlwr + w2+ ws)O(Uy, Pr) e
_ ylelce:VmW O(U(t— ), P(t— Tl))LIE}[) +yMye 0mL,
— Mjwoe 2 YTHE(U(t — 1p), P(t — Tz))Iﬁ) — leee“T“L(t)Iﬁ) N T
— Mowze BT 95TQ(U(t — 13), P(t — 13))0%) + AMae %m0,
— Bmle—eml(t—u)]}]a) —/\Mze_e5T50(t—T5)P]z}£) —&(P(t)—Pq)
—p(P(t) —PYC() + _%Cl (C(t) — Cq) (eP(t) — nC(t) —OP(t)C(t))

vMwie O1Ti—0im O(U(t — ),

@(ul, Pl) In <

C+v
+ M1w26_62T2_94T4®(U1, P,)In <@(U.(@t)(—u”fi§, EE:)— Tz))>
@(U(t — T3), P(
), P(

+ Mawze %™~ %TQ(Uy, Py) In <

[(t—14)
I(t)

From the equilibrium conditions, we have:

+BMie %™ In <

p =vyU; + (w1 + w2 +w3)O(Uy, Py),
vMjwqe 0171044

O(Uy, P1) = vMye %51,
v (U, P1) =vMye 1

BMie %I = Mywye 922~ %T@(Uy, Py) + vMye %HL,
Mawze™ @B %TO(Uy, Py) = AMge %0y,
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EP1 + pP1Cy = BM16—94T411 +/\M2€_95T501,
eP; = H.Cl + 9P C;.

Utilizing these conditions for EPS, we obtain

dZ, ©(Uy, Py)
&y (1 - ®(U(t),P1)> (U —yU(D))

O(U4,P
+ (VM1€794T4[_1 + lezefez"rzf@z;m@(ullpl) +AM26795T501) <1 o (1;1))

O(u(t), P1)
+ (YMye WL + Mywge™ 220 TE(Uy, Py) + AMge %0 @Q((ng’)")g;)
o SO
L
+ Mywae 20O Uy, Pr) + vMye %L — AMpe %0, Ol@“é((tt)_@ﬁi’l iﬁ;— %))
T+ AMae85T0; — (vMye 0L + Mywpe 20 0ru@(Uy, Py)) Ll ) g(tt)_lf‘*)
— AMae 90, L) (pia) — Py) — p(P(1) — P1)CLY) + pIP(1) — P1)C1 — p(P(1) — P1)C

P
+ 8—8C1

(C(t) —Cy) (eP(t) — uC(t) —OP(t)C(t) — ePy + uCqy +9P1C1 —OP(1)C1 + 9P (1) Cq)

O(U(t—1), P(t—1)) o <@(U(t—T3),P(t—T3))>
eu), P(y) )*AM” Ouln { ==, )
@(U(t—Tz),P(t—Tz)))
(UL, P(t))

+vMie 94T, In <

+ Mjwpe 9272 094T@(Uy, Py) In (

+ (VMye” %L + Mywpe™ %22 %TE(Uy, Py)) In (I(tla)’le)) + AM,e %04 In (O%;[;5)) .

Simplifying the result, we obtain

dz; U(t) O(Uy, Pq)
T —vhl, <1 - ul) <1 - @(U(t),Pl)) — (E+pCq)(P(t) —Pq)
—o(P()—PyIC() — 1) + LT e - ey —py - EEE ) ey - oy
0414 _ O(Uy,Py)  LOWUt—m)Plt—m)) LL{) PiIlt—m4)
FyMie T [3 o(u(Y), Py) L0y, Py) 0L POL

O(U(t —), P(t—11)) I(t —14)
““( S(Ut), P(1)) ) i < It ﬂ
O(Uy,P1)  Pillt—t) LOUE—T2) Plt—T))
O(u(t),Py) P(t) I(t)O(Uy, Pq)

(t—1)) I(t —74)
) )““( I ﬂ

U1,P1 _ 010(U(t—13),P(t—13)) P1O(t—15)
O(t)O(Uy, P1) P(t)O4

OU(t —3), P(t - Ta)) Ot —15)
““( e(U(t), P(1)) )““( o) )]

+ Mywae %22~ 0%4TQ@(Uy, Py) {2 —

O(U(t—2),
““( eU(D),

+ /\M26765T5 OF |:2

'U‘U
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+ (VM1€_64T4L1 + M1w26_62T2_64T4@(U1, Pl) + /\M2€_65T501) —@)(U(t) P i
s 1
(

_ oy, - Pt)e(U(t), P1)
Mie %5 + M 9202-04T@ Uy, Py) + AMpe 95T 1—
+ (\/ 1€ 1+ Miwse (U, P1) + 2€ Ol) P1O(U(t), P(t))
_ —0yry . P(t)O(U(t), P1)
— (VMpe % mL 4+ M 02127044 @(Uy, Py) + AMae %504) (1 — :
(VMye 1+ Mjiwse (U, P1) + AMze 1) PO, P

Note that

—(&4pC1)(P(t) —Py) = —Pll (BMye 8™ + AM,e 950 (P(t) — P;)

= (VMie %BL; + Mywe 9272 94T@(Uy, Py) + e B TAML04) (1 — P> .
1

Moreover, we have

! (@(u(t—’cl),P(t—Tl))) n (L1®( (t—m1),P(t—11)) +ln<
e(u(t),P(t) ©(Uy, Py)

I[(t)Py (t)O(U(t), P1) O(Uy, Pq)
““(hP( )) +in <Pl@(u 0, P ) ( e(u (t),P1)>'
1 <@(U(t—T2),P(t—T2))> In <11@(U. t T2 t Tz) —|—11’1<

O(u(t),P(t) ©(Uy, P1)
In <P(t)®(U( ),P1) >
P1O(U(t),P(t)) )’
In <@(U(t—T3),P(t—T3))> In <O1@(U(t—T3),P(t—T3))> In (O(t)P1> +1n< ©(Uy, Pq) )
e(u(t),P(t) O(t)O(Uy, Pq) O1P(t) O(U(t), P1)
S In <P(t)®(U(t),P1))
P1O(U(t),P(t)) )’

I(t—mty) . P1I(t —14) P(t)I;
1“( () > _1“< PO, )““(Pﬂ(t))’
In (O(t—T5)> In <P10(t—T5)> i In (P(t)01>

o) /) P(t)O4 P1O(t) )

Then d—zl will be
dt

az, CUWMY [, OULP) ) et dP)
FT <1 u ) <1 @(u(t),Pl)) e—oc, (cW=C)
- Oy, P)  LeU(t—m),Plt—m)) hLL(t)
+vMie L [5 eU(L), Py) L(0e(L, Py) o
_hllt—m) PO, P <@(U(t—T1),P(t—T1))>+ln<1(t—T4)>]
POL PO, P(L)) O(U(t), P(t)) I
0yTy 0474 _ O(Uy,Py)  PI{t—m) LOUt—1),Plt—12))
T Miwse O(th, P1) [4 o), P PUL T
CPWOU),P) | (O(U(t— ), Pt~ 1)) It — )
Pl@(um,P(t))““( e(U(t), P(1)] >+1“< I )]
osts _ O(Uy,P1) 010Ut —T3), P(t —13))
TAMe RO [4 o(u), Pr) ooy, Py)
POt -t PO, P) <@(u(t—T3),P(t—r3))> i (O(t—Ts)ﬂ
PLO;  POUL), P(L) OU(t), P(1)) o)
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+ (VMye %L + Mywpe 92T %TE(Uy, Py) + e S AM,0;)
9 <®(U(t),P(t)) _P(Y) —1+P( )O(U(t), P )>
e(u(t),P1) Py P1O(U(t), P(t))

Simplifying the result, we get

iz, UM [, OULP) \  puA M),
- = yhu1<1 u1><1 @(u(t),Pl)) TS (C(t)—C1)
. O(Uy, Py) LOU(t—n),P(t—1)) LL(t)
~vMe L46<mummn +G< L0eL, ) >+GQHRJ
P1I(t —T4) P(t)O(U(t),Pq)
+G< P(UL, >+G<mmummmnﬂ

— M1w26_62T2_64T4@(U1,P1) |:G
PiI(t —4) P(t)O(U(t), P1)
G( PO >+G<H@(HLHH)]
<O1@(U(t—T3),P(t)—T3))> e <P10(t—T5)>

O(Uy, P1) )JFG <11@(U(t—Tz),P(t—Tz)))
I[(t)O(Uy, Py)

)

O U1,P1
—AM 95T5
2€ [ <® * 0(1)O(Uy, P, P(1)O;
u t)/ ) —0 —0 0 —0
G M 4T M 220U, P 55 AM, O
(Pl@ UMD, Pl )ﬂ vMie 1+Miwze (Ug, P1) + 201)
) P

X(@ (1), P(1) (t)( mummn>
O(U(t), P1) P O(U(t),Pt) /-
From (A2) we have
u(t) O(Uy, Py)
(-5 (- eutipg) <0

In addition, from Assumptions (A1), (A2), and (A4), we have

O(U(t),P(t)) ©(U(t),P1)
( P(t) - P, > (©(U(t), P(t)) —O(U(t), P1) <0,

which gives

P(t)) P(t)> (1_ e(u(t),P

(@(U(t), - ( ’ l) > <0
O(u(t), P1) P1 |(U(t),P(t)) ) =

Then we get that for all U(t), L(t), I(t), O(t),P(t),C(t) > 0 we have dd—ztl < 0, moreover dd—ztl = 0 if and

only if U(t) = Uy, L(t) =Ly, I(t) =13, O(t) = Oy, P(t) = Py and C(t) = C;. Applying L.I.P, we obtain that
if Rg > 1, then EPlG is G.A.S. O

4. Numerical simulations

In this section we perform numerical simulation for systems (2.1)-(2.6) and (3.1)-(3.6). We let T = T3,
i=1,2,...,5. In addition, we fix the values of parameters p =10,y =pn =0.01, (= =03, v=¢ =0.2,
M; =58&=6A=01p =04 we =0001,0; =06,1=1,2,...,5and k = 1,2,3 and the remaining
parameters will be changed.

4.1. Numerical simulations for model (2.1)-(2.6)
In this subsection we conduct numerical simulations for model (2.1)-(2.6).

4.1.1. Stability of equilibria for different values of M4
We choose three different initial conditions as:

IC1: U(s) =800,L(s)=2,1(s)=4,0(s)=7,P(s) =1, C(s) =8;
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IC2: U(s) = 600, L(s) =
IC3: U(s) = 400, L(s)

3,1(s) =7,0(s) =12, P(s) =2, C(s) = 13;
4,1(s) =10, O(s) =15, P(s) =3, C(s) =18, s € [-7,0].

We take T =9 = 0.01. Moreover, we consider two values of the parameter M; as:

(i) My = 0.5, then we compute Ry = 0.9387 < 1. Figure 1 shows that, for all IC1-IC3, the solution of the
model tends to EPy = (1000, 0,0,0,0,0). It means that, EPj is G.A.S .

(ii) M = 10, then we compute Ry = 3.1289 > 1. Figure 1 shows that the solutions of the model converge
to the equilibrium EP; = (609.7,2.587,6.037,12.94,2.137,13.62) for all IC1-IC3. Then, EP; is G.A.S.
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Figure 1: Solution trajectories of model (2.1)-(2.6) for different values of M;.

4.1.2. The effect of T on stability of equilibria
In this case, we take ¥ = 0.01, M; = 10 and T is varied. Moreover, we consider the following initial
condition U(s) =600, L(s) =1, I(s) =2, O(s) =4, P(s) =1, C(s) =8, s € [-,0]. Figure 2 shows that as T
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is increased, the concentrations of latently infected cells, short lived productively infected cells, long lived
productively infected cells, HIV particles and B cells are decreased, while the concentration of uninfected
CD4" T cells is increased until they reach the equilibrium point EPy. Moreover, we have the following
observations:

(i) EP7 is G.A.S when 0 < T < 0.9606;
(ii) EPgis G.A.S when T > 0.9606.
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(e) The behavior of HIV particles. (f) The behavior of B cells.

Figure 2: Solution trajectories of model (2.1)-(2.6) for different values of 7.

4.1.3. Effect of B cell impairment parameter & on the HIV dynamics.

In this case, we take T = 0.01, M; = 10 and ¥ is varied. Moreover, we consider the following initial
condition U(s) =550, L(s) =1, I(s) =2, O(s) =1, P(s) =1, C(s) = 16, s € [—7,0]. Figure 3 shows that
as ¥ is increased, the concentrations of latently infected cells, short lived productively infected cells, long
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lived productively infected cells and HIV particles are increased, while the concentrations of uninfected
CD4" T cells and B cells are decreased. We note that the parameter 9 has no effect on the stability of

equilibria.
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Figure 3: Solution trajectories of model (2.1)-(2.6) for different values of 9.

4.2. Numerical simulations for model (3.1)-(3.6)
We conduct numerical simulations for model (3.1)-(3.6) with specific incidence rate function

up

P)=—  —
@(U., ) 1—|-061P—|—O£2U./

where o; and «; are nonnegative parameters. We note that if «; = oy = 0, then we obtain bilinear
incidence which are given in model (2.1)-(2.6), if ;1 # 0 and x» = 0, then we get saturated incidence,
and if 3 = 0 and &y # 0, then we obtain Holling type-II incidence. We can easily see that ©(U, P) is
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continuously differentiable function. Moreover, O(U, P) satisfies ©(U,P) > 0, and ©(0,P) = O(U,0) =0
for all U(t) > 0 and P(t) > 0. Thus (Al) is satisfied. We have

0O(U,P) P+ oyP? _o 8P U+ apU? =0
ou N (1+ 1P+ opU)2 ! oP N (1+ 1P+ opU)? !
for all U(t) > 0 and P(t) > 0. Moreover, 96U, 0) = u > 0 for all U(t) > 0, then (A2) is satisfied.
oP 1+ (qu
We also have 4 /20(W0) .
— 4 = for all > 0.
au ( P ) AT wupe = O forallut) =0
Then (A3) is satisfied. Finally we have
0 [(O(U,P) —oq U
— = for all U(t),P(t .
aP( P > A+ Pt ogup O forall UL, Pt)>0

Then (A4) is also satisfied. The basic reproduction number is given by

B w1VM16_91T1_64T4 +(C+v) [wZMle—92T2—94T4 4 w3M2e—93T3—95T5 ]
0 E(C+V)(1 + agly)

Uo.

In this subsection, we fix ¥ = T = 0.01, M; = 10 and choose o1 and .

4.2.1. Effect of the saturation parameter xq on the HIV dynamics

In this case, we take xy = 0 then ©(U, P) represents the saturation incidence. We choose the following
condition: U(s) =700, L(s) = 1.5, 1(s) =2, O(s) =4, P(s) =1, C(s) =10, s € [-7,0]. Figure 4 shows that
as «; is increased, the concentration of the uninfected CD4™" T cells is increased, while the concentrations
of latently infected cells, short lived productively infected cells, long lived productively infected cells,
HIV particles, and B cells are decreased. We note that the parameter «; has no effect on the stability of
equilibria. The reason is that Ry does not depend on the parameter ;.

4.2.2. Effect of Holling type-1I constant oy on HIV dynamics

For this case, we take «; = 0 then ©(U, P) represents the Holling type-II incidence. Let us choose the
following condition: U(s) =700, L(s) =2, I(s) =2, O(s) =4, P(s) =1, C(s) =10, s € [—71,0]. We suggest
different values of x, to see its effect on the solution of the model as we can see in Figure 5. Moreover,
we conclude the following results:

(1) EPlG is G.A.S, when 0 < «» < 0.0031;
(ii) EPS is G.A.S, when o > 0.0031.

This means that «, can play the role of controller which can be designed to stabilize the system around
the infection-free equilibrium EP§.

4.2.3. Effect of antiviral treatment on the HIV dynamics

Let us introduce the HIV dynamics model under the effect of highly active antiretroviral therapies
(HAART) as:

(1) = p—YU() — (1 - &) (i + w2+ wa) 1 ) @
, _oyr, Wt —T1)P(t — 1)

Lit)=(1—er)wie® T oUlt—t]) — (C+V)L(1), (4.2)
(t)y=0- er)wzefemu(t —w2)P(t— ) + VvL(t) — BI(t), (4.3)

1+ Ut — 1)
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Figure 4: Solution trajectories of model (3.1)-(3.6) for different values of «;.

U(t —3)P(t —T3)
14+ Ut —13)
P(t) = (1 —ep)PMie O™I(t —14) + (1 — ep)AMae %0 (t — 15) — EP(t) — pP(t)C(t), (4.5)
C(t) = eP(t) — uC(t) — dP(t)C(t), (4.6)

Ot) = (1—er)wze 9™ —AO(1), (4.4)

where €, € [0,1] is the efficacy of the reverse transcriptase inhibitor drug, while e, € [0,1] is the efficacy
of the protease inhibitor drug. If ¢, = e, = 0, then the HAART has no effect, if e, = ¢, = 1, the HIV
growth is completely stopped. Let € = €, = €}, consequently, the parameter Ry(e) is given by

(1—¢€)? [wlee_elTl_e”‘1 +(C+V) (waMye 922704 4 (y3Mpe 93T~ 057s )]

Up.
E(C+V)(1+ oxlyp) 0

Ro(e) =
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Figure 5: Solution trajectories of model (3.1)-(3.6) for different values of «;.

Since the goal is to clear the HIV from the body, then we have to determine the drug efficacies that make
Ro(€) < 1 for model (4.1)-(4.6). Then

(1—€) <

Ro(0)

Since, 0 < € < 1, then for eM™" < e < 1, EPOG is G.A.S, where e™" = max {0,1 — Rl o } We take
0

op = 0.0006, then, we find the following:

(i) if 0.2849 < € < 1, then Ry(e) < 1 and EP(? is G.A.S;
(ii) if 0 < € < 0.2849, then Ry(e) > 1 and F_PlG is G.A.S.

We consider the following initial condition U(0) =850, L(0) = 0.7, I(0) =2, O(0) =4, P(0) = 0.6, C(0) =8
to show in Figure 6 the solution trajectories of model (4.1)-(4.6) for different values of e. Clearly from
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the figure we can see that, the increasing of € will increase the concentration of the uninfected CD4" T
cells and decrease the concentrations of latently infected cells, short lived productively infected cells, long
lived productively infected cells, HIV particles, and B cells.
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Figure 6: Solution trajectories of model (4.1)-(4.6) for different values of e.

5. Conclusion

In the literature, various mathematical models of virus dynamics have investigated the impairment
of CTL functions. However, the dysfunction of B cell could happened during the HIV infection as it has
been reported in several papers. In this work, we have studied HIV infection models with five delays
including the impairment of B cell functions. We have taken into account three types of infected cells:
short-lived productively infected cells (these cells live for short time and produce large amount of HIV
particles), long-lived productively infected cells (which live for long time and produce small amount of
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HIV particles) and latently infected cells (such cells contain the HIV but are not producing it). Bilinear
and general incidence rates have been considered in the first and second model, respectively. We have
shown that, the solutions of the models are non-negative and ultimately bounded which ensure the well-
posedness of the models. We have derived the basic reproduction number Ry which fully determines
the existence and stability of the two equilibria of the models. We have examined the global stability
of the two equilibria of the models by using Lyapunov method and LaSalle’s invariance principle. We
have proven that (i) if Ry < 1, then the infection-free equilibrium is G.A.S and the HIV is predicted to be
completely cleared from the HIV infected individuals, (ii) if Ry > 1, then the endemic equilibrium is G.A.S
and a chronic HIV infection is attained. We have conducted numerical simulations and have shown that
both the theoretical and numerical results are consistent. The results show that, when the B cells loss their
functions during the HIV infection, the number of antibodies produced from the B cells are decreased
and then the number of HIV particles are increased. Therefore, HAART is needed to improve the health
of the HIV infected patient.
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